Google 


This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  library  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 

to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 

to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 

are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  maiginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 

publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  tliis  resource,  we  liave  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 
We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  fivm  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attributionTht  GoogXt  "watermark"  you  see  on  each  file  is  essential  for  in  forming  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liabili^  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.   Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 

at|http: //books  .google  .com/I 


_"    Vf  ■ 


^•'^:^  ;/:::  ^"r   '^,-;  /:wji^'t> '  ^'^.Xi>    ,•  V-^i 

mmr  a  /  -w^  '"^v  "^'V    I   -^Jx>  ■'     ^Z'  ^"     " ...  ^,i5     \'    .  /*  v\  \ 


;??^ 


/)nw 


.  T-i^ii.  ''«>'■  V''    ^  >.Y^  -i-"^^  ^v— y;-%, 


t> 


',r' 


'      ■<.a-' 


/ 


..   ...       ..     .    .    ^«J^^    ■" 


\    ' 


1 


r.    \ 


^"'-V. 


IV 


/     ''. 


..V  v'N  .■«<':^■\/-^.  --C^    :^^— 1^^  -iK.     r:^  /|0    _A/\\\ 


I     - 


'V 


^  . ,    ■  .^.'  ^n  ; , 4A- vy  ..V'  -4  }•:.  ijf 


,'^. 


V 


'r  I 


•  J^    yjK^^t)lT  ji^^'V'.lk±^  #5^^'^-\^>    fi^r^'  "^ 


r^l 


V. 


* 


r '  ^*^  -L 


^^  * 


■J, 


'    i, 


-•  -V  -    T    M^y  ho,,.^^  \X-i,^^ 


-**^  f  9  \  1  "^  r     -^ 


Jv      i 


r->:/.    u-^*c^--  '''^--'■^'^' Y::it^-''  »^.:iV'^' ijuit-^--'- ♦,,'   A/'T:- iii^'-  -  V 


^ 


\ 


•/« 


r-;- 


(■    ^-clo^e.t.1^    it  IfL 


77t 


tc 


\ 


y 


n 


t 


V 


i    ■  V,  -       w 


.  •     -«     ^»       s        ^ 


.    $ 


^ 


V 


^  . 


ELEMENTS     y? ; 


i '  I- 


f'^^l.". ':-<:''' 


ANALYTICAL    MECHANICS, 


8r29 

W.  H.  a  BAKTLETT,  LL.D., 

OP    NATURAL  AND    EXPERIMENTAL   PHILOSOPHY   TN    THE    UNJT8D 
STATES  MILITARY  ACADEMY  AT  WEST  POINT 

itUTIIOB  OF  ELEMENTS  OF  SYNTHETICAL  MECHANICS,  AC0CSTIC8, 

OPTICS,  AND  SPHERICAL  ASTRONOMY. 


BIOHTH  BDrnONy  REVISED,  OORBBOTED,  AND  ENLARGED. 


NEW    YORK: 
A.  6.  BARNES  &  00^  111  &  113  WILLIAM  STREETy 

(COBNBE  or  JOHN  8TBBBT.) 
•OLD  Mt  BOOnBLLBNi  AlHUAliLT,  nEBOVOHOirr  *■■  VHITED  VSAVWBt 


1866. 


Bntored  aooordinff  to  Act  of  Coqgresa,  in  the  year  One  ThouMDd 

Eight  Hundred  and  Flfly-eight, 

IW    W,    H.    0.    BARTLETT. 

b  tt^  Clerk's  Office  of  ^e  Diatriot  Court  of  the  United  States  for  the  SoDtbem 

District  of  New-York. 


> 


U.    W.  WOOD, 

Prinicr^ 
John-street,  cor.  Dutch. 


mV 


8: 

^  * 


TO 


COLONEL  SYLVANUS  THAYER, 


^-p    THE  0OBP8  OF  EKQINKBB8,  AND  LATE  SUPERINTENDENT  OF  THE 


UNITED  STATES  MILITARY  ACADEMY, 


®^is  M0rk 


itf    MOST  RESPK^TFULLY   AND  AFFECTIOK AfELY  DBDICAl 


IN   GRATITUDE   FOR  THE   PRIYILEQEa 


ITS   ArTnOB  HAS  ENJOYED   UNDER  A  SYSTEM   OF   INSTRU0T>'9N 


AND   aOYEBNMENT   WHICH  QAYE   YITAUTT  TO 


THE  ACADEMY, 


AND  OF  WHICH  HE  18  THE 

• 


V 


/ 


PREFACE. 


It  is  now  six  years  since  the  publication  of  the  first  edi- 
tion of  the  present  work.  During  this  interval,  it  has  been 
corrected  and  amended  according  to  the  suggestioDS  of  daily- 
experience  in  its  use  as  a  text-book.  It  now  appears  with  an 
additional  part,  under  the  head,  MEOHAincs  of  Molecules  ;  and 
this  completes — ^in  so  far  as  he  may  have  succeeded  in  its  ex- 
ecution— ^the  design  of  the  author  to  give  to  the  classes  com- 
mitted to  his  instruction,  in  the  Military  Academy,  what  has 
appeared  to  him  a  proper  elementary  •  basis  for  a  systematic 
study  of  the  laws  of  matter.  The  subject  is  the  action  of 
forces  upon  bodies, — ^the  source  of  all  physical  phenomena — and 
of  which  the  sole  and  sufficient  foundation  is  the  comprehensive 
fact,  that  all  action  is  ever  accompanied  by  an  equal,  contrary, 
and  simultaneous  i*eaction.  Neither  can  have  precedence  of 
the  other  in  the  order  of  time,  and  from  this  comes  that  char- 
acter of  permanence,  in  the  midst  of  endless  variety,  apparent 
in  the  order  of  nature.  A  mathematical  formula  which  shall 
express  the  laws  of  this  antagonism  will  contain  the  whole  sub- 
ject; and  whatever  of  specialty  may  mark  our  perceptions  of 
a  particular  instance,  will  be  found  to  have  its  origin  in  corre- 
sponding peculiarities  of  physical  condition,  distance,  place, 
and  time,  which  are  the  elements  of  this  formula.  Its  discus- 
sion constitutes  the  study  of  Mechanics.  All  phenomena  in 
which  bodies  have  a  part  are  its  legitimate^  subjects,  and  no 
form  of  matter  under  extraneous  influences  is  exempt  from  its 
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scrutiny.  It  embraces  alike,  in  their  reciprocal  action,  the 
gigantic  and  distant  orbs  of  the  celestial  regions,  and  the 
proximate  atoms  of  the  ethereal  atmosphere  which  pervades 
all  space  and  establishes  an  unbroken  continuity  upon  which 
its  Divine  Architect  and  Author  may  impress  the  power  of 
His  will  at  a  single  point  and  be  felt  everywhere.  Astronomy, 
terrestrial  physics,  and  chemistry  are  but  its  specialties;  it 
classifies  all  of  human  knowledge  that  relates  to  inert  matter 
into  groups  of  phenomena,  of  which  the  rationale  is  in  a  com- 
mon principle;  and  in  the  *  hands  of  those  gifted  with  the 
priceless  boon  of  a  copious  mathematics,  it  is  a  key  to  exter- 
nal nature. 

The  order  of  treatment  is  indicated  by  the  heads  of  Mb- 
cuANics  OF  Solids,  of  FLums,  and  of  Molecules^ — ^an  order  sug- 
gested by  differences  of  physical  constitution. 

The  author  would  acknowledge  his  obligation  to  the  works 
of  many  eminent  writei-s,  and  particularly  to  those  of  M.  La- 
grange, M.  Poisson,  M.  Couchey,  M.  Fresnel,  M.  Lam6,  Sir 
William  B.  Hamilton,  the  Eev.  Baden  Powell,  Mr.  Airy,  Mr. 
Pratt,  and  Mr.  A.  Smith. 

WuT  Point,  1868. 
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ANALYTICAL  MECHANICS. 


INTRODUCTION. 


PHYSICAL  SCIENCB. 


§  !• — ^The  term  Noiture^  ib  employed  to  signify  all  the  bodies  of 
tbe  xmiverBe,  ooUectirdy. 

Of  the  existence  of  bodies,  we  are  rendered  conscious  by  the 
impressions  they  make  upon  the  mind  through  the  senses. 

The  condition  of  every  body  is  subject  to  a  variety  of  changes. 
^  These  changes  are  brought  about  by  agents  external  to  the  bodies 
th^nselves;  and  to  investigate  nature  with  reference  to  these 
changes  and  their  causes,  is  the  object  of  Phyrioal  Sdenoe. 


PHT8ICAL  PROPEBTIE& 

§2. — Physical  PropertieSy  are  those  external  signs  by  which 
the  existence  of  bodies  are  made  known  to  us  through  the  medium 
of  the  senses.    These  properties  are  &i\her  jprirnary  or  secondary. 

PRIMARY  PROPERTIES. 

§  8.^-A  Prvnumf  Property  is  that  without  which  the  existence 
of  the  body  cannot  be  conceived.  There  are  two  of  these— jEo^^n^ 
sion  and  ImpcnetrabUily. 
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JExtension  is  that  by  which  every  body  occupies  a  limited  por- 
tion of  space.    From  it  the  body  derives  its  figure  and  volume. 

Imjmiet/rabilihf  is  that  which  prevents  two  bodies  from  occupy- 
ing the  same  space  at  the  same  time.  It  determines  a  body's 
identity. 

A  body,  then,  is  any  thing  which  has  extension  and  impenetra- 
bility. 

SECONDARY  PROPERTIES. 

§  4. — SecandcMry  Properties  are  those  which  are  not  necessary 
to  a  conception  of  a  body's  existence,  though  all  bodies  may,  and 
indeed  do,  possess  them  in  a  greater  or  less  degree.  They  are  Comr- 
pressibUUyy  Eaypansibility^  Parosityy  DimeibiUtyy  and  EUuticity. 

1. — Comprembility  is  that  property  by  which  a  body  may  be 
made  to  occupy  a  smaller,  and  expansibility  that  by  which  it  may 
be  made  to  occupy  a  larger  space,  without,  in  either  case,  altering 
the  quantity  of  its  matter. 

2. — Porosity  is  that  property  by  which  a  body  does  not  fill  all 
the  space  within  its  exterior  boundary,  but  leaves  holes  or  pores 
between  its  elements. 

In  many  cases  the  pores  are  visible  to  the  naked  eye ;  in  others 
they  are  only  seen  by  the  aid  of  the  microscope;  and  when  so 
minute  as  to  elude  the  power  of  this  instrument,  their  existence 
may  be  inferred  fi^m  experiment.  Sponge,  cork,  wood,  bread, 
&c.,  are  bodies  whose  pores  are  obvious  to  unassisted  vision.  The 
human  skin  appears  full  of  them,  when  viewed  with  the  magnify- 
ing glass.  The  pores  of  one  body  are  filled  with  some  other  body, 
and  the  pores  of  this  with  a  third,  as  in  the  case  of  a  sponge  con- 
taining water,  and  the  water  containing  air,  and  so  on  till  we 
come  to  the  most  subtle  of  substances,  etiierj  which  pervades  all 
bodies  and  all  space. 
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3. — DivisibilUy  is  that  property  in  consequence  of  wliicli,  by 
various  mechanical  means,  such  as  beating,  pounding,  grinding^ 
&c.,  a  body  may  be  reduced  to  fragments,  homogeneous  to  each 
other,  and  to  the  entire  mass. 

By  the  aid  of  mathematical  processes,  the  mind  may  be  led  to 
admit  the  infinite  divisibility  of  bodies,  though  their  practical 
division,  by  mechanical  means,  is  subject  to  limitation.  Many 
examples,  however,  prove  that  this  process  may  be  carried  to  an 
incredible  extent.  Nature  furnishes  numerous  instances  of  objects, 
whose  existence  can  only  be  detected  by  means  of  the  most  acute 
senses,  assisted  by  the  most  powerful  artificial  aids. 

Mechanical  subdivisions  for  purposes  connected  with  the  arts 
are  exemplified  in  the  grinding  of  com,  the  pulverizing  of  sul- 
phur, charcoal  and  saltpetre,  for  the  manufacture  of  gunpowder ; 
and  Homoeopathy  affords  a  remarkable  instance  of  the  extended 
application  of  this  property  of  bodies. 

In  common  gold  lace,  a  silver  thread  is  covered  with  gold  so 
attenuated,  that  the  quantity  on  a  foot  of  thread  weighs  less  than 
■^jf  of  a  grain.  An  inch  of  such  thread  will  therefore  contain 
nlxru  of  &  grain  of  gold ;  and  if  the  inch  be  divided  into  100  equal 
parts,  each  of  which  would  be  distinctly  visible,  the  quantity  of 
the  precious  metal  in  each  of  such  pieces  would  be  rTlii^^Ji  of  a 
grain.  One  of  these  particles  examined  through  a  microscope  of 
a  magnifying  power  equal  to  500,  will  appear  500  times  as  long, 
and  the  gold  covering  it  will  be  visible,  having  been  divided  into 
3,600,000,<f00  parts,  each  of  which  exhibits  all  the  characteristics 
of  this  metal. 

Dyea  are  likewise  susceptible  of  an  incredible  divisibility. 
With  1  grain  of  blue  carmine,  10  lbs.  of  water  may  be  tinged 
blue.  These  10  lbs.  of  water  contain  about  617,000  drops.  Sup- 
posing that  100  particles  of  carmine  are  required  in  each  drop  to 
produce  a  uniform  tint,  it  follows  that  this  one  grain  of  carmine 
has  been  subdivided  62  millions  of  times. 
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According  to  Biot,  the  thread  by  which  a  spider  suspends  her- 
self is  composed  of  more  than  6000  single  threads. 

Oar  blood,  which  appears  like  a  uniform  red  mass,  consists  of 
small  red  globules  swimming  in  a  transparent  fluid  called  serum. 
The  diameter  of  one  of  these  globules  does  not  exceed  the  4000th 

« 

part  of  an  inch :  whence  it  follows  that  one  drop  of  blood,  such 
as  would  hang  from  the  point  of  a  needle,  contains  at  least  one 
million  of  these  globules. 

But  more  *&urprising  than  all,  is  the  microcosm  of  organized 
nature  in  the  Infusoria.  Of  these  creatures,  which  for  the  most 
part  we  can  see  only  by  the  aid  of  the  microscope,  there  exist 
many  species  so  small  that  nuUions  piled  on  each  other  would  not 
equal  a  single  grain  of  sand,  and  thousands  might  swim  at  once 
through  the  eye  of  the  finest  needle.  The  coats-of-mail  and  shells 
of  tliese  animalcules  exist  in  such  prodigious  quantities,  that  ex- 
tensive strata  of  rocks,  as,  for  instance,  the  smooth  slate  near  Bilin, 
in  Bohemia,  consist  almost  entirely  of  them.  By  microscopic 
measurements,  1  cubic  line  of  this  slate  contains  about  23  millions, 
and  1  cubic  inch  about  41,000  millions  of  these  animals.  As  a 
cubic  inch  of  this  slate  weighs  220  grains,  187  millions  of  these 
shells  must  go  to  a  grain,  eadi  of  which  would  consequently  weigh 
about  the  rkr  millionth  part  of  a  grain.  Conceive  forther,  that 
each  of  these  animalcules,  as  microscopic  investigation  has  proved, 
has  its  limbs,  entrails,  &c^  the  possibility  vanishes  of  our  forming 
the  most  remote  conception  of  the  dimensions  of  these  organic 
forms. 

In  cases  where  the  finest  instruments  are  unable  to  give  the 
least  aid  in  estimating  the  minut^iess  of  bodies, — ^in  other  words, 
when  bodies  evade  the  perception  of  our  sight  and  touch, — our 
olfactory  nerves  frequently  detect  the  presence  of  matter  in  the 
atmosphere,  of  which  no  chemical  analysis  could  afford  us  the 
slightest  intimation. 

Thus,  for  instance,  a  single  grain  of  musk  diffuses  in  a  large 
and  airy  room  a  powerful  scent,  that  frequently  lasts  for  years ; 
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and  papers  laid  near  mnsk  will  make  a  voyage  to  the  East  Indies 
and  back  without  losing  the  smell.  Imagine  how  many  particles 
of  musk  must  radiate  from  such  a  body  every  second,  in  order  to 
render  the  scent  perceptible  in  all  directions. 

*  4. — Elasticity  is  that  property  by  which  a  body  resumes  of 
itself  its  figure  and  dimensions,  when  these  have  been  changed  or 
altered  by  any  extraneous  cause.  Different  bodies  possess  this 
property  in  very  different  degrees,  and  retain  it  with  Tery  unequal 
tenacity.  Glass,  tempered  steel,  ivory  and  whalebone,  are  among 
the  more  elastic  solids.    All  fluids  are  highly  elastic. 

REST,  MOTION,  FORCE.  \ 

§  5. — ^The  state  of  a  body  by  which  it  continues  in  the  same 
place,  is  called  rest;  that  by  which  it  passes  from  QU^  Jpl^^^J^^^A^/^..' 
another,  is  called  motion;  and  whatever  changes  the  state  of  a  ^ 

body  or  the  elements  of  a  body,  with  respect  to  rest  or  motion^  is 
cisiHeA.  force.  The  existence  of  force  is  inferred  from  the  changes, 
with  respect  to  rest  or  motion,  which  all  bodies  and  their  internal 
elements  are  found  to  be  continually  undergoing.  Its  nature,  or 
in  what  it  consists,  is  unknown. 

CONSTITUTION  OF  BODIES. 

§  6. — Several  hypotheses  have  been  proposed  to  explain  the 
constitution  of  a  body,  and  the  mode  of  its  formation.  The  most 
remarkable  of  these  was  by  Boscovich^  about  the  middle  of  the 
last  century.    According  to  this  eminent  philosopher: 

1.  All  matter  consists  of  indivisible  and  inextended  atoms. 

2.  These  atoms  are  endowed  with  attractive   and  repulsive 
forces,  varying  both  in  intensity  and  direction  by  a  change  of  dis 
tance,  so  that  at  one  distance  two  atoms  attract  one  another,  and 
at  another  distance  they  repel. 


18  ELEMENTS    OP    ANALYTICAL    MECHANICS. 

3.  This  law  of  yariation  is  tlie  same  in  all  atoms.  It  is,  there- 
fore, mutual ;  for  the  distance  of  atom  a  from  atom  },  being  the 
same  as  that  of  h  from  c^  it  a  attract  },  h  must  attract  a  with 
j>recisely  B,n  eqxxel  force. 

4.  At  all  considerable  or  aensiMe  distances,  these  mutual  forces 
are  attractive  and  sensibly  proportional  to  the  square  of  the  dis- 
tance inversely.    It  is  the  attraction  called  gramtoition. 

5.  At  the  small  and  insensible  distances  in  which  sensible  con- 
tact is  observed,  and  which  do  not  exceed  the  1000th  or  1500th 
part  of  an  inch,  there  are  many  alternations  of  attraction  and 
repulsion,  according  as  the  distance  of  the  atoms  is  changed. 
Consequently,  there  are  many  situations  within  this  narrow  limit, 
in  which  two  atoms  neither  attract  nor  repel. 

6.  The  force  which  is  exerted  between  two  atoms  when  their 
distance  is  diminished  without  end,  and  is  just  vanishing,  is  an 
insuperable  repulsion,  so  that  no  force  whatever  can  press  two 
atoms  into  mathematical  contact. 

Such,  according  to  Boscovich^  is  the  constitution  of  a  material 
dtom  and  the  whole  of  its  constitution,  and  the  immediate  efficient 

cause  of  <i22  its  properties. 


Boscovich  represents  his  law  of  atomical  action  by  what  may 
be  called  an  exponential  curve.  Let  the  distance  of  two  atoms 
be  estimated  on  the  line  AC  C^A  being  the  situation  of  one  of 
them,  while  the  other  is  placed  anywliere  on  this  line.  When 
placed  at  %  for  example,  wo  may  suppose  that  it  is  attracted  by 
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-4,  with  a  certain  intensity.  "We  represent  this  intensity  by  the 
length  of  the  line  iZ,  perpendicular  to  A  (7,  and  express  the  direc- 
tion  of  the  force,  namely,  from  i  to  A,  because  it  is  attractive,  by 
placing  il  above  the  axis  A  C.  Should  the  atom  be  at  m,  and 
be  repelled  by  A,  we  express  the  intensity  of  repulsion  by  m  tij 
and  its  direction  from  m  towards  G  by  placing  mn  below  the 
axis. 

m 

This  may  be  supposed  for  every  point  on  the  axis,  and  a  curve 
drawn  through  the  extremities  of  all  the  perpendicular  ordinates, 
will  be  the  exponential  curve  or  scale  of  force. 

As  there  are  supposed  a  great  many  alternations  of  attractions 
and  repulsions,  the  curve  must  consist  of  many  branches  lying  on 
opposite  sides  of  the  axis,  and  must  therefore  cross  it  at  G\  JD'y 
O'^  D'\  &C.,  and  at  G.  AU  these  are  supposed  to  be  contained 
within  a  very  small  fraction  of  an  inch. 

Beyond  this  distance,  which  terminates  at  G^  the  force  is 
always  attractive,  and  is  called  the  force  of  gra/oitationy  the  maxi« 
mum  intensity  of  which  occurs  at  ^,  and  is  expressed  by  the 
length  of  the  ordinate  G'^g.  Further  on,  the  ordinates  are  sensibly 
proportional  to  the  square  of  their  distances  from  A^  inversely. 
The  branch  G'  &'  has  the  line  A  (7,  therefore,  for  its  asymp- 
tote. 

Within  the  limit  A  C  there  is  repulsion,  which  becomes  infi- 
nite, when  the  distance  from  A  is  zero ;  whence  the  branch  O  2?* 
has  the  perpendiculiar  axis,  A  y,  for  its  asymptote. 

An  atom  being  placed  at  G^  and  then  disturbed  so  as  to  move 
it  in  the  diredion  towards  -4,  will  be  repelled,  the  ordinates  of  the 
curve  being  below  the  axis ;  if  disturbed  so  as  to  move  it  from 
A^  it  wiU  be  attracted,  the  corresponding  ordinates  being  above 
the  axis.  The  point  G  is  therefore  a  position  in  which  the  atom 
is  neither  attracted  nor  repelled,  and  to  which  it  will  tend  to 
return  when  slightly  removed  in  either  direction,  and  is  called  tlie 
limit  of  grcmiation. 

If  the  atom  be  at  C*,  or  0\  &c.,  and  be  moved  ever  so  little 
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towards  A^  it  will  be  repelled,  and  when  the  disturbing  cause  is 
removed,  will  fly  back ;  if  moved  from  -4,  it  will  be  attracted 
and  return.  Hence  (7,  C,  &c.,  are  positions  similar  to  G^  and 
are  called  Umita  of  cohmon^  G  being  called  the  la«t  limit  of  cohe- 
sion. An  atom  situated  at  any  one  of  these  points  will,  with  that 
at  Ay  constitute  dLperma/nervt  molecule  of  tlie  simplest  kind. 

On  the  contrary,  if  an  atom  be  placed  at  D\  or  D'\  &c,,  and 
be  then  slightly  disturbed  in  the  direction  either  from  or  towards 
Ay  the  action  of  the  atom  at  A  will  cause  it  to  recede  stiU  frirther 
from  its  flrst  position,  till  it  reaches  a  limit  of  cohesion.  The 
points  D\  D'\  &c.,  are  also  positions  of  indifference,  in  which  the 
atom  will  be  neither  attracted  nor  repelled  by  that  at  A^  but  they 
differ  from  C\  C'\  (r,  &c.,  in  this,  that  an  atom  being  ever  so  little 
removed  from  one  of  them  has  no  disposition  to  return  to  it 
again ;  these  points  are  called  limits  of  diasol/uHcn.  An  atom 
situated  in  one  of  them  cannot,  therefore,  constitute,  with  that  at 
Ay  a  permanent  molecule,  but  the  slightest  disturbance  will  de- 
stroy it. 

It  is  easy  to  infer,  from  what  has  been  said,  how  three,  four, 
&c.,  atoms  may  combine  to  form  molecules  of  different  orders  of 
complexity,  and  how  these  again  may  be  arranged  so  as  by  their 
action  upon  each  other  to  form  particles.  Our  limits  will  not 
permit  us  to  dwell  upon  these  points,  but  we  cannot  dismiss  the 
subject  without  suggesting  one  of  its  most  interesting  conse- 
quences. 

According  to  the  highest  authority,  the  sun  and  other  heavenly 
bodies  have  been  formed  by  the  gradual  subsidence  of  a  vast 
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ndntla  towardB  its  centre'.  Its  molecules,  forced  by  their  gravi- 
tating action  within  their  neutral  limits,  are  in  a  slate  of  tension, 
which  is  the  more  intense  as  the  accumulation  is  greater ;  and  the 
molecular  agitations  in  the  sun,  caused  by  the  successive  deposi- 
tions at  its  surface,  make  this  body,  in  consequence  of  its  vast 
size,  a  perpetual  fountain  of  that  incessant  stream  ^f  ethereal 
waves  which  constitute  the  essence  of  light  and  heat.  The  inter- 
nal heat  of  the  earth  has  the  same  explanation.  All  bodies  would 
appear  self-luminous  were  the  acuteness  of  our  sense  of  sight 
increased  beyond  its  present  limit  in  the  same  proportion  that  the 
sun  exceeds  them  in  size.  The  sun  far  transcends  all  the  other 
bodies  of  our  system  in  1-egard  to  heat  and  light,  and  is  in  a  state 
of  incandescenoey  because  of  the  mode  of  its  formation  and  of  its 
vastly  greater  dimensions. 

2. — ^The  molecular  forces,  here  considered,  are  the  effective 
causes  which  determine  a  body  to  be  a  solid,  liquid,  or  gas.  If  the 
attractions  prevail  over  the  repulsions,  the  body  is  eaUd^  if  these 
antagonistic  forces  be  equal,  it  is  liquid;  and  if  the  repulsions 
prevail  over  the  attractions,  it  is  a  gas. 

3. — The  molecular  forces  may  so  act  upon  the  elements  of 
dissimilar  bodies  as  to  cause  a  new  combination  or  union  of  their 
atoms.  This  may  also  produce  a  separation  between  the  com- 
bined atoms  or  molecules,  in  such  manner  as  to  entirely  change 
the  individual  properties  of  the  bodies.  Such  efibrts  of  the  mo- 
lecular forces  are  called  chemical  action  /  and  the  disposition  to 
exert  these  efforts,  chemical  ajmity. 

4. — ^Beyond  the  last  limit  of  gravitation,  atoms  attract  each 
other:  hence,  all  the  atoms  of  one  body  attract  each  atom  of 
another,  and  vice  versa :  thus  giving  rise  to  attractions  between 
bodies  of  sensible  magnitudes  through  sensible  distances.     The 
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intenBities  of  these  attractions  are  proportional  to  the  number  of 
atoms  in  the  attracting  body  directly,  and  to  the  square  of  the 
distance  between  the  bodies  inversely. 

6. — The  term  tmiversal  gr(witatton  is  applied  to  this  force, 
when  it  is  intended  to  express  the  action  of  the  heavenly  bodies 
on  each  other;  and  that  of  terrestrial  gravitation  or  simple 
graviiy^  when  we  wish  to  express  the  action  of  the  earth  upon 
the  bodies  forming  with  itself  one  whole.  The  force  is  always  of 
the  same  kind,  however,  and  varies  in  intensity  only  by  reason 
of  a  difference  in  the  nimiber  of  atoms  and  their  distances.  Its 
effect  is  always  to  generate  motion,  when  the  bodies  are  free 
to  move. 

Gravity^  then,  is  a  property  common  to  all  terrestrial  bodies, 
since  they  constantly  exhibit  a  tendency  to  approach  the  earth 
and  its  centre.  In  consequence  of  this  tendency  all  bodies  possess 
weight,  and,  unless  supported,  fall  to  the  surface  of  the  earth; 
and  if  prevented  by  any  other  bodies  from  doing  so,  they  exert 
a  pressure  on  these  latter. 

This  is  one  of  the  most  important  properties  of  terrestrial 
bodies,  and  the  cause  of  many  phenomena,  of  which  a  fuller, 
account  will  be  given  hereafter. 

"'^ENsrrr. 

§  7. — DeneHy  is  a  term  employed  to  express  the  greater  or 
less  proximity  of  a  body's  atoms.  The  relative  densities  of  dif- 
ferent bodies  must,  therefore,  be  proportional  to  the  number  of 
atoms  they  contain  under  equal  volumes.  The  weights  of  bodies 
being  ^proportional  to  the  number  of  their  atoms,  the  density 
of  any  body  ia  measured  by  the  quotient  arising  from  dividing 
its  weight  by  the  weight  of  an  equal  volume  of  some  other  body, 
assumed  as  a  standard,  and  whose  density  is  regarded  as  unity. 
The  density  of  pure  water,  at  the  temperature  of  38^,75  Fahren- 
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lieity  is  aBsnmed  as  the  unit,  the  water  possessing  its  maximtmi 
density  at  that  temperature.  ( ^/W^  I  7i  ^  )j    .^) 

MASS.       //  .  ,  "       .  ^  .         -"   ) 

^  ^^        it 

§  8. — The  mass  of  a  body  is  the  quantity  of  matter  it  contains ; 
and  this  being  proportional  to  its  weight,  the  mass  of  a  body  may 
be  measured  by  the  qtiotient  arising  from  dividing  its  weight  by 
the  weight  of  some  other  body  assumed  as  the  imit  of  mass.  A 
cubic  foot  of  distilled  water,  at  its  maximum  density,  may  be 
assumed  as  the  unit  of  mass.  And,  therefore,  a  body  whose  mass 
is  expressed  by  any  number,  say  20,  will  contain  twenty  times  the 
matter  contained  in  a  cubic  foot  of  distilled  water  at  its  greatest 
density. 

If  the  mass  of  a  body  be  denoted  by  JT,  its  weight  by  TT,  and 
that  of  a  unit  of  mass  by  ^,  then  will 

~^        V  pW^M.g (1; 

,        If  F  denote  the\pody's  volume,  wid  D  its  density ;  then  wiU 

/     ^m2^  f.  d  imiv'f^^^! '  y.  .  (2) 

^  and  by  substitution  above, 

W^r.B.g (3) 

The  masses  of  bodies  are  so  constantly  in  view  in  discussing 
and  applying  physical  principles,  as  to  make  it  important  to 
understand  well  the  method  of  getting  their  numerical  values. 
Equation  (1)  may  be  written 

W 


and  in  which  TF  and  y  must  be  expressed  in  terms  of  the  same 
nil  It,    But  ff  may  have  two  values,  very  different  in  kind.    It 


24    ELEMENTS  OF  ANALYTICAL  MECHANICS. 

may  be  expressed  in  poTinds,  or  any  other  unit  of  weight,  or  in 
feet,  or  any  other  unit  of  length.  In  the  first  case,  the  body 
assumed  as  the  unit  of  mass  and  that  whose  mass  is  desired,  are 
simply  weighed,  and  the  ratio  of  tlie  weights  taken.  In  the 
second  case,  the  body  assumed  as  the  unit  of  mass  is  permitted 
to  fall  in  vacuo,  and  the  velocity  its  own  weight  can  generate 
in  it,  in  one  second  of  time,  ascertained. 

A  cubic  foot  of  pure  water,  at  its  maximum  density,  weighs 
62,3Y91  pounds  avoirdupois,  and  the  measure  of  a  body's  mass 
is  given  by 

W 


Jf= 


62,3791 ' 


in  which  IF"  must  be  expressed  in  avoirdupois  pounds. 

The  velocity  which  the  weight  of  a  body  can  impress  upon 
itself,  in  one  second  of  time,  on  the  parallel  of  45°,  is  82,1801 
feet ;  and  the  measure  for  a  body's  mass  is  given  by 

W 


82,1801' 


in  which  TTmay  be  expressed,  as  before,  in  pounds;  but  in  this 
case  the  cubic  foot  of  water  ceases  to  be  the  unit  of  mass,  and  in 
its  stead  we  take  so  much  of  the  water,  or  of  any  other  body,  as 
wiU  weigh  32,1801  pounds,  as  the  unit  of  mass.  In  this  latter 
*  case,  any  body  which  weighs  one  pound  will  be  ^,^ot  of  the 
unit  of  mass. 

Had  the  pound  been  made  greater  than  it  is  in  the  proportion 
of  62,3791  to  32,1801,  or  the  foot  less  in  the  proportion  of  32,1801 
to  62,3791,  then  would  the  same  number  have  expressed  both  the 
pounds  avoirdupois  in  the  weight  of  a  cubic  foot  of  pure  water 
at  the  standard  temperature,  and  the  number  of  feet  in  the 
velocity  this  weight  could  generate  in  the  same  cubic  foot  in  one 
second  of  time.  « 
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UNORGANIZED  AND  ORGANIZED  BODIES. 

§  9, — All  bodies  connected  with  the  eojrtj^  are  distributed  into 
two  classes,  viz. :   Unorganized  and  Orgamzed, 

The  unorganized  class  embrace  all  minerals,  as  metals,  stones, 
earths,  alkalies,  water,  air,  and  the  like. 

The  organized  class  include  all  animals  and  vegetables. 

The  v/norga/nized  bodies  form  tlie  lower  class,  and  are,  so  to 
speak,  the  substratum  of  the  organized.  They  are  acted  upon 
solely  by  influences  external  to  themselves,  and  have  nothing  that 
can  properly  be  caUed  life.  They  have  no  definite  or  periodica] 
duration. 

Orga/nized  bodies  are  more  or  less  perfect  individuals,  possess- 
ing organs  adapted  to  the  performance  of  certain  functions. 
They  possess  vitality,  and  are  continually  appropriating  to  them- 
selves imorganized  bodies,  changing  their  properties,  and,  by  this 
process,  increasing  their  bulk.  They  possess  the  faculty  of  repro- 
duction. They  retain  only  for  a  limited  time  the  vital  principle, 
and,  when  life  is  extinct,  they  sink  into  the  class  of  unorganized 
bodies. 

HEAVENLY  BODIES. 

1 10. — The  JBeavenZy  Bodies  form  a  distinct  class.  In  the 
changes  they  bring  about  within  themselves,  they  resemble  organ- 
ized bodies;  and  may,  in  one  sense,  be  said  to  possess  organs. 
Those  of  our  earth  are  its  continents,  oceans,  and  atmosphere. 
The  researches  of  Geology  furnish  the  most  ample  evidence  of 
vast  changes  having  taken  place  in  the  earth.  It  now  supports 
and  nourishes  both  the  animal  and  vegetable  kingdoms.  Tliere 
was  a  time  when  neither  of  these  existed  upon  it.  It  was  once 
all  fluid,  fcom  excessive  heat ;  it  is  now  incrusted  with  an  indu- 
rated envelope  of  many  miles  in  thickness,  inclosing  a  molten, 
liquid  mass.  In  many  places  its  continents  are  being  elevated, 
while  in  others  they  are  being  depressed ;  corresponding  changes 
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are  taking  place  in  the  shores  of  the  ocean,  and  the  climates  of 
the  same  zones  are  undergoing  modifications.  What  is  true  of 
our  earth,  is  doubtless^ually  true  of  the  other  heavenly,  bodies. 

NATURAL  PHILOSOPHY. 

§  11. — Natwral  Philoeophy  is  a  name  given  to  that  bi*anch  of 
physical  science  which  treats  of  the  general  properties  of  tmorga/n" 
ized  bodies;  the  changes  they  undergo  without  affecting  their 
internal  constitution ;  the  causes  of  these  changes,  and  the  laws 
which  govern  both  the  causes  and  changes. 

THERMOTICS,  ACOUSTICS,  OPTICS,  ELECTRICS. 

§  12. — Natural  Philosophy  embraces  the  subjects  of  ThermoticSj 
Aixmstics^  Optics^  and  Electrics.  The  first  treats  of  heat^  the 
second  of  sounds  the  third  of  ligkt^  and  the  fourth  of  electricity. 
The  subject  of  magnetics  is  omitted  here,  because  it  is  now  merged 
into  that  of  electrics.  The  phenomena  which  appertain  to  these 
different  heads,  all  have  a  common  source  in  the  action  of  forces 
upon  bodies — ^the  nature  of  the  bodies,  the  kind  and  mode  of  action 
of  the  forces,  and  the  sense  employed  to  excite  the  mind  to  a  per- 
ception of  the  effects,  constituting  the  main  distinction. 

Natural  Philosophy  relies  upon  observation  and  experiment 
for  its  data.  From  these  we  deduce  the  varied  information  we 
have  acquired  about  bodies ;  by  the  former  we  notice  any  changes 
that  transpire  in  the  condition  or  relations  of  any  body,  as  they 
spontaneously  aiise  without  interference  on  our  part;  whereas, 
in  the  performance  of  an  experiment,  we  purposely  alter  the 
natural  arrangement  of  things,  to  bring  about  some  particular 
condition  we  desire.  To  accomplish  tliis,  we  make  use  of  appli- . 
ances  Gelled  j>hilosaph{cal  apparai/as^  the  proper  use  and  appli- 
cation of  which,  it  is  the  office  of  JEbperimental  Philosophy  to 
teach. 
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If  we  notice  that  in  winter  water  becomes  converted  into  ice, 
we  are  said  to  make  an  observation;  if,  by  means  of  freezing 
mixtures  or  evaporation,  we  cause  water  to  freeze,  we  are  then 
said  to  perform  an  experiment. 

These  observations  and  experiments  are  next  subjected  to  cal- 
colation,  from  which  are  deduced  what  are  called  tke  laws  of 
nattu/rey  or  ths  rules  that  Ifke  causes  will  invariably  produce  like 
results.  To  express  these  laws  witli  the  greatest  possible  brevity, 
mathematical  formulas  are  used«  When  it  is  not  practicable  to 
represent  them  with  mathematical  precision,  we  are  content  with 
inferences  and  assumptions  based  on  analogies,  or  with  probable 
hypotheses^  as  the  means  for  explanation  and  further  deductions. 

A  hypothesis  gains  in  probability  the  more  nearly  it  accords 
with  the  ordinary  course  of  nature,  the  more  numerous  the  obser- 
Tations  and  experiments  on  which.it  is  founded,  and  the  more 
simple  the  explanation  it  oifers  of  the  phenomena  for  which  it  is 
intended  to  account. 

CHEMISTRY. 

§  13. — Chemistry  treats  of  tjie  indivichial  properties  of  unor- 
ganized bodies,  by  which,  as  regards  their  constitution,  they  may 
be  distinguished  from  one  another.  It  also  investigates  the  trans- 
formations that  take  place  in  the  interior  of  these  bodies,  and  by 
which  their  substance  is  altered  and  remodelled ;  and,  lastly,  it 
detects  and  classifies  the  laws  that  regulate  chemical  changes. 

NATURAL  HISTORY. 

§  14. — Nainiral  History  treats  of  the  organized  bodies.  It 
comprises  three  divisions,  viz. :  Anoitomyy  which  is  concerned 
with  the  dissections  of  plants  and  animals ;  VegetaUe  and  Animal 
Chemistry y  which  investigates  their  internal  constitution;  and 
Physiology y  which  explains  the  objects  and  offices  of  their  various 
organs.  • 
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ASTRONOMY. 

§  15. — Astronomy  teaches  the  knowledge  of  the  heavenly 
bodies.  It  consists  of  two  branches — ^Physical  and  Spherical 
Astronomy.  The  former  treats  of  the  constitution  and  physical 
condition  of  the  heavenly  bodies,  their  mutual  influences  and 
actions  on  each  other,  and,  generally,  seeks  to  explain  the  causes 
of  celestial  phenomena ;  the  latter  is  concerned  with  the  appear- 
ances, magnitudes,  distances,  arrangements,  and  motions  of  these 
bodies.  All  measurements  upon  them  are  made  from  stations 
on  the  earth,  and  by  instruments  that  give  the  sides  and  angles 
of  spherical  triangles  projected  upon  the  concave  of  the  celestial 
vault ;  and  hence  the  name. 

GEOLOGY,  PHYSICAL  GEOGRAPHY,  METEOROLOGY. 

§  16. — Geology^  Physical  Geography^  and  Meteo-rdLogyy  are 
strictly  branches  of  Physical  Astronomy.  The  first  teaches  a 
knowledge  of  the  structure  and  history  of  the  earth's  crust ;  the 
second  treats  of  the  nature  and  character  of  its  surface ;  and  the 
tliird  is  concerned  with  the  phenomena  of  the  atmosphere  and 
climate. 

PHYSICS. 

g  17.-i.Natural  Philosophy,  Chemistry,  Natural  History,  and 
Astronomy,  are  but  branches  of  the  more  general  subject  called 
Physics — a  science  so  vast  in  its  range  as  to  embrace  whatever 
is  known  and  can  be  discovered  of  the  nature  and  properties  of 
bodies,  their  source,  effects,  affections,  operations,  phenomena, 
and  laws. 

MECHANICS. 

§  18. — All  phenomena  of  the  physical  world  arise  directly 
from  tlie  action  of  forces  upon  the  various  forms  of  bodies.    That 
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branch  of  science  which  treat3  of  this  action  is  called  Mechantce. 
A  careful  study  of  a  course  of  mechanics  is,  therefore,  an  indis- 
pensable preparation  for  that  of  any  branch  of  physical  science. 
Mechanics  is  the  subject  of  the  present  volume.  It  will  be 
treated  under  three  heads,  suggested  by  peculiarities  of  physical 
condition,  viz. :  Mechcmica  of  Solids^  Mechanics  of  Fluids,  and 
Mechanics  of  Molecules;  the  iii-st  treating  of  the  action  of  forces 
upon  solid  bodies ;  the  second,  upon  fluid  bodies ;  and  the  third, 
upon  the  molecules  or  elements  of  both  solids  and  fluids. 

Mechanics  is  founded  in  a  single  fact,  viz. :  that  oJL  action  is 
evcrxwcompani^d  hy  an  equal,  contrary,  and  simultaneous  reaction. 


INERTIA. 

§  19. — This  reaction  very  often  arises  from  a  property,  common 
to  all  bodies,  by  which  they  resist,  of  themselves,  every  change 
of  their  own  state  in  regard  to  rest  or  motion,  and  with  an  effort 
equal  to  that  which  produces  the  change.  This  property,  known 
from  experience,  is  called  Liertia.  It  i&  force,  but  passive  and 
conservative  force. 


PART    I. 
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SPACE,    TIME,    MOTION,    AND    FORCE. 

§20. — Space  is  indefinite  extension,  without  limit,  and  contains  all 
Dodies. 

§21. — Time  is  any  limited  portion  of  duration.  We  may  conceive 
of  a  time  which  is  longer  or  shorter  than  a  given  time.  Time  has, 
therefore,  magnitude,  as  well  as  lines,  areas,  dsc. 

To  measure  a  given  time,  it  is  only  necessary  to  assume  a  certain 
interval  of  time  as  unity,  and  to  express,  by  a  number,  how  often 
this  unit  is  contaitied  in  the  given  time.  When  we  give  to  this 
number  the  particular  name  of  the  unit,  as  houVj  minute^  second^  &c., 
we  have  a  complete  expression  for  time. 

The  Instruments  usually  employed  in  measuring  time  are  clocks^ 
chronometers^  and  common  watches^  which  are  too  well  known  to  need 
a  description  in  a  work  like  this. 

The  smallest  division  of  time  indicated  by  these  time-pieces  is  the 
second,  of  which  there  are  GO  in   a  minute,  3600  in  an  hour,  and 
86400  in  a  day ;   and  chronometers,  which  are  nothing  more  than  a 
species  ot"  watch,  have  been  brought  to  such  perfection  as  not  to  vary  . 
in  their  rate  a  half  a  second  in  365  days,  or  31536000  seconds. 

Thus  the  number  of  hours,  minutes,  or  seconds,  between  any  two 
events  or  instants,  may  bo  estimated  with   as   much  precision  and 
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ease  as  the  number  of  yards,  feet,  or  inches  between  the  extremities 
of  any  given  distance. 

TRrae  may  be  represented  by 
lines,  by  laying  off  upon  a 
given  right  line  AB^  the  equal 
distances  from  0  to  1,  1  to  2, 
2  to  3,  &c.,  each  one  of  these 
equal  distances  representing  the  ^ 

unit  of  time. 

A  second  is  usually  taken  as  the  unit  of  time,  and  a  foot  as  the 
linear  unit. 

§  22. — A  body  is  in  a  state  of  absolute  rest  when  it  continues  in  the 
same  plac<)  in  space.  There  is  perhaps  no  body  absolutely  at  rest; 
our  earth  being  in  motion  about  the  sun,  nothing  connected  with  it 
can  be  at  rest.  Rest  must,  therefore,  be  considered  but  as  a  relativt 
term.  A  body  is  said  to  be  at  rest,  when  it  preserves  the  same 
position  in  respect  to  other  bodies  which  we  may  regard  as  fixed. 
A  body,  for  example,  which  continues  in  the  same  place  in  a  boat, 
is  said  to  be  at  rest  in  relation  to  the  boat,  although  the  boat  itself 
may  be  in  motion  in  relation  to  the  banks  of  a  river  on  whose  sur- 
&ce  it  is  floating. 

§23. — A  body  is  in  motion  when  it  occupies  successively  different 
positions  in  space.  Motion,  .like  rest,  is  but  relative.  A  body  is  in 
motion  when  it  changes  its  place  in  reference  to  those  which  'we 
may  regard  at  rest.  ** 

Motion  is  essentially  continuous;  that  is,  a  body  cannot  pass  from 
one  position  to  another  without  passing  through  a  series  of  interme- 
diate positions  ;  a  point,  in  motion,  therefore  describes  a  continuous 
line. 

When  we  speak  *  of  the  path  described  by  a  body,  we  are  to 
underatand  that  of  a  certain  point  connected  with  the  body.  Thus, 
the  path  of  a  ball,  is  that  of  its  centre. 

§24. — The  motion  of  a  body  is  said  to  be  curvilinear  or  rectilinear, 
according  as  th*»  path  described  is  a  cv^e  or  ^P^^Ljj^ 
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either  uniform  or  varied,  A  body  is  said  to  have  vniform  motion 
when*  it  passes  over  equal  spaces  in  equal  successive  portions  of  time : 
and  it  is  said  to  have   varied  motion  when   it   passes   over    unequal 

m 

spaces  in  equal  successive  portions  of  time.     The  motion  is  said  to 
be   accelerated  when    the    successive    increments    of   space    in    equal 
times  become  greater  and  greater.      It  is  retarded  when  these  incre 
ments  become  smaller  and  smaller. 

§25. —  Velociti/  is  the  rate  of  a  body's  motion.  Velocity  is  mea- 
sured by  the  length  of  path  described  uniformly  in  a  unit  of  time. 

§26. — ^The  spaces  described  in  equal  successive  portions  of  time 
being  equal  in  utiiform  motion,  it  is  plain  that  the  length  of  path 
described  in  any  time  will  be  equal  to  that  described  in  a  unit  of  time 
repeated  as  many  times  as  there  are  units  in  the  time.  Let  v  denote 
the  velocity,  t  the  time,  and  s  the  length  of  path  described,  then  will 

s  =  v.f, (3) 

If  the  position  of  the  body  be  referred  to  any  assumed  origin 
whose  distance  from  the  point  where  the  motion  begins,  estimated 
in  the  direction   of  the  path  described,  be  denoted  by  S,  then  will 

8  =  S  +  v.t (4) 

Equation  (3)  shows  that  in  uniform  motion,  the  space  described 
is  always  equal  to  the  product  of  the  time  into  the  velocity ;  that  the 
spaces  described  by  different  bodies  moving  with  different  velocities  during 
the  same  time,  are  to  each  other  as  the  velocities;  and  that  when  the 
velocities  are   the  same,   the  spaces  are   to   each  other  as   the  times. 

§  27.— Differentiatins:  Equation   (3)   or  (4),  we  find 

t='- <») 

that   is  to  say,   the  velocity  is  equal  to  the  first  differential  coefficient 
of  the  space  regarded  as  a  function  of  the  time. 

Dividing  both  members  of  Equation  (3)  by  f,  we  have 

T    =  " («) 


MBOHANIOS    OF    SOLIDS.  38 

winch  shows  that,  in  unt/brm  motion^  the  velodiy  is  equal  to  the  whole 
space  divided  by  the  time  in  which  it  is  described, 

§  28. — Matter  on  the  earth,  in  its  unorganized  etate,  is  inanimate  or 
inert.    It  cannot  give  itself  motion,  nor  can  it  change  of  itself  the  motion 
which  it  maj  have  received. 
A  body  at  rest  will  forever 
remain   so    unless    disturbed 

by  something  extraneous  to         ^ ^ 

itself;   or  if  it  be  in  motion 
in  any  direction,  as  from   a 

to  &,  it  will  continue,  after  arriving  at  5,  to  move  towards  c  in  the 
prolongation  of  a6 ;  for  having  arrived  at  5,  there  is.no  leason  why 
it  should  deviate  to  one  side  more  than  another.  Moreover,  if  the 
body  have  a  certain  velocity  at  5,  it  will  retain  this  velocity  unaltered, 
'since  no  reason  can  be  assigned  why  it  should  be  increased  rather 
than  diminished  in  the  absence  of  all  extraneous  causes. 

If  a  billiard-ball,    thrown    upon    the    table,  seem  to  diminish  its 

> 

rate  of  motion  till  it  stops,  it  is  because  its  motion  is  resisted  by 
the  doth  and  the  atmosphere.  If  a  body  thrown  vertically  down- 
ward seem  to  increase  its  velocity,  it  is  because  its  weight  is  inces- 
santly urging  it  onward.  If  the  direction  of  the  motion  of  a  stone, 
thrown  into  the  air,  seem  continually  to  change,  it  is  because  the 
weight  of  the  stone  urges  it  incessantly  towards  the  sur&ce  of  the 
earth.  Experience  proves  that  in  proportion  as  the  obstacles  to  a 
body's  motion  are  removed,  will  the  motion  itself  remain  unchanged. 
When  a  body  is  at  rest,  or  moving  with  uniform  motion,  its 
inertia  is  not  called  into  action. 

S  20. — A  forc4  has  been  defined  .to  be  that  which  chancres  or  tends  to 
change  the  state  of  a  body^  in  respect  to  rest  or  motion.  Weight  and 
Elasticity  are  examples.  A  body  laid  upon  a  table,  or  suspended  fronn 
a  fixed  point  by  means  of  a  thread,  would  move  under  the  action  of 
its  weight,  if  the  resistance  of  the  table  or  that  of  the  fixed  point  did 
not  continually  prevent  by  an  equal,  simultaneous,  and  contrary  reac- 
tion.    A  body,  subjected  alone  to  the  action  of  a  spring,  would  change 

• 

its  state  by  moving,  faster  or  slower. 
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When  we  push  or  pull  a  body,  be  it  free  or  fixed,  we  ezperienoe 
a  sensation  denominated  pressure,  traction,  or,  in  general,  effort.  TbiB 
effort  is  analogous  to  that  which  we  exert  in  raising  a  weight.  Forces 
are  real  pressures.  Pressure  may  be  strong  or  feeble;  it  therefore 
has  magnitude,  and  may  be  expressed  in  numbers  by  assuming  a 
certain  pressure  as  unity.  The  unit  of  pressure  will  be  taken  to  be 
tnat  exerted  by  the  weight  of  -^^j  part  of  a  cubic  foot  of  distilled 
water,  at  88^,75,  and  is  called  a  pound, 

§30. — The  intennty  of  a  force  is  its  greater  or  less  capacity  to  v      / 
produce  pressure.     This  intensity  may  be  expressed  in  pounds,  or  in  y^p 
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quantity  of  motion.     Its   value   in   pounds  is  called  its  statical  mea-  I 
sure;  in  quantity  of  motion,  its  dynamical  measure.  •    ' 

§31. — The  point  of  application  of  a  force,  is  the  material  point  to 
which  the  force  may  be  regarded  as  directly  applied.  ^ 

§  32. — ^The  line  of  direction  of  a  force  is  the  right  line  which  the 
point  of  application  would  describe,  if  it  were  perfectly  free.  7  .Vr   ?^-/ 

§33. — Tlie  effect  of  a  force  depends  upon  its  intensity,  point  of 
application,  and  line  of  direction,  and  when  these  are  given  the  force 
is  known. 

§34. — Two  forces  are  equal  when  substituted,  one,  for  the  other, 
in  the  same  circumstances,  they  produce  the  same  effect,  or  when 
directly  opposed,  they  neutralize  each  other. 

§35. — ^There  can  be  no  action  of  a  force  without  an  equal  and 
eontrary  reaction.  This  is  a  law  of  nature,  and  our  knowledge  of  it 
oomes  from  experience.  If  a  force  act  upon  a  body  retained  by  a 
fixed  obstacle,  the  latter  will  oppose  an  equal  and  contrary  resistance. 
If  it  act  upon  a  free  body,  the  latter  will  change  its  state,  and  in 
the  act  of  doing  so,  it;s  inertia  will  oppose  an*  equal  and  contrary 
resistance.  Action  and  reaction  are  ever  equal,  contrary  and  simulta- 
tieous.  ^ 

§36. — If  a  free  body  be  drawn  by  a  thread,  the  thread  Mill  stretch 
and  even  break  if  the  action  be  too  violent,  and  this  will  the  more 
probably  happen  in   proportion  aa  the  body  is  more  massive.     If  a 


bod>   be  suspended  by  means  of  a  yertical   chain,  and  a  weighing 
spring  be   interposed  in  the  line  of  traction,  the  graduated  scale  of 
the  spring  will  indicate  the  weight  of  the 
body  when   the   latter  is   at  rest;   but  if 
the    upper   end  of  the  chain  be  suddenly 
elevated,  the  spring  will  immediately  bend 
more    in    consequence    of    the    resistance 
opposed  by  the  inertia  of  the  body  while 
acquiring  motion.      When  the  motion    ac- 
quired becomes    uniform,  the    spring    will 
resume  and  preserve  the  degree  of  flexure 
which  it  had  at  rest     If  now,  the  motion 
be  checked  by  relaxing  the  eflbrt  applied 
to  the  upper  end  of  the  chain,  the  spring 
will  unbend  and    indicate  a  pressure  less 
than  the  weight    of   the  body,   in    conse- 
quence of  the  inertia  acting  in  opposition  to  the  retardation.     The 
oscillati:>n8  of  the  spring  may  therefore  serve  to  indicate  the  varia- 
tions in  the    motions  of   a  body,  and   the  enci^y  of  its  force  of 
inertia,  which  acts  against  or  iK^ith  a  force,   according    as   the  velo- 
city is  increased  or  diminished. 


§37. — ^Forees  produce  various  efrof*.ts  according  to  ciroumstaaoea. 
They  sometimes  leave  a  body  at  rest,  by  balancing  one  another, 
through  its  intervention;  sometimes  they  change  its  form  or  break 
it;  sometimes  they  impress  upon  it  motion,  they  accelerate  or  retard 
that  which  it  has,  or  change  its  direction ;  sometimes  these  effects  are 
prxluced  gradually,  sometimes  abruptly,  but  however  produced,  they 
require  some  definite  time,  and.  are  effected  by  continuotis  degrees.  If 
a  body  is  sometimes  seen  to  change  suddenly  its  state,  eith^  in 
respect  to  the  direction  or  the  rate  of  its  motion,  it  is  becaupe  th« 
force  is  so  great  as  to  produce  its  effect  in  a  time  so  short  as  to 
make  its  duration  imperceptible  to  our  senses,  yet  some  definite  por- 
tion of  time  is  necessary  for  the  change.  A  ball  fired  from  a  gun 
will  break  through  a  pane  of  glass,  a  piece  of  board,  or  a  sheet  of 
paper,  wh^i  freely  suspended,  with  a  rapidity  so  great  as  to  call  into 
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action   a   force   of  inertia  in    the   parts  which  remain,  greater  than 
the  molecular  forces  which  connect  the  latter  with  those  torn  away. 
In  such  cases  the   effects   are   obvious,  while  the. times  in  which 
they  are  accomplished  are  so  short  as  to  elude  the  senses:  and  yet 
these  times  have  had  some  definite  duration,  since  the  changes,  corres 
ponding  to  tliese  effects,  have  passed  in  succession  through  their  differ 
ent  degrees  from  the  begn^jig  to  the  endmg. 

§88. — Forces  which  give  or  tend  to  give  motion  to  bodies,  are 
called  motive  forces.  The  agent,  by  means  of  which  the  force  is 
exerted,  is  called  a  Motor, 

§39. — The  statical  measure  of  forces 
may  be  obtained  by  an  instruifiont  called 
the  Dynamometer,  which  in  principle  does 
not  differ  from  the  spring  balance.  The 
dynamical  measure  will  be  explained  fur- 
ther on. 

§  40. — When  a  force  acts  against  a  point 
in  the  surface  of  a  body,  it  exerts  a  pres- 
sure which  crowds  tc^ether  the  neighbor- 
ing particles ;  the  body'  yields,  is  compress- 
ed and  its  surface  indented;   the  crowded 

particles  make  an  effort,  by  their  molecular  forces^  to  regain  their 
primitive  places,  and  thus  transmit  this  crowding  action  even  to  the 
remotest  particles  of  the  body.  If  these  latter  particles  are  fixed  or 
prevented  by  obstacles  from  moving,  the  result  will  be  a  compression 
and  change  of  figure  throughout  the  body.  If,  on  the  contrary,  these 
extreme  particles  are  fiee,  they  will  advance,  and  motion  will  be  com- 
municated by  degrees  to  all  the  parts  of  the  body.  This  internal  motion, 
the  result  of  a  series  of  compressions,  proves  that  a  certain  time  is 
necessary  for  a  force  to  produce  its  entire  effect,  and  the  error  of 
supposing  that  a  finite  velocity  may  be  generated  instantaneously. 
The  same  kind  of  action  will  take  place  when  the  force  is  employed 
to  destroy  the  motion  which  a  body  has  already  acquired;  it  will 
first  destroy  the  motion  of  the  molecules  at  and  nearest  the  point  of 
action,  and  then^  by  degrees,  that  of  those  which* are  more  remote 
in  the  order  of  distance. 
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The  molecular  springs  cannot  be  compressed  without  reacting  in  a 
contrary  direction,  and  with  an  equal  effort.  The  agent  which  presses 
a  body  will  experience  an  equal  pressure;  reaction  is  equal  and  con- 
trary to  action.  In  pressing  the  finger  against  a  body,  in  pulling  it 
vith  a  thread,  or  pushing  it  with  a  bar,  we  are  pressed,  drawn,  or 
pushed  in  a  contrary  direction,  and  with  an  equal  effort    Two  weigh- 


ing springs  attached  to  the  extremities  of  a  chain  or  bar,  will  indicate 
the  same  degree  of  tension  and  in  contrary  directions  when  made  to 
act  upon  each  other  through  its  intervention. 

In  every  case,  therefore,  the  action  of  a  force  is  transmitted  through 
a  body  to  the  ultimate  point  of  resistance,  by  a  series  of  equal  and 
contrary  actions  and  reactions  which  balance  each  other,  and  which 
the  molecular  springs  of  all  bodies  exert  at  every  point  of  the  right 
line,  along  which  the  force  acts.  It  is  in  virtue  of  this  property  of 
bodies,  that  the  action  of  a  force  may  be  assumed  to  be  exerted  at 
any  point  in  its  line  of  direction  within  the  boundary  of  the  body, 

§41. — Bodies  being  more  or  less  extensible  and  compressible,  when 
interposed  between  the  motor  and  resistance,  will  be  stretched  or 
compressed  to  a  certain  degree,  depending  upon  the  enei^y  with  which 
these  forces  act;  but  as  long  as  the  force  and  resistance  remain  the 
same,  the  body  having  attained  its  new  dimensions,  will  cease  to 
change.  On  this  account,  we  may,  in  the  investigations  which  follow, 
assume  that  the  bodies  employed  to  transmit  the  action  of  forces  from 
one  point  to  another,  are  inextensible  and  rigid. 

WORK, 

§42.— To  work  is  to  overcome  a  resistance  continually  recurring 
along  some  path.  Thus,  to  raise  a  body  through  a  vertical  height,  its 
weight  must  be  overcome  at  every  point  of  the  vertical  path.     If  a 


38  ELEMENTS    OF    ANALYTICAL    MECHANICS. 

body  fall  through  a  vertical  height,  its  weight  develops  its  inertia  at 
every  point  of  the  descent.  To  take  a  shaving  from  a  board  widi  a 
plane,  the  cohesion  of  the  wood  must  be  overcome  at  every  point 
along  the  entire  lengtE  of  the  path  described  by  the  edge  of  the  chisel. 

§43. — The  resistance  may  be  constant,  or  it  may  be  variable.  In 
the  first  case,  the  quantity  of  work  performed  is  the  constant  resistanoo 
taken  as  many  times  as  there  are  points  at  which  it  has  acted,  and 
is  measured  by  the  product  of  the  resistance  into  the  path  described 
by  its  point  of  application,  estimated  in  the  direction  of  the  resistance. 
When  the  resistance  is  variable,  the  quantity  of  work  is  obtained  by 
estimating  the  elementary  quantities  of  work  and  taking  their  sum. 
By  the  elementary  quantity  of  work,  is  meant  the  intensity  of  the 
variable  resistance  taken  as  many  times  as  there  are  points  in  the 
indefinitely  small  path  over  which  the  resistance  may  be  regarded  as 
constant;  and  is  measured  by  the  intensity  of  the  resistance  into  the 
differential  of  the  path,  estimated  in  the  direction  of  iblie  resistance. 

§44. — In  general,  let  P  denote  any  variable  resistance,  and  s  the 

path  described  by  its  point  of  application,  estimated  in  the  direction 

of  the  resistance;  then  will  the  quantity  of  work,  denoted  by  Q,  be 

given  by 

Q=/P.di (7) 

which  integrated  between  certain  limits,  will  give  the  value  of  Q. 

m 

§45. — The  simplest  kind  of  work  is  that  performed  in  raising  a 

weight  through  a  vertical  height.     It  is  taken  as  a  standard  of  com* 

parisoh,   and    suggests    at   once   an   idea   of  the   quantity  of  work 

expended  in  afty  particular  case. 

Let  the  weight  be  denoted  by   TF,  and  the  vertical  height  by  J7; 

then  will 

C=  W.H (8). 

If  W  become  one  pound,  and  H  one  foot,  then  will 

and  the  unit  of  work  is,  therefore,  the  unit  of  force,  one  pound, 
exerted  over   the  unit  of  distance,  one  foot;   and   is  measured  by  a 


HEOHANIOS    OF    SOLIDS. 


39 


square  of  which  the  adjacent  sides  are  respectively  one  foot  and  one 
pound,  taken  from  the  same  scale  of  equal  parts. 

§  46. — ^To  illustrate  the  use  of  Equation  (7),  let 
it  be  required  tf  compute  the  quantity  of  work 
necessary  to  compress  the  spiral  spring  of  the 
common  spring  balance  to  any  given  degree,  say 
from  the  length  ^^  to  DB,  Let  the  resistance 
vary  directly  as  the  degree  of  compression,  and 
denote  the  distance  AD'  by  z-^  then  will 

in  which  C  denotes  the  resistance  of  the  spring 
when  the  balance  is  compressed  through  the  dis- 
tance unity. 

This  value  of  P  in  Equation  (7),  gives 

which  integrated  between  the  limits   «  =  0  and  x  ==  AD  ==  «,  gives 


C  =  cr. 


2* 


Let  (7  =  10  pounds,  a  =  3  feet ;  then  wUl 

Q  =  45    units  of  work, 

and  the  quantity  of  work  will  be  equal  to  that  required  to  rdse 
45  pounds  through  a  vertical  height  of  one  foot,  or  one  pound 
through  a  height  of  45  feet,  or  9  pounds  through  5  feet,  or  5 
pounds  through  9  feet,  &c.,  all  of  which  amounts  to  fthe  same  thing. 

§47. — A  mean  resistance  is  that  which,  multiplied  into  the  entire 
path  described  in  the  direction  of  the  resistance,  will  give  the  entire 
quantity  of  work.  Denote  this  by  i?,  and  the  entire  path  by  «, 
and  from   the  definition,  we  have 

R,t^fP.ds\ 
whence, 

B  =  ^^^ (»). 
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That  is,  the  mean   resistance  is  equal   to  the  entire  vork,  divided 
by  the  entire  path. 

In  the  above  example  the  path  being  3  feet,  the  mean  resistance 
would  be   15  pounds. 


§48. — Equation  (7)  shows  that  the  quantity  of  work  is  equal  to 
the  area  included  between  the  path  «,  in  the  direction  of  the 
resistance,  the  curve  whose  ordinates  are  the  different  values  of  P,  and 
the  ordinates  which  denote  the  extreme  resistances.  Whenever, 
therefore,  the  ^urye  which  connects  the  resistance  with  the  path  is 
known,  the  process  for  finding  the  quantity  of  work  is  one  of 
simple  integration.       *  ^ **^»>»-  o^o »••  ^ 

Sometimes  this  law  cannot    be  found,   and    the   intensity   of  the 
resistance  is  given  only  at  certain  points  of  the  path.     In  this  case 
we    proceed    a3  follows,   viz. :    At  the    several    points  of   the  path 
where  the  resistance  is    known,   erect    ordinates    equal   to  the  cor- 
responding resistances,   and  connect    their    extremities  by   a   curved 
line ;   then  divide  the  path  described  into  any  even  number  of  equal 
parts,  and  erect  the  ordinates 
at  the  points  of  division,  and 
at   the    extremities ;    number 
the    ordinates    in    the    order 
of  the  natural  numbers;    aM 
together  the  extreme  ordinates^ 
increase  this  sum  by  four  times 
that  of  the  even  ordinates  and 
twice  that  of  the  uneven  ordi- 
nates, and  multiply  by  one-third 
of    the    distance    between    any 
two  consecutive  ordinates. 

Demonstration:  To  compute  the  area  comprised  by  a  curve,  any 
two  of  its  ordinates  and  the  axis  of  abscisses,  by  plane  geometry, 
divide  it  into  elementary  areas,  by  drawing  ordinates,  as  in  the 
last  figure,  and  regard  each  of  the  elementary  figures,  ej  e,  r,  r„ 
*t  *»  **»  **«    ^^M    *®    trapezoids ;    it    is    obvious    that    ihe    error   of 
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this  supposition  will  be  ]cas,  in  proportion 
as  the  number  of  trapezoids  between  given 
limits  is  greater.  Take  the  iirst  two  trape- 
Eoids  of  the  preceding  figure,  and  divide  the 
distance  e,  «,  into  three  equal  parts,  and  at 
the  points  of  division,  erect  the  ordinates 
ma,  mi n, ;  tlie  area  computed  from  the  three 
trapezoids  e,mnr„  mm,n,n,  tn,  e,r,n„  will 
be  more  accurate  than  if  computed  ^m  the 
two  «[«,  r,  ri,   «i«,r,r,. 

The  area  hy  the  three   trapezoids  is 


t.n  +  " 


-  +  mm,  - 


9+  m,», 


J, 


V»fV 


+  in. 


,  *"■  '^i  +  < 


Ku*.  by  construction, 

e,m  =  mm,  =  m,f,  =  itiU  =  f  «,«„ 
and   the  above  may   be  written, 

i<,e,(«,r,  +  Smn  4-2m,  n,  +  «,»•,). 
but  in   the  trapezoid  m  m,  n,  n, 

3  m  B  4-  !i  m,  n,  =  4  f,  r„     very  nearly ; 
whence  the  area  becomes 

the   area  of   the    next    two    trapezoids    in  order,   of    the  preceding 
figure,  will  be 


i<, 


,(e,r,  +  4e^r,+  e.r.); 


and  similar  expressions  for  each  succeeding  pair  of  trapezoids. 
Taking  the  sum  of  these,  and  we  have  the  whole  area  bounded  by 
the  curve,  its  extreme   ordinates,  and   the  axis   of  abscisses ;    or, 


C  =  ie,t,[t,r,  +  4^f,  +  2e,r,  f  if 
whence  the  rule. 


•,  +  3<>r,  +  4».r,  +  ,,r,l.(10) 
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§49. — By  the  processes  now  explained,  it  is  easy  to  estimate  the 
quantity  of  work  of  the  weights  of  bodies,  of  the  resistances  due  to 
the  forces  of  affinity  which  hold  their  elements  together,  of  their 
elasticity,  &c.  It  remains  to  consider  the  rules  by  which  the  quantity 
of  work  of  inertia  may  be  computed.  Inertia  is  exerted  oi\)y  during 
a  change  of  state  in  respect  to  motion  or  rest,  and  this  brings  us 
to  the  subject  of   varied  motion. 

VARIED   MOTION. 

g  50. — Varied  'motion  has  been  defined  to  be  that  in  which  unequal 
spaces  are  described  in  equal  successive  portions  of  time.  In  this 
kind  of  motion  the  velocity  is  ever  varying.  It  is  measured  at  any 
given  instant  by  the  length  of  path  it  would  enable  a  body  to 
describe  in  the  first  subsequent  unit  of  time,  were  it  to  remain 
unchanged.  Denote  the  space  described  by  «,  and  the  time  of  its 
description    by    /.  j  .  t  c  *  c 

However^  variable  the  motion,  the  velocity  may  be  regarded  as 
constant  during  the  indefinitely  small  time,  dt.  In  this  time  the 
body  will  describe  the  small  space  ds  ;  and  as  this  space  is  des- 
cribed uniformly,  the  space  described  in  the  unit  of  time  would, 
were  the  velocity  constant,  be  ds  repeated  as  many  times  as  the 
unit  of  time  contains  dL  Hence,  denoting  the  value  of  the  velo- 
city  at  any   instant  by  v,   we  have 

or, 

•=s- (") 

§51. — ^Continual  variation  in  a  body's  velocity  can  only  be  pro- 
duced  by  the  incessant  action  of  some  force.  The  body's  inertia 
opposes  an  equal  and  contrary  reaction.  This  reaction  is>  directly 
proportional  to  the  mass  of  the  body  and  to  the  amount  of  change 
in  its  velocity;  it  is,  therefore,  directly  proportional  to  the  product 
of  the  mass  into  the  increment  or  decrement  of  the  velocity.  The 
product  of  a  mass  into  a   velocity,   represents  a  quantity  of  motion. 


^ 
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The  intensity  of  a  motive  force,  at  any  instant,  is  assumed  to  be 
measured  by  the  quantity  of  motion  which  this  intensity  can  generate 
in  a  unit  of  time.   %k^j^xk^  v^-    \    'U^vwiv^w     ^^rw^V,    Aju^vw^  ''•'p.'^  VvwJr 

The  mass  remaining  the  same,  the  velocities  generated  in  equal 
successive  portions  of  time,  by  a  constant  force,  must  be  equal  to 
each  other.  However  a  force  may  vary,  it  may  be  regarded  as 
constant  during  the  indefinitely  short  interval  di\  in  this  time  it  will 
generate  a  velocity  dv^  and  were  it  to  remain  constant,  it  would 
generate  in  a  unit  of  time,  a  velocity  equal  to  dv  repeated  as  many 
times  2A  dt  \a  contained  in  this  unit;  that  is,  the  velocity  generated 
would  be  equal  to  • 

dv±^^l.. 
dt~  di' 

and  denoting  the  intensity  of  the  force  by  P,  and  the  mass  by  if, 
we  shall  have 

P=:  jyr.^ (12) 

dt 

Again,  diiferentiating  Equation  (11),  regarding  t  as  the  Independent 
variable,  we  get,  f 

dv  =  — : 
dt' 

and  this,  in  Equation  (12),  gives 

p=zjyr.^ (13)    ^ 

dfi  ^ 

T?Tom  Equation  (11),  we  conclude  that  in  varied  motion,  the  velocity 
'  ai  any  instant  is  equal  to   the  Jiret  differential  co^efficient  of  the  space 
regarded  as  a  function  of  the  time. 

From  Equation  (12),  that  the  intensity  of  any  motive  force,  or  of 
the  inertia  it  develops,  at  any  instant,  is  measured  by  the  product  of 
the  mass  into  the  first  differential  co-efficient  of  the  velocity  regarded  as 
a  function  of  the  time. 

And  from  Equation  (18),  that  the  intensity  of  the -motive  force  or 
of  inertia,  is  measured  by  the  product  of  the  mass  into  the  second 
differential  co-efficient  of  the  space  regarded  as  a  function  V/  the  time. 
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§52. — To  illustrate.     Let  there  be  the  relation 

*  =  a/3  +  5> (14) 

required  the  space  described  in  three  seconds,  the  velocity  at  the  end 
of  the  third  second,  and  the  intensity  of  the  motive  force  at  the  same 
instant 

Differentiating  Equation  (14)  twice,  dividing  each  result  by  i/,  and 
multiplying  the  last  by  JbT,  we  find 

J  =:v  z=zSafi  +  2bt    ....     (15) 

M'^  =z  P  =^  M[6at  +  2b]  •    .    .     (16) 

Make  a  =  20   feet,   6  =  10   feet,   and    t  =z  S   seconds,    we  have, 
from  Equations  (14),  (15),  and  (16), 

8  =  20.33  4.  10.32  ^  630  feet; 

t;  =  3.20.32  +  2.10.3  =  600   feet; 

P=  Jbr(6. 20. 3  +  2.10)  =  380. if. 

That  is  to  say,  the  body  will  move  over  the  distance  630  feet  in  , 
three  seconds,  will  have  a  velocity  of  600  feet   at   the  end  of  the 
third   second,  and   the  force    will  have  at  that  instant  an  intensity- 
capable  of  generating  in   the  mass  JIf,  a  vel<5city  of  380  feet  in  one 
second,  were  it  to  retain  that  intensity  unchanged. 

§  53.— -Dividing  Equations   (12)   and   (13)   by   M,  they  give 

IP       dv 


..*•*•• 


(17) 


M~  dt 

The  first  member  is  the  same  in  both,  and  it  is  obviously  that 
portion  of  the  force's  intensity  which  is  impressed  upon  the  unit  of 
mass.  The  second  member  in  each  is  the  velocity  impressed  in  the 
unit  of  time,  and  is  called  the  aca'leratioi  due  to  the  motive  fo'-ce. 


MECHANICS    OF    SOLIDS.  H 

§54. — From  Equation  (11)  we  have, 

ds  =  v.dt (19) 

multiplying  this  and  Equation  (12)  together,  there  will  result, 

F.ds  z=z  M.v.dv      .     .     .     .     (20) 
and  integrating, 

The  first  member  is  the  quantity  of  work  of  the  motive  force, 
whitth  is  equal  to  that  of  inertia;  the  product  M.v^,  is  called  the 
living  force  of  the  body  whose  mass  is  M.  Whence,  we  see  that. 
the  tcork  of  inertia  is  equal  to  half  the  living  force ;  and  the  living 
force  of  a  body  is  double  the  quantity  of  work  expended  by  its  inertia 
while  it  is  acquiring  its  velocity. 

§  55. — If  the  force  become  constant  and  equal  to  F^  the  motion 
will  be  uniformly  varied^   and   we  have,   from  Equation   (18), 

F  ^d?s 
M  ~"  S»* 

Multiplying  oy  dt  and  integrating,  we  get 

|.«  =  i'+(7  =  .+  (7     .    .    (28) 

and  if  the  body  be  moved  from  rest,  the  velocity  will  be  equal  to 
zero  when  t  is  zero ;  whence  (7=0,  and 

^•'  =  «' (28) 

Multiplying  Equation  (22)  by  dt,  after  omitting  C  from  it,  and 
integrating  again,  we  find 

and  if  the  body  start  from  the  origin  of  spaces,  C  will  be  zero,  and 

F  fi 


3 
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Making   t  equal    to   one  seoond,  in  Equations  (24)  and  (23),  and 
dividing  the  last  by  the  first,  we  have 


2 


V 


or, 


V  =z2s 


(26) 


f  That  is  to  say,  the  velocity  generated  in  the  firU  unit  of  time  is 
measured  by  double  the  space  described  in  acquiring  this  velocity. 
Equations  (23),  (24),  and  (25)    express   the  laws  of  constant  forces. 

§56. — The  dynamical  measure  for  the  intensity  of  a  force,  or  the 
pressure.it  is  capable  of  producing,  is  assumed  to  be  the  effect  this 
pressure  can  produce  in  a  unit  of  time,  this  effect  being  a  quantit} 
of  motion,  measured  by  the  product  of  the  mass  into  the  velocity 
generated.  This  assumed  measure  must  not  be  confounded  with  the 
quantity  of  work  of  the  force  while  producing  this  effect.  The 
former  is  the  measure  of  a  single  pressure;  the  latter,  this  pressure 
repeated  as  many  times  as  there  are  points  in  the  path  over  which 
this  pressure  is  exerted. 

Thus,  let  the  body  be  moved  from  A  to 
B^  under  the  action  of  a  constant  force,  in 
one  second;  the  velocity  generated  will, 
Equation  (25),  be  2AB.  Make  BC  =  2AB, 
and  complete  the  square  BCFE.  BE  will 
be  equal  to  v;  the  intensity  of  the  foive 
will  be  Af,v;  and  the  quantity  of  work, 
the  product  of  M.v  by  AB,  or  by  its 
equal  i  v ;  thus  making  the  quantity  of 
work  iMv^y  or  the  mass  into  one  half  the 
square  BF'^  which  agrees  with  the  result  obtained  from  Equation  (21), 


EQUILIBBIUM. 


§57. — Equilibrium  is  a  term  employed  to  express  the  state  of 
two  or  more  forces  which  balance  one  another  through  the  interven- 
tion  of  some  body  subjected  to  their  simultaneous  action.  When 
applied  to  a  body,  it  means  that  the  body  is  at  rest. 
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We  must  be  careful   to  distinguish  between   the  extraneous  forces  ^ 
which  act  upon  a  body,  and  the  forces  of  inertia  which  they  may,  or 
may  not,  develop. 

If  a  body  subjected  to  the  simultaneous  action  of  several  extraneous 
forces,  be  at  rest,  or  have*  uniform  motion,  the  extraneous  forces  are 
in  equilibrio,  and  the  force  of  inertia  is  not  developed.  If  the  body 
have  varied  motion,  the  extraneous  forces  are  not  in  equilibrio,  but 
develop  forces  of  inertia  which,  with  the  extraneous  forces,  are  in 
equilibrio.  Forces,  therefore,  including  the  force  of  inertia,  are  ever 
in  equilibrio ;  and  the  indication  of  the  presence  or  absence  of  the 
force  of  inertia,  in  any  case,  shows  that  the  body  is  or  is  not  chang.- 
ing  its  condition  in  respect  to  rest  or-  motion.  This  is  but  a  conse- 
quence of  the  universal  law  that  every  a/cUon  is  accompanied  by  an 
equal  and  contrary  reaction, 

THE    OORD. 

§  58. — A  cord  is  a  collection   of   material   points,   so   united   as  ^ 
to   form   one   continuous  and    flexible   line.      It  will    be   considered, 
m   what    immediately   follows,   as  perfectly  flexible^   iaextennibUy   and 
without  thickness  or  v>eight. 

§59. — By  the  tension  of  a  cord  is  meant,  the  effort  by  which  any 
two  of  its  adjacent  particles  are  urged  to  separate  from  each  other. 

§60. — ^Two   equal   forces,  P   and  P"",  applied   at   the   extremities 
Ay  A'  of  a  straight  cord,  and  ^ 

acting  in  opposite  directions 

from   its  middle  point,  will  £ -^  ,4         f     ' 

maintain  each  other  in  equi- 
librio.    For,   all   the   points 

of  the  cord  being  situated  on  the  line  of  direction  of  the  forces,  any 
one  of  them,  as  0,  may  be  taken  as  the  common  point  of  applica- 
tion without  altering  their  effects ;  but  in  this  case,  the  forces  being 
equal  will,    §84^    neutralize  each  other. 


4:8 
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§61. — If  two  equal  forces,  P  and  P\  solicit  in  opposite  directions 
the  extremities  of  the  cord 
A  A\  the  tension  of  the  cord 

will  be  measured  by  the  in-  j^         ./ A p 

'  Q 

tensity  of  one  of  the  forces. 
For,  the   cord  being  in  this 

case  in  equilibrio,  if  we  suppose  any  one  of  its  points  as  0,  to  become 
fixed,  the  equilibrium  will  not  be  disturbed,  while  all  communica- 
tion  between  the  forces  will  be  intercepted,  and  either  force  may 
be  destroyed  without  affecting  the  other,  or  the  part  of  the  cord  on 
which  it  acts.  But  if  the  part  AO  o^  the  cord  be  attached  to  a 
fixed  point  at  0,  and  drawn  by  the  force  P  alone,  this  force  must 
measure  the  tension. 

THE    MUFFLE. 


/3 


§62. — Suppose  A^  A\  B,  B^,  &c.,  to  be   several   small  wheels  or 
pulleys  perfectly  free 
to  move  about  their 
centres,   which,  con- 
ceive for  the  present 
to    be  fixed    points. 
Let  onQ  end  of  a  cord 
be  fastened  to  a  fixed 
point     C7,     and     be 
wound    around    the 
pulleys  as  represent- 
ed in  the  figure;  to  the  other  extremity,   attach  a  weight  vt.     The 
weight  w  will  be  maintained  in  equilibrio  by   the   resistance  of  the 
fixed  point  (7,  through  the  medium  of  the  cord.    The  tension  of  the 
cord  will   be  the  same    throughout  its  entire  length,   and   equal  to 
the  weight  w ;   for,  the   cord  being  perfectly  flexible,  and  the  wheels 
perfectly   free  to    move    about    their    centres,   there    is    nothing    to 
intercept  the  free  transmission  of  tension  from  one  end  to  the  other. 
Let  the  points  9  an^   r  of  the  cord  be  supposed  for   a   moment, 
6xed ;  the  intermediate  portion  9  r  may  be  removed  without  affecting 
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the  tension  of  the  cord,  or  the  equilibrium  of  the  weight  w.  At 
the  point  r,  apply  in  the  direction  from  r  to  a,  a  force  whose  inten- 
sity is  equal  to  the  tension  of  the  cord,  and  at  «  an  equal  force 
acting  in  the  direction  from  s  U>  b\  the  points  r  and  s  may  now  be 
regarded  as  free.  Do  the  same  at  the  points  «',  r',  «^^,  r^^,  s^^^  and 
r^^\  and  the  action  of  the  weight  w,  upon  the  pulleys  A  and  A^  will 
be  replaced  by  the  four  forces  at  8,  s^,  ^*  and  ^*\  all  of  equal  in- 
tensity and  acting  in  the  same  direction. 

Now,  \let  the  centres  of  the  pulleys  A  and  Af  be  firmly  con- 
nected with  each  other,  and  with  some  other  fixed  point  as  m,  in 
the  direction  of  BA  produced,  and  suppose  the  pulleys  diminished 
indefinitely,  or  reduced  to  their  centres.  Each  of  the  points  A  and 
A'  will  be  solicited  in  the  same  direction,  and  along  the  same  line, 
by  a  force  equal  to  2i^,  and  therefore  the  point  m,  by  a  force 
equal  to  4t^. 

Had  there  been  six  pulleys  instead  of  four,  the  point  m  would 
have  been  solicited  by  a  force  equal  to  629,  and ,  so  of  a  greater 
number.  That. is  to  say,  the  point  m  would  have  been  solicited  by 
a  force  equal  to  w^  repeated  as   many  times  as  there  are  pulleys. 

If  the  extremity  0  of  the  cord  had  been  connected  with  the  point 
nt,  after  passing  round  a  fiflh  pulley  at  (7,  the  point  m  would 
have  been  subjected  to  the  action  of  a  force  equal  to  hw ;  if 
seven  pulleys  had  been  employed,  it  would  have  been  urged  by  a 
force  7uf;  and  it  is  therefore  apparent,  that  the  intensity  of  the 
force  which  solicits  the  point  m,  is  found  by  mulliplyinff  the  tension 
of  the  cord,  or  weight  to,  hy  the  number  of  pulleys. 

This  combination  of  the  cord  with  a  number  of  wheels  or  pulleys, 
is  called  a  muffle, 

§63. — Conceive  the  point  m  to  be  transferred  to  the  position 
mf  or  mf\  on  the  line  AB,  The  centres  of  the  pulleys  A,  A\  dec, 
being  invariably  connected  with  the  point  m,  will  describe  equal 
paths,  and  each  equal  to  mm\  or  mtnf\  so  that  each  of  the  parallel 
portions  of  the  cor/i  will  be  shortened  in  the  first  case,  or  length- 
ened in  the  second,  by  equal  quantities;  and  if  e  denote  the  length 
of  the  path  described  by  m,   n  the  number  of  parallel  portions  of 
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the  cord,  which  is  equal  to  the  number  of  pulleys,  and  f,  the  change 
in  length  of  the  portion  uw  in  consequence  of  the  motion  of  m, 
we  shall  have,  because  the  entire  length  of  the  cord  remains  the  same, 

n.«  =  g (26) 

The  first  member  of  this  equation  we  shall  re^er  to  as  the  change 
in  length  of  cord  on  the  pulleys. 

§64. — The  action  of  any  force  P,  upon  a  material  point,  may  be 
replaced  by  that  of  a  muffle,  by  making  the  tension  of  its  cord  equal 
to  the  intensity  of  the  given  force ^  divided  by  the  number  of  parallel 
portions  of  the  cord^  or  number  of  pullies, 

VIRTUAL  VELOCITIES. 

§65. — Let  Jf  represent  a  collection  of  material  points,  united  in 
any  manner  whatever,  forming  a  solid  body,  and  subjected  to  the 
action  of  several  forces,  P,  P',  P''^,  P^'^,  &c. ;  and  suppose  these 
forces  in  equilibrio. 

Find  the  greatest  force  w,  which  will  divide  each  of  the  given 
forces  without  a  remainder;  replace  the  force  P  by  a  muffle^  haviog 


p 

a  number  of  pulleys  denoted  by  —  ;    the   tension  of  the  cord   will 

to 
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be  denoted  by  w.  Do  the  same  for  each  of  the  forces,  and  we 
shall  have  as  many  muffles  as  there  are  forces,  and  all  the  cords 
will  have  the  same  tension. 

Let  the  several  cords  be  united  into  one,  as  represented  in  the 
figure,  one  end  being  attached  at  (7,  the  other  acted  upon  by  a  weight 
equal  to  the  force  w.  The  action  upon  the  body  will  remain  un- 
changed ;  that  is,  the  substituted  forces,  including  w^  will  be  in  equi- 
Ubrio.  • 

In  this  state  of  the  system,  let  a  force  Q  be  applied  to  put  the 
body  in  motion,  and  at  the    instant  motion    begins,  withdraw   thia 
force  and  stop  the  motion  before  the  equilibrium  of  the  forces  is  des 
troyed.    The  points  of  application  of 
the  original   forces   will   each  have 
described  an  indefinitely  small  path, 
n»  miu     Let  m r  be  the  projection 
of  this  path  upon  the  original  direc- 
tion of  the    force,  and    denote  the 
length  of  this  projection  by  t.    Join 

the  point  n  with  any   point  o,  on 

« 

the   direction   of  the  force  and  at 

some  definite  distance  from  m.    From  the  triangle  <mr^  we  have 

— 2       — 2       — t 
im    =z  or   •{■  nr   \ 

the  displacement  bemg  indefinitely   small,  nr    may  be  neglected  in 

comparison  with  or  ,  being  an  indefinitely  small  quantity  of  the  second 
order;  hence, 


and, 


on  =  or. 


om  —  on  z=  om  —  orz::  f. 


But  the  number  of  pulleys  in   the   muffle   which  acts   along  the 
directiQin  of  the  force  P  is, 


iff 


hence;  die  change  in  the  length  of  the  cord  on  the  pulleys  of  thia 


52  ELEMENTS    OF    ANALYTICAL    MEOHANIOS. 

muffle,  caused  by  the  slight  motion  of  the  point  of  application  of  the 
force  P,  will,  since  the  centre  of  the  pulley  B  is  fixed,  be 


P.€ 


Vf 


9 


and  denoting  by  e^,  e",  «"',  &c.,  the  projections  of  the  paths  described 
by  the  points  to  which  the  forces  P\  P^%  P**\  &c.,  are  respectively 
applied,  on  the  original  directions  of  these  forces,  ve  shall  have 

www 

for  the  corresponding  changes  in  the  length  of  the  cord  on  the  other 
muffles. 

In  all  these  changes,  the  cord  being  inextensible,  its  entire  length 
remains  the  same,  and  if  the  change  in  length  which  the  portion  u» 
undergoes   be  denoted  by  (,  we  shall  have 

i-  (P. c  +  P'. e'  +  P".  e''  +  P"'. «"'  +  &c.)  +  g  =  0    .     .  (27) 

This  equation  expresses  the  algebraic  sum  of  all  the  changes  m 
the  lebgthsof  the  several  parts  of  the  cord,  between  the  points  of 
application,  and  the  fixed  points  towards  which  the  points  of  applica- 
tion are  solicited ;  the  effect  of  these  changes  being  to  shorten  some 
and  lengthen  others,  some  of  the  terms  of  Equation  (27)  must 
be  negative. 

Now  it  IS  one  of  the  essential  properties  of  a  system  of  forces 
in  equilibrio,  to  leave  a  body  sabjected  to  their  action  as  free  to 
move  as  though  these  forces  did  not  exist.  The  additional  force  Q^ 
therefore,-  was  wholly  employed  in  developing  the  inertia  of  the 
body  M\  it  was  neither  assisted  nor  opposed  by  the  forces  repre- 
sented by  the  action  of  the  muffles,  because  these  forces  balanced 
each  other,  and  the  motion  was  arrested  before  the  points  of  appli- 
cation were  sufficiently  disturbed  to  break  up  the  equilibrium ;  nor, 
reciprocally,  §35,  was  the  action  of  the  muffles,  nor  the  tension  of 
the    cord   which    produced    this    action,  affected    by   Q.     Hence   the 


'^^^^  -^     MECHANlCar  OF    SOLIDS.  53 

tension  of  Uic  cord  was  invariable  danng  the  disturbance.     But  an 

invariable  tension  mnst  have  kept  the  weight  v>  at  rest  during  the 

displacement)  and  we  have  ^ 

5=0, 

and  Equation  (27)  will  reduce  to, 

P€  +  P'«'  +  P'V^  +  P'"e'"  +  &c  =  0  ;     .    .     .    .  (28) 

§66. — ^It  may  be  objected,  that  the  given  forces  are  incommensu- 
rable,  and  that  therefore^  a  force  cannot  be  found  which  will  divide 
each  without  a  remainder;  to  which  it  is  answered,  that  Equation 
(28),  being  perfectly  independent  of  the  value  of  the  weight  w^  or 
tension  of  the  cord,  this  weight  may  be  taken  so  small  as  to  render 
the  remainder  after  division  in  any  particular  case,  perfectly  inappre- 
ciable. 

§67. — ^The  indefinitely    small   paths  mn,  nC%i\   described    by    the 
points  of  application  of  the  forces,  P  and  P\  during  the  slight  motion 
we  have  supposed,  are  called  virtual  veloci- 
ties ;  and  they  are  so  called,  because,  being 
the   actual    distances    passed    over    by  the  /^ 


points  to  which  ^the  forces  are  applied,  in 


m 


•*aP 


w 


the  same  time,  they  measure  the  relative         ^  ^  mjp^ 

rates  of  motion  of  these  points;.      The  dis- 
tances rm  and  rW,   represented  by  e  and 

■ 

€\  are  therefore,  the  projections  of  the  virtual  velocities  upon  the 
directions  of  the  forces.  These  projections  may  fall  on  the  side 
towards  which  the  forces  tend  to  urge  these  points,  or  the  reverse, 
depending  upon  the  direction  of  the  motion  imparted  to  the  system. 
In  the  first  case,  the  projections  are  regarded  as  positive^  and  in  the 
second,  as  negative.  Thus,  in  the  case  taken  for  illustration,  mr  is 
positive,  and  m'r'  negative.  The  products  Pe  and  PV',  are  called 
virtual  monyents.  They  are  the  elementary  quantities  of  work  of  the 
forces  P  and  P^,  The  forces  are  always  regarded  as  positive;  the 
sign  of  a  virtual  moment  will,  therefore,  depend  upon  that  of  the 
projection  of  the  virtual  velocity. 

§  68. — Referring  to  Equation  (28),  we  conclude,  therefore,  that  iffA«i»- 
ever  several  forces  are  in  equilibrio^  the  algebraic  sum  of  their  virtual 
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momenta  is  eqtuil  to  zero ;  and  in  this  oonsists  what  is  called  the  prin 
dple  of  virtual  velocities. 

§69. — Conversely,  if  in  any  system  of  forces,  the  algebraic  sum 
of  the  virtual  moments  be  equal  to  zero,  the' forces  -will  be  in  equi* 
librio.  For,  if  they  be  not  in  equilibrio,  some,  if  not  all  the  points 
of  application  will  have  a  motion.  Let  q,  q\  q"^  &c.,  be  the  pro- 
jections of  the  paths  which  these  points  describe  in  the  first  instant 
of  time,  and  Q,  Q',  Q,'*y  &c.,  the  intensities  of  such  forces  as  will, 
when  applied  to  these  points  in  a  direction  opposite  to  the  actual 
motions,  produce  an  equilibrium.  Then,  by  the  principle  of  virtual 
velocities,  we  shall  have 

Pe  +  P'e'  +  P"e"  +  &c.  +  Qq  +  Q'q'  +  Q"q"  +  &o.  =  0 

But  by  hypothesis, 

Pe  +  PV  +  P"e"  +  &c.  =  0, 
and  hence, 

Qg  +  QV  +  CV  +  Arc.  =  0  .    .    .    (28)' 

Now,  the  forces  Q,  ^,  Q^^,  &c.,  have  each  been  applied  in  a  direo- 
tion  contrary  to  the  actual  motion ;  hence,  all  the  virtual  moments  in 
Equation  (28)'  will  have  the  negative  sign ;  each  term  must,  therefore,  j 
be  equal  to  zero,  which  can  only  be  the  case  by  making  Q,  Q\  Qf'^ 
&c.,  separately  equal  to  zero,  since  by  supposition  the  quantities 
denoted  by  q^  q\  q*\  are  not  so.  We  therefore  conclude,  that  when 
the  algebraic  sum  of  the  virtual  moments  of  a  system  of  forces  is 
equal  to  zero,  the  forces  will  be  in  equilibrio. 

Whatever  be  its  nature,  the  effect  of  a  force  will  be  the  same  ii 
we  attribute  its  effort  to  attraction  between  its  point  of  application 
and  some  remote  point  assumed  arbitrarily  and  as  fixed  upon  its  line 
of  direction,  the  intensity  of  the  attraction  being  equal  to  that  of  the 
force.  Denote  the  distance  from  the  point  of  application  of  P,  to 
that  towards  which  it  is  attracted,  by  jp,  and  the  corresponding  dis- 
tances in  the  case  of  the  forces  P\  P",  &c.,  by  ^',  ^",  &c.,  respect- 
ively ;  also,  let  ^j>,  hp\  Sp'\  &c.,  represent  the  augmentation  or  dimi- 
nution of  these  distances  caused  by  the  displacement,  supposed  indefi- 
nitely small,  then  §65,  will 

f  =  Bp^  e'  =  hp\  e"  =  hj/\  &c., 
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iMid  Equation  (28)  may  be  written 


)f 
in 

les 
lie 


vir- 


neous 
•se  of 


), 


to  that 


nfce  fcrces  of  inertia  which  they  develop  m 
them,  depending  upon  the  manner  of  their  n 
forces  be  in  e<juiiibrio,  for  instance,  they  will 
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fnoments  is  eqiuil  to  zero ;   and  in  this  oonsists  what  is  called  the  prm 


V 


lirtiL^     ^i^'to  - 


£^  {_crr 


/,-    :^     '_    ' 

WMy ;  AHO,  i«s  op,  op ,  op ',  oca,  nspxwwm  uie  aiigmentation  or  dimi- 
bution  of  these  distances  caused  by  the  displacement^  supposed  indefi* 
nitely  small,  then  §  65,  will 

C  =  5p,  €'  =  hp\  e"  =  6j/\  &c., 
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and  Equation  (28)  may  be  written 

^   P^p  +  P'Sp'  +  P'^Sp''  +  <&c  =  0    .     .     .  (29) 

in  which  the  Greek  letter  ^jpmply  denotes  change  in  the  value  of 
the  letter  written  iinm^-<^p  after  it,  this  change  arising  irom  the 
small  displacement.  *  v 

§70. — If  the  exti^eous  forces  applied  to  a  body  be  not  in  equi- 
llbrio,  they  will  communicate  motion  to  it,  and  will  develop  forces  of 
inertia  in  its  various  elementary  masses  with  which  they  will  be  in 
t  equilibrio ;  and  if  extraneous  forces  equal  in  all  respects  to  these  forces 

of  inertia  were  introduced  into  the  system,  the  algebraic  sum  of  the 
virtual  moments  would  be  equal  to  zero. 
•     j^      J^^  ^  ^  denote  the  mass  of  any  element  of   the  body,  s  thej  rr^  «*''^* 
"^  ^ypaA  it  describes,  its  force  of  inertia  will,  Eq.  (13),  bo  ^  /\i\<  h.( 

I                                                                       «»    ^*  . 
1  f?i. ; 

and  denoting  the  projection  of  its  virtual  velocity  on  s  by  ^«,  its  vir- 
tual moment  will  be 

m .         •  &  • 

and  because  the  forces  of  inertia  act  in  opposition  to  the  extraneous 
fi>rces,  their  virtual  moments  must  have  signs  contrary  to  those  of 
the  latter,  and  Equation  (29)  may  be  written 

SP.^ii  -  2m .  ^  .  ^«  =  0;  .     .     ,     .  (30), 

in  which  2  denotes  the  algebraic  sum  of  the  tenns  similar  to  that 
ignritten  immediately  afber  it 

PRINCIPLE   OF    D'ALEMBERT. 

§71,— This  simple  equation  involves  the  whole  doctrine  of  Mechanics. 
Hie  extraneous  forces  P,  P%  P'\  &c.,  are  called  impressed  forces, 
TTie  forces  of  inertia  which  they  develop  may  or  may  not  be  equal  to 
thcm^  depending  upon  the  manner  of  their  application.  If  the  impressed 
forces  be  in  equilibrio,  for  instance,  they  will  develop  no  force  of  inertia ; 
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but  in  all  cases,  the  forces  of  inertia  developed  vrill  be  equal  and  con- 
trary to  80  much  of  the  impressed  forces  as  determines  the  change  of 
motion.  The  portions  of  the  impressed  forces  which  determine  a  change 
of  motion  are  called  effective  forces ;  and  from  Equation  (30),  we  infer 
that  the  impressed  and  effective  forces  are  always  in  equilibrio  when  the 
directions  of  the  latter  are  reversed.  This  is  usually  known  as  D^Alem- 
berths  Principle^  and  is  nothing  more  than  a  plain  consequence  of  the 
law  that  action  and  reaction  are  ever  equal  and  contrary. 

Thid  same  principle  is  also  enunciated  in  another  way.  Since  the 
effective  forces  reversed  would  maintain  the  impressed  forces  in  equi* 
librio,  and  prevent  them  from  producing  a  change  of  motion,  it  follows 
thai  whatever  forces  may  be  lost  and  gained  must  he  in  equilibrio;  else 
a  motion  different  from  that  which  actually  takes  place  mast  occur. 

REFERENCE  TO  CO-ORDINATE  AXES. 

g  72. — First  Transformation.  Equation  (30)  is  of  a  form  too  general 
lor  easy  discussion,  and  may  be  simplified  by  referring  the  forces  and 
motions  to  rectangular  axes. 

Denote  by  a,  i^,  /)  the  angles  vrhich  the  direction  of  the  force 
P  makes  with  the  axes  a:,  y,  «,  respectively;  by  a,  ft,  c,  the  angles 
which  its  virtual  velocity  makes  with  the  same  axes ;  and  by  9,  the 
angle  which  the  virtual  velocity  and  direction  of  the  force  make  with 
each  other,  then  will 

cos  9  =  cos  a .  cos  a  +  cos  h .  cos  )3  +  cos  c .  cos  7, 

Denote  by  Xr,  the  virtual  velocity,  and  multiply  the  above   equation 
by  PAr,  and  we  have 

Pk  cos  p  =  Pk  cos  a .  cos  a  +  Pkcos  b .  cos  )S  +  Pk  cos  e .  cos  y ;   ^ 

But  denoting  the  coordinates  of  the  point  of  application  of  P  by 
r,  y,  z,  we  have 

h  cos  9  r=  ^^  ;  k  cos  a  =:  Sx  ;  k  cos  b  =  Sy  ;  k  cos  e  =z  8z  ; 
and  these  values  substituted  above,  give 

P.^;y  =  Pcosa.^j;  4- P  eosjS.a// -f  Pcos/.fe.  .  .(31). 
Similar  values  may  be  found  for  the  virtual  moments  of  other  forcet*. 
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§  73. — If  P  be  replaced  by  the  force  of  inertia,  then  will  a,  /3,  and 
y  denote  the  inclinations  of  the  direction  of  this  force  to  the  axes  xyz\ 
k  its  virtual  velocity;  a,  &,  and  c  the  inclinations  of  the  latter  to  the 
axes,  and  0  its  inclination  to  the  direction  of  the  force  of  inertia,  and 
we  raay,  Eq.  (13),  write 

<P«  ,  cP*  rf*t  d^$ 

m»~«Arcofl^  =  w*-r— 'COS  a,hei>ta'\'m-—c(Mfi,keo^h-{^m--T--c(M  Y,k<xme, 

But 

k  co&<t>z=:  6s]     k  COB  a=:6x',      k  COS  b=z6y\      k  cos  c=,dz] 

and  similar  expressions  may  be  found  for  the  virtual  moments  of  the 
forces  of  inertia  of  the  other  elementary  masses. 

§  74. — If  the  intensity  of  the  force  P,  be  represented  by  a  portion 
of  its  line  of  direction,  which  is  the  practice  in  all  geometrical 
illustrations  of  Mechanics,  the  factors  P  cos  a,  P  cos  ^,  and  P  cos  y, 
in  Equation  (31),  would  represent  the  intensities  of  forces  equal  to 
the  projections  of  the  intensity  P,  on  the  axes ;  and  regarding  these 

acting  in  the  directions  of  the  axes,  the  fiustors  hx^  Sy,  and  &,  will 


represent  the  projections  of  their  virtual  velocities,  which  virtual  veloci- 
ties will  coincide  with  that  of  the  force  P. 
Again,  Equation  (32), 

cPx  cPy  cP» 

*"'-^'  *"'5F' *"'^' 

are  forces  of  inertia  in  the  directions  of  the  axes,  and  Sx,  Jy,  Sz,  are 
the  projections  of  their  virtual  velocities ;  these  virtual  velocities  coincide 
with  that  of  the  inertia  of  m. 

The   values  of  these  virtual  velocities  depend  upon  ^the  nature  of 
the  displacement. 


58 


ELSKENT3  OF  ANALYTICAL  MECHANICS. 
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lyj 


(h^ 


FRSB   MOTION   OF   A   RIGID   8Y8TBM. 


§  75, — Second  Transformation,    Bj  the  substitution,  in  Equation  (30), 
for  P6p  and  m .  -r?  •  ^9^  their  values  in  Equations  (31)  and  (32),  there 

would  result  an  equation  containing,  in  general,  three  times  as  many  vari^ 
ations  oi  xyz  as  there  are  extraneous  forces  and  elementary  masses,  m. 
Where  the  forces  are  applied  to  a  body  whose  elementary  masses  are  in- 
variably connected — that  is,  to  a  rigid  solid — the  number  of  these  varia- 
tions is  greatly  reduced,  in  consequence  of  the  relations  determined  by 
this  connection. 

The  most  general  motion  we  c^n  attribute  to  a  body  is  one 
of  translation  and  of  rotation  ^combined.  A  motion  of  transla* 
tion  carries  a  body  from  place  to  place  through  space,  and  its 
position,  at  any  instant,  is  determined  by  Uiat  of  some  one  of  its 
elements.  A  motion  of  rotation  carries  the  elements  of  a  body 
around  some  a^umed 
point. .  /  mwSiS^esti- 
gation,  let  this  point 
be  that  which  deters 
mines  the  body's  place. 

Denote  its  co-ordi- 
nates by  x^  y^  z^  and 
those  of  the  element 
m,  referred  to  this  point 
as  an  origin  by  x\  y', 
z' \  there  will  thus  be 
two  sets  of  axes,  and 
supposing  them  parallel, 
we  have 


and  differentiatmg, 


ar  =s  af,  +  «', 

y  =  y/  +  y'r 

z-  z,  +  «'; 

dx  ==  dx^  +  dx\ 
dy  =  dy,  +  dy', 
=  dz^  +  dz'. 


(38), 


(84). 
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Demit  from  m,  the  per- 
pendicula!)9  mX'^  m  T'^  mZ'^ 
upon  the  movable  axes. 
Denote  the  first  by  r\  the 
second  by  r",  and  the  third 
by  r"^  JLet  0',  0",  0"', 
be  the  projections  of  m,  on 
the  planes  xy^  xz,  yz^  res- 
pectively. Join  the  several 
points  by  right  lines  as 
indicated  in  the  figure. 

Denote  the  angle 


Then  will 


mZ'  0"  by  9, 
mX'  0'  by  «f, 
mT  0'"  by  4.. 


ix'  =  r'"  cos  9, ) 
y'  =  r-  sin  9,  \ 


x'  =  r"  sin  4*, 


the  triangle  «  I- 0'",       ]  ,.=,r"oo8+,f 


y'  =  r'  cos  «r, 


r  y  =  r'  cos  «r,  j 
the  triangle  mX'  C.  \     ,        #    .    _  f 


(35), 


(36), 


(97). 


We  here  have  two  values  of  x'^  one  dependent  upon  9,  and  the    * 
other  upon  4/.      If  the  body  be  turned  through  an  indefinitely  small 
angle  about  the  axis  z\  the  corresponding  increment  of  a/  is  obtained 
by   differentiating   the  first   of  Equations   (35) ;    and   we   have 

d(x!  =  — r'"  sin  9.^9; 

if  it  be   turned   through   a   like  angle  about    the   axis  y\   the    cor- 
responding  increment  of  x'   is  found   by    differentiating   the   firbt  of 

Equations  (36),  and    IS 

d%*  ■=z  r"  cos  y'.  d  4^. 

If   these    motions   take    place    simultaneously    about    both    axes,  the 

above    become   partial    differentials   of  x\  and    we  have  for  its  total 

differential, 

dx'  =z  r"  cos  4^  •  «^  4^  *"  **'"  **"  9  •  ^  9t 
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replacing  r"  cos  4/  and  r'"  sin  9,  by  their   values  in  the  above  Equi^ 
lions,  and  we  get 

dz'  =  z'  ,d'\0  —  y\d^'y 

and  in  the  same  way, 

dy'  =  x'  ,dip  —  z'  ,d  vSy 
dz'  =  y' .  dvi  —  «'.(£  4^, 


.   •     •     .(38) 


which  substituted  in  Equations  (34),  give 

dx  =  dx^  +  z'  .d'^  —  y'«  ^^y 
dy  =  dy^  +  x'  .d  9  ^  z'  .dvt, 
dz  =  d  Zg  +  y' .  c?  "Bf  —  «'.  ^4*. 


.    .    .(39) 


and  because  the  displacement  is  indefinitelj  small,  we  may  write 


Sx  = 
By  = 
Bz  = 


Bx^  +  z\B-\0  —  y'.^9, 
^y/  +  «'.  ^9  —  z'  .Bviy 
BZf  +  y'.^*  —  «'.  ^4'> 


.    .(39)' 


snd  tnese  in  Equations  (31)  and  (32),  give 

"  Pcosa.Sx,  +P cos  13, Sy^  +P cosy, Sz,  " 
F8p=    ^    +  P.(«'.cos^  —  y'.oosa).J9 

+  P  ,{z* ,  cos  a  —  x' .  cos  y) ,  h\ 
<  +  P .  (y' .  cos  7  —  2' .  cos  ^) .  Bis, 


d^x    ^  d?'y    -,  d^z    ^ 


dfi 


x'  ,d^y  --  y'  .d^x   j. 
+  »»• j^— '09 


+  m 


dfi 
z' .  d^x  —  X*  ,dhi 


54. 


y*  ,d^z  —  z\  d^y    ^ 


,    rf»*' 


Similar  values  may  be  found  for  P' .  8p'  and  m' .  -r-r-  •  ^«',  &c 


rf/« 


L 


these  values  Bx^y  Sy^  and  ^^r^ ,  will  be  the  same,  as  also  {9,  ^4^,  and 
i«r,  for  the  first  relate  to  the  movable  origin,  and  the  latter  to  the 
angular  rotation  which,  since  the  body  is  a  solid,  must  be  of  pgual 
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values  for  all  the  elements ;  so  that  to  find  the  values  of  the  virtual 
moments  of  the  other  forces,  it  will  be  only  necessary  suitably  to 
accent  P,  a,  ^,  y,    a?,  y,  z,   x\  y\  z'. 

These  values  being  found  and  substituted  in  Equation  (30),  we 
shall  find^ 

^SP.cosa  —  2m«-2^\  ^x^ 
+  (2P.cos/3~2m.^0^y, 
+  (2P.oosy-2m~)(j2f, 
+   r2P.(j?\co8ig~/.cosa)-2;»»^''^^^y'''^^1  ^9 


y=0.(40) 


+   fsP.  (aj'.cosa—af'.cos/)— 2 


m 


z'  .d^x  —x'  .dh 
d^ 


]H 


+   [2P(/.cosy--g^cosig)-2:m>y'''^^^^''^1  Bvi 


Now  the  displacement  was  wholly  arbitraiy;  the  values  of  Sx^j  dy^, 
6Zj^  d^,  d^/,  6 -a,  determined  by  this  displacement,  are  also  arbitrary; 
whence,  by  the  principle  of  indeterminate  co-efficients. 


2 P. cos  a  —  2m 


2  P .  cos  iS  —  2  m 


d^x 

dhf 
'dfi 

d^z 


=  0, 


=  0, 


>      •     •     • 


2P.cosy  —  2m.  -^--  =  0; 


•   (^) 


2P.(«'.oosi3  —  y'.cosa)  —  2m 
2  P.  (»' .  cos  a  —  «' .  cos  7)  —  2  m . 

2  P .  (y' .  cos  y  —  a' .  oosjS)  —  2  m  • 


x\  dh/  ^  y\  d^x 

dfi 
z\  d^x  ~  x\  dh 
dC* 

y^  d^z  —  z'.dhf 


=  0, 


=  0,  I  .    .  {B) 


=  0. 


/ 


•  If-   ^Cl^(ttl)l.yjv^   !v4    0.U  ifx  iA'.r^.  ({     (L  6UL/i(..J   n<,/T<^K   ti.-<^w 


iujL 


V- 
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^  §76. — ^These  six  equations  express  either  all  the  circumstances  of 
motion  attending  the  action  of  forces,  or  all  the  circumstances  of 
equilibrium  of  the  forces,  according  as  jnertia  is  or  is  not  brought 
into  action  ;*  and  the  study  of  the  principles  of  Mechanics  b  little 
else  than  an  attentive  consideration  of  the  conclusions  which  follow 
from  their  discussion. 

Equations  (A)  relate  to  a  motion  of  translation,  and  Equations 
{£)  to  a  motion  of  rotation.  They  are  perfectly  symmetrical  and 
may  be  memorized  with  great  ease. 

'y  jf    /     /P/^    ooMPOBrnoN  and  BBgoLunoN  of  fobces.   /#h^<9^**-- 

§  77. — ^When  a  free  body  is  subjected  to  the  simultaneous  action 
of  several  extraneous  forces  which  are  not  in  equilibrio,  its  state  will 
be  changed;  and  if  this  change  may  be  produced  by  the  action  ot 
a  single  force,  this  force  is  called  the  remiltant^  and  the  several  forces 
are  termed  components. 

The  resultant  of  several  forces  is  a  single  force  wkichy  acting  eUone^ 
will  produce  the  same  effect  as  the  several  forces  acting  simultaneously; 
and  the  components  of  a  single  force,  are  several  forces  Ufkose  simulta- 
neous action  produces   the  same  effect  as   the  single  force,  ^ 

If,  then,  several  extraneous  forces  applied  to  a  body,  be  not  in 
equilibrio,  but  have  a  resultant,  a  single  force,  equal  in  intensity  to 
this  resultant,  and  applied  so  as  to  be  immediately  opposed  to  it, 
will  produce  an  equilibrium;  or,  what  amounts  to  the  same  thing, 
if  in  any  system  of  extraneous  forces  in  equilibrio,  the  resultant  of  all 
the  forces  but  one  be  found,  this  resultant  will  be  equal  In  intensity 
and  immediately  opposed  to  the  remaining  force;  otherwise  the  sys- 
tem could  not  be  in  equilibrio. 

Conceive  a  system  of  extraneous  forces,  not  in  equilibrio,  and 
applied  to  a  solid  body,  and  suppose  that  the  equilibrium  may  be 
produced  by  the  introduction  of  an  additional  extraneous  foroe. 
Denote  the  intensity  of  this  force  by  i?,  the  angles  which  its  direc- 
tion makes  with  the  axes  a:,  g  and  z,  by  a,  h  and  c,' respectively, 
and  the  co-ordinates  of  its  point  of  application  by  x,  y,  g.  Then, 
because  the  inertia  cannot  act,"  d^z^  d^^  d^-z  will  be  zero,  and  taking 


MECHANICS    OF    SOLIDS. 


63 


the  two  origins  to  coincide,  Equations  {A)  and  (^),  will  give 

B  cos  a%  P'  cos  a'  +  i^'  cos  a"  +  P'"  cos  a'"  +  <&c.  =  0, 
Ji  cos  *'+  F'  cos  i8'  +  P"  cos  /3"  +  P"'  cos  )S"'  +  &c.  =  0, 
^  cos  c '+  P'  COS  f  +  1^*  cos  y"  +  P"'  cos  7'"  +  &c.  =  0  ; 


R  («  cos  h  --  y  cos  a)  +  P'  (a:'  cos  j3'  —  y'  cos  a') 
+  P"  (a;"  cos  |S"  -  y"  cos  a")  +  <&c. 

iB  («  cos  a  —  a;  cos  c)  +  P'  («'  cos  a'  —  a?'  cos  7') 
+  P"  («"  cos  a"  -  x'*  cos  y")  +  &c 

i2  (y  cos  c  —  Sf  cos  6)  +  P'  (y'  cos  7'  —  «'  cos  )8') 
•  M-  P"  (y"  cos  7"  -  «"  cos  iS")  +  &c. 


1=0. 


Now  R  is  equal  in  intensity   to  the  resultant  of  all  the  other       t 
forces  of  the  system,  or   in  other  words,  to  the  resultant  of  all  the       \jf 
original   forces;  and  if  we  give  it  a  direction  directly  opposite  to  -y'""" 
that  in  which  it  is  supposed  to  act  in  the  above  equations,  it  be-   /^^ofolm 
oomes  in   all  respects  the  same  as  that  resultant,  being  equal,  to  it  (^m\f^^ 
in   intensity  and  having  the  same  point  of  application  and  line  of 
direction.    Addine,  therefore.  180^  to  each  of  the  ansles  a,  6,  and  e,  o,    » 

the  first  tetms  of  the  foregoing  equations  become  negative,  and 
transposing  the  other  terms  to  the  second  member  and  changing  all 
the  signs,  we  have, 

iJcosa  =  P'cos  a'  +  P"cos  a"  +  P'"cos  a'"  +  &a  =  Xn 
RooAb  =  P' COSTS'  +  P"cos  i8"  +  P'^cos^'"  +  &c.  =  F;  I  . .  (41) 
iJcos  <:  =  P'cos  /  +  P"co8  7"  +  P'"cos  y'"  +  &c  =  Z.  J 


"     P'  («'  cos  i8'  -  y'  cos  a') 


R  (j?cos&  —  y  cosa)  =  ^ 


R  (£008  a  —  X  cos  c)  = 


+P"  («"  cos  i8"  ~  y"  cos  a")  \  =i ; 

+  &C. 

P'  («'  cos  a'  —  a/  cos  7^ 
+P"  («"  cos  a"  -  «"  cos  7")  }■  =ir ; 

+  &C. 


(42) 


r     P'  (y'  cos  7'  — 
«(yoo8c  — «cosd)=-{  -f P''(y" cos 7"- 

1+&C. 


^'cosiS')    ^ 
«"oosi8") 


i 


=jv. 
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or. 


jR  cos  a  =  JT, 
JR  cos  b  z=z  y, 
R  cos  c  =2  Z. 

JR  {x  cos  6  —  y  cos  a) 
R  («  cos  a  —  a:  cos  c) 
R  (y  cos  c  —  «  cos  b) 


(43) 


(44) 


Eliminating  R  cos  a,  R  cos  6  and  i2  cos  c,  from  Equations  (44), 
oy  means  of  Equations  (43),  we  get,  by  transposing  all  the  terms  to 
the  first  member, 


Xy- 

Tx  +  L  = 

0.] 

Zx- 

Xz  +  M  = 

0, 

Ys- 

Zy  +  N  = 

0.J 

(45) 


Either  one  of  these  equations  is  but  a  consequence  of  the  other  two. 
They  are,  therefore,  the  equations  of  a  right  line — the  locus  of  the 
points  of  application ;  and  from  which  it  is  apparent,  that  the  point  of 
application  of  a  force  may  be  taken  anywhere  on  its  line  of  direction, 
within  the  limits  of  the  body,  without  altering  the  effects  of  the  force. 
The  condition  expressive  of  the  existence  of  the  dependence  of  one  of 
these  equations  on  the  others,  will,  also,  express  the  existence  of  a  single 
resultant. 

§78. — To  find  this  condition,  multiply  the  first  of  these  Equations 
by  Z,  the  second  by  F",  the  third  by  X,  and  add  the  products; 
we  obtain, 

ZL+  rM+  XN=0 (46). 

§79. — Having  ascertained,  by  the  verification  of  this  Equation, 
that  the  forces  have  a  single  resultant,  its  intensity,  direction,  and 
the  equations  of  its  direction  may  be  readily  found  from  Equations 
(43)  and  (44). 

Squaring  each  of  the  group  (43),  and  adding,  we  obtain, 

R^  (cos*  a  +  cos*  6  +  cos*  c)  =  X*  +  F*  +  -Z*. 


/ 
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iiiig  the  square  root  and  reducing  bj  tke  relation, 

« 

cos*  a  +  cos'  b  +  cos'  c  =  1, 
there  will  result, 
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R  =  ^x^  +  jr»  +  z* 


(47) 


which  gives  the  intensify  of  the  resultant,  'since  X,  Y  and  Z  ara 
known. 


Again,  from  the  same  Equations, 


cos  a  =  — , 


cos  h  = 


R 


Z 

cos  c  =  -^^ 


(48) 


which  make  known  the  direction  of  the  resultant. 
Hie  group  of  Equations  (45)  give, 

Xy  -  Fa;  +  2  i^  (cos  ^' x*  -  cos  a'y')  =  0,  \ 

Zx  —  Xz  +  2P'{cos  a'  z'  —  cosy' 2;')  =  0,  I    .     .     .     (49) 

r«  -  Z  y  +  2  P'  (cos  7'/  -  cos)8'2')  =  0.  J 


whidi  are  the  equations  of  the  line  of  the  resultant. 


7^ 


PASALLELOGRAM  OF  FOBGES. 

§80. — If  all  the  forces  be  applied  to  the  same  point,  this  point 
maj  be  taken  as  the  origin  of  co-ordinates,  in  which  case, 

«'  =  x"  =  «'"  &a  =  0, 
y'  =  y"  =  y'"  &c.  =  0, 
«'  =  »"  =  2'"  &c  =  0, 

and  the  last  term  in  each  of  Equations  (40),  will  reduce  to  zero. 
Hence,  to  determine  the  intensity,  direction  and  equations   of   th» 

5 
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line  of  direction   of  the  resultant,  we  have,   Equations  (47),  (48) 
and  (49), 

(60) 


B  =  v-x"'  +  y  +  z*  •  • 

•             • 

«««  =  -, 

k           ■            •            a 

z. 

COS  «  =  -^  > 

JTy  -  Fa  =  0/ 

■ 

Zx  —  X»  =  0,  >•   •    •    •    • 

•            • 

F«  -  Z  y  =  0. 

(61) 


(52) 


The  last  three  equations  show  that  the  direction  of  the  resultant 
passes  through  the  common  point  of  application  of  all  the  fbrces, 
which  might  haye  been  anticipated. 

§81. — Let  the  forces  be  now  reduced  to  two,  and  take  the  plane 
of  these  forces  as  that  oi  %y\  then  will 

Y  =  y"  =  y"'  =±  &c.  =  90« ;  «  =  0, 

the  last  Equation  of  group  (41)  reduces  to, 

Z  =  0; 


and  the  above  Equations  become, 

X   \ 
cos  a  =  -=» 

.       T 

cos  6  =  — > 


(53) 


(54) 


COS  c  =  0, 

Xy  -  ra?  =  0 (65) 

The  last  is  an  equation  of  a  right  line  passing  through  the 
origin.  The  direcUan  of  the  resultant  willj  therefore,  pass  through  the 
point  of  application  of  the  forces.  The  cos  c  being  zero,  c  is  90®, 
and  the  direetion  of  the  resultant  is  therefore  in  the  plane  of  (he  forces. 
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SubstitutiQg  in   Equation  (53),  for  X  and   Y^  their  values   f!pom 
Equations  (41),  we  obtain, 

R  =  ^J  (P'  cos  «'  +  i»"  cos  a")2  +  (P'  cos  /3'  +  P*'  cos  /8")» ; 

and  since 

a 

oos»  a'  +  co8»  i8'  =  1, 
COS*  a''  +  cos3  ^ff  -  1^ 

tills  reduces  to 


tf 

* 

-.--<?^ 

\ 

-^ 

y^.g^ 

^^ 

Apx 

/i^^ 

vV\*' 

1 

jB  =  ^/F'^  +  P"a  +  2P'P"  (cos  a'  cos  a"  +  cos  jS'  cos  /S'^ » 

denoting  the  angle  made  by  the  directions  of  the  forces  by  i^  ire 
have,  -  C^  *'^  *"  ^  ^  ^'  «^  P'^  c^ZRX'-^  ^^c^T 

cos  «'  cos  a''  +  cos  /S'  cos  ^''  =  cos  i\ 


and  therefore, 

jB  =r  ^/P^  +  i^'a  +  2  P'-P'  cos  J 


(66) 


from  which  we  conclude  that  the  intensity  of  the  resultant  is  eqital 
to  that  diagonal  of  a  parallelogram  whose  adjacent  sides  represent  the 
directions  and  intensities  of  the  components^  which  passes  through  the 
point  of  application. 

§82. — Substituting  in  Equations  (54),  the  values  of  X  and  T,  tcom 
Equations  (41),  we  have, 

jB  cos  a  =  P'  cos  «'  +  P"  cos  a'% 
iB  cos  6  =  P'  cos  i8'  +  P"  cos  jS", 
and  because 


a' 

= 

d(p 

— 

^', 

a" 

= 

w 

— 

^", 

a 

z^ 

w 

— 

6, 

these  Equations  reduce  to, 


-«  cos  a  =  P'  cos  a'  +  P"  cos  a", 
i2  sin  a  =  P'  sin  a'  +  P"  sin  a" ; 
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and,  by  division, 

sing  _  F  sin  oJ  +  P"  sin  a!'  ^ 
costt  "^  /^'  cos  a!  +  P"  cos  a"  ' 

clearing  fractions  and  transposing,  we  find, 

P"  (sin  a"  COB  a  —  cob  a"  un  a)  =  P'  (sin  a  coe  a'  —  cos  a  aan  a') ; 

whence, 

-P'  __  sin  a"  cos  a  -—  cos  a"  sin  a  __  sin  (a"  —  a)  /- « v 

P  Sin  a  cos  a  --  cos  a  sin  a         sm  (a  —  a') 

That  is  to  say,  the  intensities  of  the  components  are  inversely  propor- 
tional to  the  sines  of  the  angles  which  their  directions'  make  with  that 
of  their  resultailt ;  but  this  is  the  relation  that  subsists  between  the 
two  adjacent  sides  of  a  parallelogram  and  the  sines  of  the  angles  which 
they  make  with  the  diagonal  through  their  point  of  meeting.  Whence, 
Eqs.  (56)  and  (50/, 

The  resuliant  of  any  two  forces^  applied  to  the  sarnc  pointy  in  repre- 
sented, in  intensity  and  directionj  by  that  diagonal  of  a  parallelogram  of 
which  the  adjacent  sides  represent  the  components. 

Making 

a  —  a'  =  the  angle  BmP'=z  (p\ 

and 

H  +  P'  +  P"       ^ 

we  have,  from  the  usual  trigonometrical  formula, 


smi9'=V-^ ~^, ^ (57) 


§  83. — In  the  triangle  E  m  P\  since  P'  R  is  equal  and  parallel  to 
the  line  which  represents  the  force  P",  the  angle  mP*Rz:z(^,  is  the 
supplement  of  the  angle  d,  made  by  the  directions  of  the  components, 
and  there  will  result  the  following  equation : 


cos  id  =  Bin  i9  =  \/^-^— 9^-— *    .     .    .    (58) 
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Equation  (57),  will  make  known  the  angle  made  by  the  direction 
of  the  resultant  with  that  of  either'  of  two  oblique  components,  pro 
vided,  the  intensities  of  the  components  and  resultant  be  known. 

§84.— Also,  from  the  two  triangles  RmF'  and  J^>ftP",  we  find, 


«D9'= 35 — ;  4 


^-^^i^t 


\ 


sin  9''  = 


E'  .jin  ^ 
R 


\ 


from  which  the  angles  made 
by  the  direction  of  the  result- 
ant with  its  two  components  may  be  found, 

§85. — Let  there  now  be  the  three  forces  P,  P',  P",   applied   to 
the    material    point    m,    in 
the    directions    »» P,    j»  P, 
m  P',  not  in  the  same  plane ; 
the  resultant  will  be  repre- 
sented in  intensity  and  direc- 
tion by  the  diagonal  of  a 
parallelopipedon,  constructed 
upon  the  lines  representing 
the  directions  and  intensities 
of  these  components.     For, 
lay  off  the    distances   mA^ 
m  Cy  and  m  E^  proportional 
to  the  intensities  of  the  com- 
ponents which  act  in  the  direction  of  these  lines,  and  construct  the 
parallelopipedon  EB  \    the  resultant  of  the  components  P  and  P 
will,  §82,   be  represented  by  the  diagonal  mB^  of  the  parallelogram 
mABC\    and  the  resultant  of  this  resultant  and  the  remaining  com- 
ponent P',  will  be  represented  by  the  diagonal  mi)  of  the  parallelo- 
gram EniBDy  winch  is  that  of  the  parallelopipedon. 

§86. — If  the  forces  act  at  right  angles  to  each  other,  the  parallel- 
opipedon  will  become  rectangular,  and  the  intensity  of  the  resultant, 
denoted  by  R^  wiU  become  known  from  the  formula 
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-B=  ^/F^l^P^+P^i 


and  if  the  angles  whidi  the 
direotion  of  the  resultant 
makes  with  those  of  th^ 
forces  P,  P'  and  P",  be 
represented  by  a,  d,  and  r, 
respeetiyelyi  then  will 

i?  cos  a  =  P, 
-B  coa  i  =  P', 
22  cos  «  =  P". 


Let  three  lines  be  drawn  through  the  point  of  application  m\  of 
the  force  P^  parallel  to  any  three  rectangular  axes  x,yyZ}  and  denote 
by  a',  P\  y\  the  angles  whidi 
the  direction  of    this    force 
makes   with  these  axes  res- 
pectively; then  will 

P'cosa', 
P'cos/S', 
P'  cosy'. 


be  the  components  of  the  force  P',  in  the  direction  of  the  axes,  and 
they  will  act  along  the  lines  drawn  through  the  point  m\  These  are 
the  same  as  the  terms  composing  in  part  Equations  (A),  and  as  the 
effect  of  the  components  is  identical  with  that  of  the  resultant,  these 
components  may  always  be  substituted  for  the  force  P'.     The  same 

for  the    forces  of  merliOf  and    m-TT'  ^"t^^  ^^^  ^'~rP 


denote   the 


components   of  this   force   in   the   directions  of  the  axes^ 
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§87. — Examples. — 1.  Let  the  point  m,  be  solicited  by  two  forces 
whose  intensities  are  9  and  5,  and  whose  directions 
make  an  angle  with  each  other  of  57^  30'.  Be- 
quiredi  the  intensity  of  the  force  by  which  the 
point  is  urged,  and  the  direction  ia  which  it  is 
compelled  to  move. 

First,  the  intensity;  make  in  Equation  (56), 

P'  =9, 

^=57*^90' ; 
and  there  will  result. 


E  =  -/  81  +  25  +  90  X  0,  537  =  12,422. 

Again,  substituting  the  values  of  ^,  P'  P"  and  i2  in  the  first  €f 
Equations  (59),  we  have, 

.      ,       5  X  Bin  67<»  39' 


am  9 


12,422 


or. 


9'  =  \^  50'  35"  nearly, 


which  is  the  angle  made  by  the  direction  of  the  force  9  with  that  of 
the  resultant. 

2. — ^Eequired  die  angle  under  which  two  equal  components  should 
act,  in  order  that  their  resultant  shall  be  the  n*^  part  of  either  of  them 
separately. 

By  condition,  we  have 


hence, 


F  :=z  F"  =z  ni2; 


F  +  P^  +  R       „  _  nR  +  nR  +  B 


(2n  +  l)R 
2  • 


and.  Equation  (58), 


sini9   =y/A ^LA_ /. 


72  ELEMENTS    OF    ANALYTICAL    HEGHANIOS. 

wbich  reduces  to 

If  n  be  equal  to  unity,  or  the  resultant  be  equal  to  either  foroi^ 

9  =  600, 

and,  §83,  the  angle  of  the  components  should  be  120^. 

3. — Required  to  resolve  the  force  18  =  a,  into  two  components 
whose  difference  shall  be  5  =  5,  and  whose  directions  make  with 
each  other  an  angle  of  38^  =  S.  Also,  to  find  the  angle  which  the 
direction  of  each  component  makes  with  that  of  the  resultant. 

Writing  a  for  i?  in  Equation  (56),  we  have, 

p^  +  /v'a  +  21^  F"  cos  ^  =  a^ 

and  by  condition, 

P'-P''  =  6 {e). 

Squaring  the  second  and  subtracting  it  from  the  first,  we  get 

2P'P"  (1  +  cos  ^  =  a3  -  &3 . 

which,  replacing  (1  +  cos  $)  by  2  cos^  i  ^,  reduces  to 

cos*  i  0 
Thb  added  to  the  square  of  the  Equation  (c),  gives 


V  cos*  i  0 


from  which  and  Equation  (c)  we  finally  obtain, 


^ = J  (,  ^ZH^^B  + .)  =  „«., 


which  are  the  required  components. 

To  find  the  angles  which  their  directions  make  with  the  resultanti 
we  have  from  Equations  (59), 

9"  =  24®  =  the  anfjle  which  P"  makes  with  the  resultant. 
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and, 


(}-) 


9'  =  14^  =  angle  which  F'  makes  with  the  resultant. 


4. — Required  the  angle  under  which  two  components  whose  Inteo* 

mties  are  denoted  by  5  and  7  should  act,  to  give  a  resultant  whose 

intensity  is  represented  by  9. 

Am.  84«   15'    39" 

5. — From  Equation  (56)  it  appears  that  the  resultant  of  two 
components  applied  to  the  same  point,  is  greatest  when  the  angle 
made  by  their  directions  is  0^,  and  least  when  180^.  Required  the 
angle  under  which  the  components  should  act,  in  order  that  the 
resultant  may  be  a  mean  proportional  between  these  values;  and 
also  the  angle  which  the  resultant  makes  with  the  greater  component. 
Gall  P'f  the  greater  component 

.  /f"-  »>'>";*••-/  =  3'^-J-^  ^n*.  d  _  cos  ^     ^,. 


r  =  sm    ■^. 


6. — Given  a  force  whose  intensity  is  denoted  by  17.    Required  the 
two  components  which  make  with  it  angles  of  27^  and  43^. 

§  88. — ^The  theorem  of  the  parallelogram  of  forces,  just  explained, 
enables  us  to  determine  by  an  easy  graphical  construction  the  in- 
tensity and  direction  of  the  resultant  of  several  forces  applied  to  the 
same  point. 

Let  />',  P",  P"',  &C.,  be 
several  forces  applied  to  the  j»/ 

same  point  m.  Upon  the 
directions  of  the  forces,  lay 
off  from  the  point  of  ap- 
plication distances  propor- 
tional to  the  intensities  of 
the  forces,  and  let  these  dis* 
tances  represent  the  forces. 
From  the  extremity  P'  of 
the  line  mP\   which  repre-    " 


/ 


JT4^^     ^i^M>i^T^OF    ANALYTI(yAL''^iE0iANI0j3^         ^^    ^ 
r    jVv>.>.  "^H.      ^it  A>tUA.  I    f^^^vtb     Ccf^l^  ^Ajiub     c/yt^i^urv\^    CAnCtjtCu  jtrf^,  Cr/ 

\  1 1  -  '^  sents  the  first  force,  draw  the  line  P'  n  equal  and  parallel  to  m  P^ 
^^T/^^^^^which  represents  the  second,  then  will  the  line  joining  the  extremity 
of  this  line  and  the  point  of  application,  represent  the  resultant  of 
these  two  forces.  From  the  extremity  n,  draw  the  line  nn'  equal 
and  parallel  to  mP"'  which  represents  the  third  force;  mn'  will 
represent  the  resultant  of  the  first  three  forces.  The  construction 
being  thus  continued  till  a  line  be  drawn  equal  and  parallel  to 
every  line  representing  a  force  of  the  system,  the  resultant  of  the 
whole  will  be  represented  by  the  line,  (in  this  instance  m  n"),  join- 
ing the  point  of  application  with  the  last  extremity  of  the  last 
line  drawn.  Should  the  line  which  is  drawn  equal  and  parallel  to 
that  which  represents  the  last  force,  terminate  in  the  point  of  appli- 
cation, the  resultant  will  be  equal  to  zero. 

The    reason  for  this  construction  is    too  obvious    to  need  expla- 
nation. ^ 

§89. — If  the  forces  still  be  supposed  to  act  in  the  same  plane, 
but  upon  different  points  of  the  plane,  the  first*  of  Equations  (49) 
•    '  takes  the  form, 

r«  -  Xy  =  2  [P'  (cos  /3'  x'  -  cos  a'  y')  ], 

thus,  differing  from  Equation  (55),  in  giving  the  equation  of  the  line 
of  direction  of  the  resultant  an  independent  term,  and  showing 
that  this  line  no  longer  passes  through  the  origin.  It  may  be  con- 
structed from  the  above  equation. 

§90. — To  find  the  resultant  in  this  case,  by  a  graphical  oonstruo» 
tion,  let  the  forces  jP, 
P",  P'"  &c.,  be  ap-  j^ 
plied  to  the  points  m', 
m",  m'",  &c.,  respec- 
tively. Produce  the 
directions  of  the  forces 
F  and  P"  till  they 
meet  at  0,  and  take 
this  as  their  common 
point  of  application  ; 
lay  off  from    0,   on  the    ines  of  direction,  distances  OS  and  0  8^ 
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proportional  to  the  intensities  of  the  forces  F'  and  F"^  and  construct 
the  parallelogram  OSRS^  then  will  OR  represent  the  resultant  of 
these  forces.  The  direction  of  this  resultant  being  produced  till  it 
meet  the  direction  of  the  force  P'*\  produced^  a  similar  construction 
will  give  the  resultant  of  the  first  resultant  and  the  force  F**'^ 
which  will  be  the  resultant  of  the  three  forces  P\  P"  and  P"' ; 
and  the  same  for  the  other  forces.  /  0<^a/« 

OF  PARALLEL  F0SCE8. 

§91. — If  the  forces  act  in  parallel  directions, 

4 

cos  a'  =  cos  a"  =  cos  a'"  =:  &C., 
cos  jS'  =  cos  i3"  =  cos  /3'"  =  &c 
cos  y'  =  cos  y"  =  cos  y'"  =  &c 

and  Equations  (41)  become,  i^j.* 

•  .-^^ 
X={P'  +  P"  +  P'"  +  &c.)  cos  0L%  z^./i-  Ci^m.  \  ^ 

r  =  (P'  +  P''  +  P"'  +  &c.)  cos  i3',  ^rMc<Nr  i-  j  r^^  f^iv^t 
Z={r  +  P"  +  P'"  +  &c.)  cosy';  ^Ji^M-c  ) 

these  values  in  Equation  (47)  give, 

-R  =  i:      V(^'  +  P"  +  P'"  +  &c.)2  (cos«  a'  +  cos3  ^f  ^  eos«  p), 

but, 

cos*  a'  +  cos*  /3'  +  cos*  y'  =  1 ; 
hence, 

It  -  P'  Ar  P*'  -it  P'"  +  &C. (60) 

If  some  of  the  forces  as  P",  P"',  act  in  directions  opposite  to 
the  others,  the  cosines  of  oJ'  and  a"'  will  be  negative  while  they 
have  the  same  numerical  value;  and  the  last  equation  will  become 

12  =  P'  -  P"  -  P"'  +  <kc. 

Whence  we  conclude,  that  the  resultant  of  a  number  of  parallel 
forces  is  equal  in  intensity  to  the  excess  of  the  sum  of  the  ifiteii" 
sities  of  those  which  act  in  one  direction  over  the  sum  of  ths 
intensities  of  those  which   act  in   the  opposite  direction. 
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§92. — ^The  values  of  12,  JT,  T  and  Z  being  substituted   in  Equ» 

tions  (48)  give, 

ipf  +  pn  ^  p,n  ^  ^\  ^8  ^z 

^^^  =  V  +  P--  +  P---  +  &a =  ^'"' 

cos  b  =     p.  ^  p.  ^  p..  ^  ^  J =  COS  ^', 


COS  c 


_  (P'  +  P"  +  F"  +  &c.)  COS  y' 

-    p'  +  i>"  +  p"'  +  &;c.  -  cos  7 . 


The  denominator  of  these  expressions,  being  the  resultant,  is  essen- 
tially positive;    the  signs  of  the  cosines   of  the  angles  a,  h  and   c, 
will,  therefore,  depend   upon  the  numerators;   these  are  sums  of  the 
components  parallel  to  the  three  axes. 

Hence,    the  resultant    acts    in    the   directum    of   those  forces  whose 
cosine^  coeMdents  are  negative  or  positive  according  as  the  sum  of  the 
^  ^**^  jw^iw  ^r  latter  forces  is  the  greater. 

§93. — Equations  (49),  which  are  those  of  the  resultant,  become, 
after  replacing  X,  F,  and  Z,  hj  their  values  in  Equations  (41), 

Ry  .cos  a--  Ex.  cos  h  +  cos  /8' .  2  P'x'  —  cos  a' .  2  P'g'=  0, 

Bx ,C0BC  —  Ilz  .  cos  a  +  cos  a' .  2  P'z'  —  cos  y' .  2  P'x'=  0, 

Bz  .cosb  —  liy.  cos  c  +  cos  7' .  2  P'lf  —  cos  jS'.  2  P'z'=  0  ; 
and  because, 

cos  a  =  cos  a', 

cos  6  =  cos  ^\  I 

I 

cos  c  =  COS  y  ;  > 

« 

we  have, 

(By  -  2Py) .  COS  a'-  (i?j:  -  2P'j;') .  cos  ./3'=  0, 
(5j7  -  2P'j;').cos  /-  {Bz  -   2P'2') . cos  a'  =:  0^ 
{Bz  -  2P'z')  .cos  ,^'-  {By  -  2PV)  .cos  y'  =  0  ; 
and  because  a',  )3'    and  7',  are  connected  only  by  the  relatlvsji  ;ir 


.e.'*i  ■<'  ■*  • 


r 


■ILEflfTANrCR    AND    SOLIDS. 


jri- 


ii 


Jn^ifyU^  ^  C^-maJLaXi^JX  ii' im^i^  jr^^'^  l^UM^r-  C£m^/- 

v^a/Out^  ^"^^^U  e^Un'l^l       ^     t  fp^.0^<Ct^ 

vhich  the  retultant  of  the  eyetem  vnll  always  pass,  whatever  he  the 
direction  of  the  forces^  provided^  their  intensities  and  points  of  applu 
ca/um  remain  the  same, 

m 

§94. — Dividing  eaeh  of  the  above  Equations  by  JR^  we  shall  have 


X  = 


y  = 


9  = 


P'  +  p"  +  p"'  +  &c. 

P'  +  p"  +  p'"  +  &c. 

PV  +  p^^g^^  +  p^^v^^  +  <ko. 
P'  +  P"  +  P'"  +  &c. 


(62) 


Hence,  either  co-ordinate  of  the  centre  of  a  system  of  parallel  forces 
is  equal  tf,  the  algebraic  sum  of  the  prodiicts  which  result  from  multi- 
plying the  intensity  of  each  force  by  the  corresponding  co-ordinate  of  its 
point  of  application^  divided  by  the  algebraic  sum  of  the  forces. 

If  ihe  points  of  application  of  the  forces  be  in  the  same  plane. 
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the  oo-ordinate  plane  x  y,  may  be  taken  parallel  to  this  plane,  io 
which  case 


and, 


z 


«'  =  «"  =:«"'  =  «""&c; 


jP'  +  P"  +  F'"  +  &c.)  z' 


from  which  it  follows  that  the  centre  of  parallel  forces  is  also  in  this 
plane. 

If  the  points  of  application  be  upon  the  same  straight  line,  tak# 
the  axis  of  x  parallel  to  this  line ;  then  in  addition  to  the  above  results 
we  have 

y'  =  y"  =  y'"  =  &c. ; 
and, 

(P'  +  P-  +  P''^^^)y' 

y  -   p'  +  p"  +  p"'  +  &c.  "■  ^  ' 

whence,  the  centre  of  parallel  forces  is  also  upon  this  line. 

§  95. — If  we  suppose  the  parallel  forces  to  be  reduced  to  two,  viz. 
P'  and  P",  we  may  assume  the  axis  x  to  pass  through  their  points 
of  application,  and  the  plane  fl;y  to  contain  their  directions,  in  which 
case.  Equations  (60)  and  (61)  become, 

B  =:P'  +  P" 
Rx  =  PV  +  P''x" 
z  =  0  and  y  =  0. 

Multiplying  the  first  by  x%  and  subtracting 
the  product  from  the  second,  we  obtain 

H  (x  -  «')  =  P"  {x"  -«')..  (a) 

Multiplying  the  first  by  x"  and  sub- 
tracting the  second  from  the  product, 
we  get 


R  {x"  -  «)  =  P'  (ar"  -  x')    . 


(*) 


Denoting  by  ^  and  S"y  the  distances  from  the  points  of  application 
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of  P'  and  P"  to  that  of  the  resultant,  which  are  a?  —  ar'  and  «"-•'« 
respectiyelj,  we  have 

«"-«'  =  8'  +  S'\ 

and  from  Equations  (a)  and  (6),  there  will  result 

r  :  P''  :  B  ::  S"  :  ff  :  8"  +  S'     .    .     .     .    (63) 

If  the  forces  act  in  opposite  directions,  then,  on  the  supposition 
that  P'  is  the  greater,  will 

E=zP'  -  P" 
Ex  =  PV  -  P"«" 
«  =  0,  y  =  0. 

and  by   a  process   plainly  indicated   by 
what  precedes, 

P':P'':Ei:S'':S':S"-S\  .    (64). 

From  this  and  Proportion  (63),  it  is       J[ 
obvious  that  the  point  of  application  of 
the  resultant  is  always  nearer  that  of  the 
greater  component;  and  that  when  the 

components  act  in  the  same  direction,  the  distance  between  the  point 
of  application  of  the  smaller  component  and  that  of  the  resultant,  is 
less  than  the  distance  between  the  points  of  application  of  the  com* 
ponents,  while  the  reverse  is  the  case  when  the  components  act  in 
opposite  directions.  In  the  first  case,  then,  the  resultant  is  between 
the  components,  and  in  the  second,  the  larger  component  is  always 
between  the  smaller  component  and  the  resultant. 

And  we  conclude,  generally,  that  the  resultant  of  two  forces  which 
solicit  two  points  of  a  right  line  in  parallel  directions^  is  eqtial  in  inten^ 
aity  to  the  sum  or  difference  of  the  intensities  of  the  components^  accord^ 
inff  (»  they  act  in  the  same  or  opposite  directions^  that  it  always  acts 
in  the  direction  of  the  greater  component^  that  its  line  of  direction  is 
contained  in  the  plane  of  the  components,  and  that  the  intensity  of  either 
component  is  to  that  of  the  resultant,  as  the  distance  between  the  point 
of  application  of  the  oVver  component  and  that  of  the  resultant,  is  tn 
the  distance  between  the  points  of  application  of  the  components.       .  . 


^^  JS^^    yJ^lt 


:..    /. 


7^ 


fL0 


(T,    i<L^  XJ./^  •.    .      asi^'fvL^ 
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§06. — ExampUi, — 1.  The  length  of  the  line  m' m"  joining  Uie 
points  of  application  of  two  parallel  forces 
acting  in  the  same  direction,  is  30  feet;  the 
forces  are  represented  bj  the  numbers  15 
and  5.  Requir^  the  intensity  of  the  re- 
sultant, and  its  point  of  application. 

jB  =  P'  +  P"  =  15  +  5  =  20 ; 

20  :  15  ::  30  :  w!*  o  =  22,5  feet. 

A^  single  force,  therefore,  whose  intensity  is  represented  by  20,  applied 
at  a  distance  from  the  point  of  application  of  the  smaller  force  equal 
to  22,5  feet,  will  produce  the  same  effect  as  the  given  forces  applied 
at  m!'  and  m\ 

2. — Required  the  intensity  and  point 
of  application  of  the  resultant  of  two 
parallel  forces,  whose  intensities  are  de- 
noted by  the  numbers  11  and  3,  and 
which  solicit  the    extremities  of  a  right  .       ^ 

line  whose  length  is  16  feet  in  opposite 
directions. 


iJ  =  P'  —  P"  =  11  -  3  =  8, 


P'  -  P"  :  F' 


jt 


n 


P' .  m"  m' 


m"  w  :  m"  o  =z 


=  22  feet. 


p,  _  pn 

3. — Given  the  length  of  a  line  whose  extremities  are  solicited  in 
the  same  direction  by  two  forces,  the  intensities  of  which  differ  by 
the  n'*  part  of  that   of  the  smaller.      Required  the  distance  of  the 
point  of  application  of  the  resultant  from  the  middle  of  the  line 
Let  2  ^  denote  the  length  of  the  line.    Then,  by  the  conditions, 

P'  =  P"  -f  i- P"  =  r^!i-^)  P" 

\     n     /  » 

2nZ 


c^) 


P"  :  P"  : :  21 :  m'o  = 


2n  +  1 


ea  =  l- 


2n; 


2»  -h  1      2f»  +  I 


I. 


V 


\ 


\ 


>^ 
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§97. — ^The  rule  at  the  dose  of  §95,  enables  us  to  determine  bj  a 
very  easy  graphical  construction,  the  position  and  point  of  application 
of  the  resultant  of  a  number  of  parallel  forces,  whose  directions, 
intensities,  land  points  of  application  are  given. 

Let  P,  F,  F\  P"',  and  P^ 
be  several  forces  applied  to  the 
material  points  m,  m\  w!\  m'", 
and  m%  in  parallel  directions. 
Join  the  points  m  and  m'  by  a 
straight  line,  and  divide  this  line 
at  the  point  o,  in  the  inverse 
ratio  of  the  intensities  of  the 
forces  P  and  P' ;  join  the  points 
o  and  m"  by  the  straight  line 
om,*'^  and  divide  this  line  at  o\ 

in  the  inverse  ratio  of  the  sum  of  the  first  two  forces  and  the  force 
P" ;  and  continue  this  construction  till  the  last  point  mf'  is  included, 
then  will  the  last  point  of  division  be  the  point  of  application  of  the 
resultant,  through  which  its  direction  may  be  drawn  parallel  to  that 
of  the  forces.  The  intensity  of  the  resultant  will  be  equal  to  the 
algebraic  sum  of  the  intensities  of  the  forces. 

The  position  of  the  point  o  will  result  from  the  proportion 


P  +  P':P'::»n»':mo  = 


that  of  o'  from 


P  +  F  +  P"  I  F"  ::  om"  :  oo'  == 


F".om" 


p+F  +  r 


t  f 


ihtX  of  o"  from 


P  +  r  +  P"  -^F":  -  P"  :  o'rn'"  :  o'o''  = 


and  finally,  that  of  o'"  from 


n    ^' ^fff 


--P'".o'm 


P  +  F+P'^'-P'"'' 


p+iv+p./^p.//+pi,  ,p^,,  o-m^:  0-0*-=  p+rlF''^%*+P^' 

6 
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OF    COUPLES. 

§98. — When  two  forces  P'  and  P"  act  in  opposite  directions,  the 
distance  of  the  point  o,  at  which  the  resultant  . 
is  applied,  from   the  point  tn',   at  which  the 
component  P'  is  applied,  is  found  from  the 
formula 


,         m"  m' .  P" 
m  o  z=. 


ft    9 


P'  ^  p 

and    if   the  components  P'  and  P"  become 

equal,  the  distance  m'o  will  be  infinite,  and 

the  resultant,  zero.     In  other  words,  the  forces 

will   have  no  resultant,  and  their  joint  effect 

will  be  to  turn  the  line  m"  m\  about  some  point  between  the  points 

of  application. 

Tlie  forces  in  this  case  act  in  opposite  directions,  are  equal,  but 
not  immediately  opposed.  To  such  forces  the  term  couple  is  applied. 
A  couple  having  no  single  resultant,  their  action  cannot  be  compared 
to  that  of  a  singfe  force. 

§99. — The  analytical  condition.  Equation  .(^^6),  expressive  of  the 
existence  of  a  single  resultant  in  any  system  of  forces,  will  obviously 
be  fulfilled,  when 

JT  =  0,    r  =  0,    and  2:  =  0. 

But  this  may  arise  from  the  parallel  groups  of  forces  whose  sums 
are  denoted  by  JT,  JT,  and  Z,  reducing  each  to  a  couple.  These  three 
c«)uples  may  easily  be  reduced  by  composition  to  a  single  couple, 
boyond  which,  no  further  reduction  can  be  made.  It  is,  therefore,  a 
failing  case  of  the  general  analytical  condition  referred  to. 

WOBK  OF  THE  BEBULTANT  AlO)  OF  ITS  COMPONENTS. 

§  100. — ^We  have  seen  that  when  the  resultant  of  several  forces 
is  introduced  as  an  additional  forcc^  with  its  direction  reversed,  it 
will  hold  its  components  in   equilibrio.      Denoting   the  intensity  of 
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the  resultant  by  B^  and  the  projection  of  its  virtual  velocity  bj 
^r,  we   have  from  Equation  (29), 

-  B$r  +  F.$p  +'P'.Sp'  +  P".<y/'  +  <fca  =  0, 

or, 

E$r  =zP.Sp  +  P'  $p^+  P"  Sp"  +  6cc,  .    .    .    .    (65) 

in  which  P,*P'  P",  6cc  are  the  components,  and  Sp,  6p'  6p'\  &c. 
the  projections  of  their  virtual  velocities. 

§  101. — Now,  the  displacement  by  which  Equation  (29)  was  de- 
duced, was  entirely  arbitrary;  it  may,  therefore,  be  made  to  conform 
in  all  respects  to  that  which  would  be  produced  by  the  components 
P,  P',  &C.,  acting  without  the  opposition  of  the  force  equal  and 
contrary  to  their  resultant;  and  writing  dr  for  5r,  dp  for  Sp^  &c, 
Equation  (65)  will  become 

Edr  =  Pdp  +  F'dp'  +  P"dp''  +  &c.,  •    .    .    (66) 
and  int^rating, 

/Edr  =  fPdp  +  JFdp'  +  fF'dp"  +  &c,  .    .    (67) 

< 

in  which  Ey  P,  P',  6cc.  may  be  constant  or  functions  of  r,  p^  p\  6cc., 
respectively. 

From  Equations  (66)  and  (67),  it  appears  that  the  quantity  of 
work  of  the  resultant  of  several  forces  is  equal  to  the  algebraic  sum 
of  the  quantities  of  work  of  its  components. 

Again,  replacing  P^p^  ^  ^p\  ^c«  i*i  Equation  (65),  by  their  valued 
in   Equation  (31),  and  writing  dr  for  ^r,  dp  for  6py  &c.,  we  find, 

/Edr  =  flP,co9a.dx  +  flP.cos^.dy  +flP.co3y.dg,  •  •  (68) 

ic  which  fi  may  be  constant  or  a  function  of  r;  P,  constant  or  a 
function  of  rr,  y,  jr,  &c. 

If  the  forces  be  in  equillbrio,  then  will  22  ==  0,  and, 

2P.eo9a,dx  +  SP.cosjS.cfy  +  iP.cosy^dz  =•  0.  •    •    (69) 
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MOMENTS. 

§  102. — It  is  now  apparent  that  in  the  transformation  of  Equation 
(80)  to  Eqoation  (40),  each  force  of  the  original  system  was  replaced 
by  its  three  components  in  directions  of  three  rectan^olar  axes^  arbitra* 
rily  aasamed. 

The  components  parallel  to  either  axis  will,  §  43,  work  during  any 
motion  which  will  carry  their  points  of  application  in  the  direction 
of  that  axis,  and  will  cease  to  work  when  the  motion  bec(»ne8  per- 
pendicular to  the  same  line. 

Let  the  points  of  application  of  the  forces  move  in  lines  parallel 
to  the  axis  ?;  the  components  parallel  to  z  alone  can  work,  for  the 
paths  being  perpendicular  to  the  directions  of  the  other  components, 
the  work  of  the  latter  will  be  nothing,  because  the  projections  of 
the  paths  upon  their  lines  of  direction  will  be  zero.  The  elementary 
work  of  the  extraneous  forces  will,  in  this  case,  be  found  in  the  third 
term  of  Equation  (40),  and  equal  to 

(IP  cosy).(Jaf^. 

Again,  let  the  points  of  application  turn  around  the  axis  2,  parallel 
to  the  plane  xy\  the  components  parallel  to  the  axes  x  and  y  alone 
can  work,  since  the  paths  will  be  perpendicular  to  the  components 
jn  the  direction  of  z,  and  their  projections^  therefore,  zero.  The  ele- 
;nentary  work  in  this  case  will  be  found  in  the  fourth  term  of  Equa- 
tion (40),  and  equal  to 

p  P  (a?'  cos  )3  -  y'  cos  oi)^(i^. 

Now  let  both  of  these  motions  take  place  simultaneously;  that  is,  let 
the  points  of  application  move  in  the  direction  of  the  axis  2,  and  also 
turn  about  that  line;  all  the  components  will  work,  because  the  paths 
will  be  oblique  to  their  directions,  and,  therefore,  have  projections  of 
measurable  values.  The  amount  of  elementary  work  of  the  extrane- 
ous forces  will,  in  this  case  be  found  in  the  third  and  fourth  terma 
of  Equation  (40),  and  equal  to 

[(2  P  cos  7)]  .  ^  2,  +  [S  P  («'  cos  /3  -  y'  cos  a)] .  £  9. 
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The  same    remarks  apply  tx>   motion   in   the  direction   of  and    about 
each  of  the  other  axes. 

§  103. — ^The    rule   for  estimating  the  quantity  of  work  when  the 
motion  is  parallel   to   either   axis  or  to  a  right  line  oblique  to  the 
three  axes,  is  simple;   that  for  getting  the  work  during  motion  about 
an   axis,  is  not  so  obvious.     Let  the  motion  take  place  aibund  the     .^.  f  ^^/ 
axis  z\  and  consider,  first,  the  work  of  the  force  P.     The  two  compo-  zF/^S^i 
nente  of  this  force,  viz^  P  cos  |3  and  jP  cos  a,  which  enter  the  fourth  *  >^«t**-  / 
term  of  Equation  (40),  have  for  their  resultant  P  sin  %    This  resultant^ 
§  81,  act6  in  a  plane  parallel  to  that  of  x  y,  and,  therefore,  at  right 
angles  to  the  axis  z.     Denote  by  a^  the   angle  which  thid  resultant 
mal^s  with  the  axis  x\  then  will 


=  P  sin  y  .  cos  o^,  J 
=  P  sin  7  •  sin  (t,  ) 


P  cos  a  =  -P  sin  y  .  cos  o^ 
Poos/3 


(70) 


and  these  values  in  the  term  P  (;i/  cos  |3  —  y'  cos  a),  give 

P  (a/  cos  /3  —  /  cos  a)  =  P .  sin  y  (a/  sin  a^  —  y'  COS  aj   .    (71) 

< 
From  the  point  of  ap- 
plication f»  of  P,  draw 
iiki!^  line  f»  A!  perpendicu- 
lar to  the  axis  z\  denote 
its  l(»gth  by  K\  and  its 
inclination  to  the  axis  x 
by  jp'.  N  Multiply  and  di- 
videp^uatioSif71)  by  // 
and    reduce   by  the   rela- 


tions 


~,  =  oos(p';    -^^  =  Mn9'; 


then  win  result 

P  («' eo8 /f  —  y  COS  «)  =  P  sin  y  V  (aki  «^ .  oofl  f '— ooe«, .  sin  f ')  =  P  am  y  V  sin  («/ —  f ')l 

t 

Draw  from  A'  the  line  A'  k'  perpendicular  to  the  direction  of  the  line 
P  m   (proceed),  and  denote  its  length  by  Jb';  then  will 

A'  sin  (a,  -  9')  =  i/. 
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and  then  will  result 

iP(a/co8i3  — y'co8a)  =  PBin7.Jt',  .    .    .    .    (72) 

and  the  same  for  the  forces  P\  P'*^  d?c.;  so  that  we  may  write,  omit- 
ting the  accent  from  JEr, 

2P(a?'cosi3-yco8a)  =  SP.»in7.Ar;    .    .    .     (73) 

and  the  measare  of  the  elementary  work  dae  to  rotation  aboat  the  axis 
2i  will  be  given  by  either  member  of  the  Equation 

[S  P  (ar'  cos  j3  -  /  cos  a)]  d(p  =[S  P  sin  y.Ar]  ^9   .    •     (74) 

§  104. — So  that  in  estimating  the  work  due  to  rotation  alone  about 
the  axis  2,  each  force  is,  in  effect,  replaced  by  its  two  components,  the 
one  parallel,  the  other  perpendicular  to  that  line,  and  the  former  is 
neglected  because,  in  this  motion,  it  cannot  work. 

§  105. — ^The  quantity  of  work  obtained  by  multiplying  that  one  of 
the  two  components  of  a  force  which  is  perpendicular,  while  the  other 
is  parallel,  to  a  giren  line,  into  the  perpendicular  distance  between  this 
line  and  that  of  the  force,  is  called  the  comp&Mnt  moment  of  the  /orc§ 
in  reference  to  the  line, 

• 

§  106. — ^The  line  in  reference  to  which  the  moment  is  taken,  is 
tailed,  in  general,  a  component  axis;  the  perpendicular  distance  fit>m 
the  axis  to  the  line  of  direction  of  the  force,  is  called  the  lever  arm  of 
the  force ;  and  the  extremity  of  the  lever  arm  on  the  axis  is  called  a 
centre  of  the  moment. 

When  the  direction  of  the  force  is  perpendicular  to  the  axis,  the 
latter  is  called  the  moment  axis  of  the  force.  In  this  case  the  compo- 
nent parallel  to  the  axis  becomes  zero,  and  the  normal  component  the 
force  'itsel£ 

The  moment  of  the  resultant  of  several  component  forces,  taken  10 
/'reference  to  its  moment  axis,  is    called  the   resultant  moment.     The 
moments  of  the  component  forces  are  called  component  moments, 

§  107. — Changing  d^  into  cf  9  in  Equation  (74),  we  may  write 

[SP(x'cosi3-y'cosa)]fl?9=[SP   siny.i]  <f9  .    .    (74) 
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or 

y[5:7>{a:'cos/3-.y'co8a)](f4)=ytsP.8iny.it]rf9   .     (74)' 

Whence  it  appears,  that  the  elementary  quantity  of  work  a  force  will 
perform  during  the  motion  of  its  point  of  application  about  an  axis,  is^ 
equal  to  the  product  of  the  moment  of  tlie  force  into  the  differential  of 
the  path  described  at  the  unites  distance  from  the  axis,  ,       / 

§  108. — The  whole  quantity  of  work  will  result  from  the  integration 
of  Equation  (74)'  between  limits.  In  this  integration  two  cases  may 
arise,  viz.;  either  the  moment  may  be  constant,  or  it  may  be  variable. 
In  the  first  cascythe  quantity  of  work  is  obtained  by  multiplying  the 
constant  moment  into  the  path  described  by  a  point  at  the  unit's  dis- 
tance from  the  axis.  In  the  second,  the  force  may  be  constant  and 
the  lever  arm  variable;  the  force  variable  and  the  lever  arm  constant; 
or  both  may  be  variable,  and  in  such  way  as  not  to  make  their  prod- 
uct constant.  In  all  such  cases,  relations  between  the  intensity  of  the 
Ibrce,  its  lever  arm,  and  the  patli  described  at  the  unit's  distance,  must 
be  known  in  order  to  reduce,  by  elimination,  the  second  member  of 
Equation  (74)'  to  a  function  of  a  single  variable. 

These  remarks  are  equally  true  of  the  forces  of  inertia.  The  intensi- 
ties of  these  depend  upon  the  masses  of  the  material  elements  and  their 
degree  of  acceleration  or  retardation ;  their  points  of  application  are  on 
the  elements  themselves ;  the  elementary  arc  described  at  tjie  unit's  dis- 
tance is  the  same  for  both  sets  of  moments,  and  its  value  depends  upon 
the  distribution  of  the  material  with  reference  to  the  axis  of  motion. 

The  moments  of  the  forces  which  ui^e  a  body  to  turn  in  opposite 
directions  about  any  assumed  axis  must  have  contrary  signs. 

The  sign  of  P  sin  y  k\  or  its  equal  jP  cos  /3 .  -r'  —  jP  cos  a .  y\  de- 
pends upon  the  angles  which  the  direction  of  the  force  makes  with  the 
axes, 4ma  upon  the  signs  and  relative  valfles  of  the  co-ordinates  of  the 
point  of  application. 

Let  the  angles  which  the  direction  of  any  force  makes  with  the 
co-ordinate  axes  be  estimated  from  the  positive  side  of  the  origin ; 
then,  if  the  angles  which  this  direction  makes  with  both  axes  be 
acnte,  and  the  point  of  application   lie  in  the  first  angle,  P  cos  j9 . «' 
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and  P  cos  a  •  y',  will  be  positive,  and  if  the  first  of  these  prodncti 
exceed  the  second,  the  moment  will  be  positive;  but  if  the  lattef 
be  the  greater,  the  moment  will  be  negative.  The  same  remarks 
apply  to  the  other  axes. 


OOMFOSmON    AND    BESOLUTION    OF    MOMEBTIB. 

§  109. — ^The  forces  being  supposed  to  act  in  any  directions  whatever, 
join  the  point  of  application  of  the  resultant  H  and  the  origin  by 
a  right  line,  and  denote  its  length  by  J7.  Multiply  and  divide  each 
of  the  Equations  (44)  by  J7,  and  reduce  by  the  relations^ 


Jk  (y  Un  It  ^  tjf  C^c^  a)  =-^      1  ^    __ 

•  1      Ji- 
ff ~ 


^il 


Ct/y  c  '-  z^  do 


irj.ir. 


77=«0S?;, 


oosf, 


^  =  cos  f, 


in  which  ^,  I  and  9,  denote  the  angles   which   the  line  H  makes 
with  the  axes  '«,  y  and  z^  respectively ;  then  will 

R,H,  (cos  6 .  cos  ^  —  cos  a . cos  J)  =  Z,   "j 

R ,  H,  (cos  a .  COS  f  —  cos  c  .  cos  |^  =  Jl/",    V   •    .    .  (75/ 

R .  H.  (cos  c  .  cos  £  —  cos  b .  cos  «)  =  JV.  J 

Squaring  each  of  these  Equations  and  adding,  we  find 


cos*  h .  cos'  f 

B?.B>\  +cos2a.c6s»j 

+  COS*  c.cos^f 


2cos  5. cos  a. cos  ?^.cosf  +  cos*a.cos'f 
2  cos  a .  cos  c  .  cos  s .  cos  f  +  cos*  c .  cos*  f 
2  cos  h .  cos  c  ,  cos  f .  cos  f  +  cos*  b .  cos*  i 


=  X*  +  ilP  +  JVT* 


(76) 


But 


cos*  a  +  cos*  b  +  cos*  c  =  1, (77) 

cos*  f  +  cos*  g  +  cos*  g  =r  1, (78) 

cos  a .  cos  J  +  cos  b  .  cos  f  +  cos  c .  cos  s  =  cos  9,  .  (79) 


UECHANIOS    OF    SOLIDS.  89 

the  angle  ^,  being  that  made  hj  the  line  JET,  with  the  direction  of 
the  resultant. 

Collecting   the   co-efficients  of   cos'  a,   cos'  5,  cos'  c,  and  reducing 
by  the  following  relations,  deduced  from  Equation    (78) ;  viz. : 

cos'  s  +  cos'  g  =  1  —  cos'  f  , 
cos'^  +  cos'  «  =  1  —  cos'  g, 
cos'  f  +  cos'  ^  =  1  —  cos'  s, 

we  find, 

i?* . -ff' .  [1 — (cos  a . cos  ^  +  cos ^ .  cos  I  +  cos  c.  cos s)']  =Z'+ilf+i\r» ; 

from  Equation  (79), 

1  —  (cos  a .  cos ^  +  cos  6 . cos  f  +  cos  c.  cos  s)'  =  1  —  cos'  9  =  sin'  9 ; 

which  reduces  the  above  to 

'  iZ* .  J7' .  sin' 9  =  X'  +  Jf'  +  -2V*. 

But  JT*' .  sin'  9  is  the  square  of  the  perpendicular  drawn  from  the 
origin  to  the  direction  of  the  resultant;  it  is,  therefore,  the  square 
of  the  lever  arm  of  the  resultant  referred  to  the  origin  as  a  centre 
of  moments.  Denoting  this  lever  arm  bj  JT,  we  have,  after  taking 
the  square  root, 

E.Kzz:  -/X'  +  i/'  + JV' (80)    . 

That  is  to  say,  the  resultant  moment  of  any  system  of  forces  is  equal 
io  the  square  root  of  the  sum  of  the  squares '  of  the  sums  of  the  com- 
ponent moments^  taken  in  reference  to  any  three  rectangular  axes  through 
the  point  assumed  as  the  centre  of  moments,     ("ii^r  t*u*JU*^^' ^u-^-^^'  *^  ^^** 

§  no.— Dividing   the   first  of  Equations   (75),  by  Equation  (80),    a^.) 
we  find, 

H  (cos  h .  cos  ^  —  cos  a ,  cos  f )  L 


■  The  effect  of  a  force  is,  §77,  independent  of  the  position  of  its 
point  of  application,  provided  it  be  taken  on  the  line  of  direction. 
Let  the  point  of  application  of  By  be  taken  at  the  extremity  of  its 


f 
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lever  arm,    then  will  H  coincide  with  and  be  equal  in  length  to  K 
^  and  S  will  become  the  angles  which  the  lever  arm  makes  with  the 
axes  X  and  y,  respectively,   and   the  well  .known  J' relation    obtained 
from    the    formulas  for  the  transformation  of  co-ordinates  from  one 
z.    set  of  rec^qgttlar  axes  to  another,  will  give 

cos  9.  =:  cos  h .  cos  ^  —  cos  a .  cos  g ; 

X 
in  which  6.  is  the   angle   the   resultant   axis  makes  with   the   axis  z ; 

whence,* 

COS  9,  t=  (81) 

In  the  same  way,  denoting  by  9,  and  9«  th«  angles  which  the 
momtnt  axis  of  R  makes  with  the  co-ordinate  axes,  y  and  x  respec- 
tively, will 

I£ 
cos  9-  =  (82) 

N 
008  9.  =  —-==== (83) 

whence  we  conclude  that,  ilu  cosine  *of  the  angle  which  the  resultant 
axis  makes  with  any  assumed  line  is  equal  to  the  sum  of  the  mom^ts 
of  the  forces  in  reference  to  this  line  taken  as  a  comjponent  axis. divided 
by  the  resultant  moment. 

g  111.— Multiplying  Equation  (81)  by  Equation  (80),  there  will 
result, 

i2.-«'.co8  9,  =  i; (84) 

which  shows  that  the  component  moment  of  any  system  of  forces  in 
reference  to  any  oblique  axis  is  equal  to  the  product  of  the  resultant 
moment  of  the  system  into  the  cosine  of  the  angle  between  the  resultant 
and  component  axes. 

For  the  same  system  of  forces  and  the  same  centre  of  momenta, 
it  is  obvious  that  R  and  K  will  be  constant ;  whence,  Equation  (80), 
the    sum   of  the   squares   of   the   sums    of  the    moments  in  reference 

*  8m  Appendix,  Na  L 
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to  any  three  rectangular  axes  through  the  centre  of  moments,  taken 
as  component  axes^  is  a  constant  quantity.  Also,  since  the  axis  z^ 
may  have  an  infinite  number  of  positions  and  still  satisfy  the  con- 
dition of  making  equal  angles  with  the  resultant  axis,  we  see, 
Equation  (84),  that  the  sum  of  the  moments  of  the  Jbrces,  in  reference 
to  all  component  axes  which  make  equal  angles  with  the  resultant 
axis^  will  he  constant, 

§112. — Denote  by  ^o^r>  ^•i  ^^®  angles  which  any  component 
axis  makes  with  the  co-ordinate  axes  z,  y  and  a;,  respectively,  and 
by  B  the  angle  which  the  component  and  resultant  axes  make  with 
each  other,  then  will 

cos  (J  =  cos  0g .  cos  ^g  +  cos  0y .  cos  ^y  +  cos  0, .  cos  ^, ; 

multiplying  both  members  by  R,K,  we  have 

jR .  iT.  cos  d = i? .  A^.  cos  0, .  cos  dg + -^  •  '^  •  cos  0y  COB  d, + -^  •  -^^^  cos  0« .  cos  ^0 . 

But,  Equation  (84), 

-R.ir.co8  0,  =  Z, 
R ,  K ,  cos  0y  =3  3£j 
iB.jr.co8.0,  =  i\r; 

which  substituted  above,  give 

i2. JT.cosd  =  Z.cos^g  +  Jf .cosdy  +  JV. costf.    •    •    (86) 

That  is  to  say,  the  component  moment  in  reference  to  any  cusumed  com^ 
pcnent  axis,  is  equal  to  the  sum  of  the  products  arising  from  multiplying 
the  sum  of  the  moments  in  reference  to  the  coordinate  axes,  by  the 
cosines  of  the  angles  which  the  direction  of  the  component  axis  makes 
with  these  co-ordinate  axes,  respectively, 

TRAKSLA.TIOK  OF  EQUATI0K8  (-4)  AKD  (B). 

g  113. — Equations  (A)  and  (B)  may  now  be  translated.  They  express 
the  conditions  of  equilibrium  of  a  system  of  forces  acting  in  various 
directions  and  upon  different  points  of  a  solid  lody.  These  condi. 
tions  are  six  in  number ;  viz. :  «    • 
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1. — 7%«  algebraic  sum  of  the  components  of  the  forces  in  each  of 
mny  three  rectangular  directions  must  be  separately  equal  to  zero; 

2. — The  algebraic  sum  of  the  moments  of  the  forces  taken  in  refer* 
ence  to  each  of  three  rectangular  axes  drawn  through  any  assumed 
centre  of  moments,  must  be  separately  equal  to  zero. 

If  the  extraneous  forces  be  in  equilibrio,  the  terms  which  measure 
the  forces  of  inertia  will  disappear,  and  these  conditions  of  equilibriuni 
will  be  expressed  by 


2  P.  cos  a  =  0, 
IF  cos /3  =  0, 
2 P.  cosy  =  0; 


(AY 


2 P.  («'cos/3 
IP.  {z'.cos  a 
2  P.  (y'  cos  7 


y'  cos  a)  =  0/ 
x'  cos  y)  =  0, 
«'  cos  /3)  =  0. 


(By 


The  above  conditions,  which  relate  to  the  action  of  a  system  of 
forces  on  a  free  body,  are  qualified  by  conditions  of  constraint  that 
determine  the  possible  motion. 

• 

§114. — If  the  body  contain  a  Jixed  pointy  the  origin  of  the  moTa> 
ble  co-ordinates,  in  Equation  (40),  may  be  taken  at  this  point;  in 
which  case  we  shall  have, 

ix,  =  0, 

*y,  =  0, 

d«,  =  0; 

and  it  will  only  be  necessary  that  the  forces  satisfy  Equations 
(B),  these  being  the  co-efiicients  of  the  indeterminate  quantities  that 
do  not  reduce  to  zero.  Hence,  in  the  case  of  a  fixed  point,  the 
sum  of  the  moments  of  the  forces,  taken  in  reference  to  each  of  three 
rectangular  axes,  passing  through  the  point,  must  separately  reduce  to 


Should  the  system  contain   two  fixed  points,  one  of  the  axes. 
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that  of  Xj  may  be  assumed  to  coincide  with  the  line  joining  these 
points,  in  which  case,  there  will  result  in  Equation  (40), 

Sxj  =  0,  i(p  =  0, 
6y,  =  0,  $^=:0. 
6z,  =  0, 

and  it  wOl  only  be  necessary  that  the  forces  satisfy  the  last  Equa< 
tion  in  group  (^) ;  or  that  the  sum  of  the  moments  of  the  forces  in 
reference  to  the  line  joining  the  fixed  points^  reduce  to  zero. 

If  the  system  be  free  to  slide  along  this  line,  Sx,  will  not  reduce 
to  zero,  and  it  will  be  necessary  that  its  co-efficient,  in  Equation 
(40),  reduce  to  zero ;  or  that  the  algebraic  sum  of  the  components  of 
the  given  forces  parallel  to  the  line  joining  the  fixed  points,  also  reduce 
to  zero. 

If  three  points  of  the  system  be  constrained  to  remain  in  a 
fixed  plane,  one  of  the  co-ordinate  planes,  as  that  of  a;y,  may  be 
assumed  parallel  to  this  plane;  in  which  case, 

$z,  =  0, 
iiaf  =  0, 
H  =  0; 

and  the  forces  must  satisfy  the  first  and  second  of  Equations  (A) 
and  the  first  of  {BYi  that  is,  the  algebraic  sum  of  the  components 
of  the  given  forces  parallel  to  each  of  ttoo  rectangular  axes  parallel  to 
the  given  plane,  must  separately  reduce  to  zero,  and  the  sum  of  the 
moments  in  reference  to  an  axis  perpendicular  to  this  plane  must  reduce 
to  zero, 

CENTRE    OF    GRAVnT. 

§  115. — Gravity  is  the  name  given  to  that  force  which  urges  all 
bodies  towards  the  centre  of  the  earth.  This  force  acts  upon  every 
particle  of  matter.  Every  body  may,  therefore,  be  regarded  as 
subjected  to  the  action  of  a  system  of  forces  whose  number  is  equal 
to  the  number  of  its  particles,  and  whose  points  of  application  have, 
with  respect  to  any  system  of  axes,  the  same  co-ordinates  as  these 
particles. 
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The  weight  of  a  body  is  the  resultant  of  this  system,  or  the 
resultant  of  all  the  forces  of  gravity  which  act  ttprm  it,  and  is  equal, 
in  intensity,  but  directly  opposed  to  the  fofee  which  is  just  sufficient 
to  support  the  body. 

The  direction  of  the  force  of  gravity  is  perpendicular  to  the 
earth's  surface.  The  earth  is  an  oblate  spheroid,  of  small  eccentri- 
city, whose  mean  radius  is  nearly  four  thousand  miles;  hekiee,  as  the 
directions  of  the  force  of  gravity  converge  towards  the  centre,  it  is 
obvious  that  these  directions,  when  they  appertain  to  particles  of 
the  same  body  of  ordinary  magnitude,  are  sensibly  parallel,  since 
the  linear  dimensions  of  such  bodies  may  be  neglected,  in  compari 
son  with  any  radius  of  curvature  of  the  earth. 

The  centre  of  such  a  system  of  forces  is  determined  by  Equa- 
tions (62)y  §  94,   which  are 


__  py  +  FY'  +  P"Y'  +  &C' 

_  PV  +  P^'z"  -¥  P"'z'"  +  &c. 
«/  -         i>'  +  P"  +  P^"  +  &c.       ' 


^  •    .    .     •  (86) 


in  which  x^  y^  z^,  are  the  co-ordinates  of  the  centre;  P',  P",  &c, 
the  forces  arising  from  the  action  of  the  force  of  gravity,  that  is, 
the  weights  of  the  elementary  masses  m',  m",  &c.,  of  which  the 
co-ordinates  are  respectively  a;'  y'  z\   a?"  y"  2",  <&;c. 

This  centre  is  called  the  centre  of  gravity.  From  the  values  of 
its  co-ordinates.  Equations  (86),  it  is  apparent  that  the  position  of 
this  point  is  independent  of  the  direction  of  the  force  of  gravity  in 
reference  to  any  assumed  line  of  the  body ;  and  the  centre^  of 
of  a  body  may  be  defined  to  be  that  point 

always  passes  in  whatever  way  the  body  may  be  turned  in  regard  to 
the  direction  of  the  force  of  gravity. 


and  the  centre  of  gravity ,         j 
through  which.  iuwe^M^  ^ 


^  The  values  of  P',  P",  &c.,  bemg  regarded  as  the  weights  w\  w'\ 
^EC,  of  the  elementary  masses  m',  m",  6sc.,  we  have.  Equation  (1), 

P'  =  w'  =  m'g'i   P"  =  w"  =  m"g"  ;   P'"  =  w"'  =  m'"^'" ;  <fea. 
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l«S 


and,  EquadoDB  (86), 


X,  = 


yi  = 


z.  = 


m'g'x'  +  m''g"x''  +  m'"  p'"  x'"  +  &c     ' 
m^  ^^  g^  -f  m^^  ^^^  g^^  +  w!''  g'"  z'"  +  &c. 


•  •  • 


(87) 


§116. — It  will  be  shown  by  a  process  to  be  given  in  the  proper 
place,  that  the  intensity  of  the  force  of  gravity  varies  inversely  as 
the  square  of  the  distance  from  the  centre  of  the  earth.  The  distance 
from  the  surface  to  the  centre  of  the  earth  is  nearly  four  thousand  ,  »  /• 
miles ;  a  change  of  half  a  mile,  in  the  distance  at  the  surface  would  j  ^  ^f/ 
therefore,  only  cause  a  change  of  one  four-thousandth  part  of  its 
entire  amount  in  the  force  of  gravity;  and  hence,  within  the  limits 
of  bodies  whose  centres  of  gravity  it  may  be  desirable  in  practice  to 
determine,  the  change  would  be  inappreciable.  Assuming,  then,  the 
force  of  gravity  at  the  same  place  as  constant.  Equations  (87), 
become  n      r  t  ./ 

(88)     / 


X.  = 


m'x'  4-  m''x''  +  m'^'x'''  +  &c.  -^ 
m'  +  m"  +  «i'"  +  &c.        ' 

_  m'  y'  +  m''  y''  +  m'''  y'"  +  &c. 
ys-         ^'4-  ra"  +  m'"  +  &c. 


g.  = 


m'  z'  -f  m,"  z"  +  m"'  z'"  +  &c. . 
m'  +  m"  +  w'"  +  &c.        * 


from  which  it  appears,  that  when  the  action  of  the  force  of  gravity 
18  constant  throughout  any  collection  of  particles,  the  position  of  the 
oentre  of  gravity  is  independent  of  the  intensity  of  the  force. 

.  g  117. — Substituting  the  value  of  the  masses,  given  in  Equation  (1)', 
tnere  will  result. 


'/  = 


v'd'x'  +  »"rf"a:"  +  v"'d'"x'" 


+  &C.  > 
— > 


v'  d!  +  v"  d"  +  »"'  rf'"  +  &C. 


_  v'  d'  y'  +  v"  d"  y''  +  v'''  d'*'  y"'  +  &e. 


_S'd'z'  4-  V 


"  d"  g"  4-  »'"  rf'"  g'"  4-  &c. 


v'  cf  4-  v"  rf"  +  V"  rf'"  4-  <fcc 


(S») 


ii 
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^  ^ 


and  if  the  elements  be  of  homogenous  density  throughout,  we  shalJ    K^^ 


have, 

ftnil  Equations  (89)  become, 

_  y^g^  +  v^^  g^^  +  v'"  z'"  +  &c.. 


•         •         • 


.    (90) 


whence  it  follows,  that  in  all  homogeneous  bodies,  the  position  of 
the  centre  of  gravity  is  independent  of  the  density,  provided  the 
intensity  of  gravity  is  the  same  throughout. 

§  118. — Employing  the  character  2,  in  its  usual  signification,  Equa- 
tions (90),  may  be  written, 

X{yx)    ' 
''-     2(r)  ' 


„  _  liiy) 


h  = 


_  AM- 
J  (r)  '  J 


(»i) 


and  if  the  system  be  so  united  as  to  be  continuous, 


flf,  =  - 


dV 


Vi  = 


y.cfF 


«/  = 


(«2) 


§119. — If  the  collection  be  divided  symmetrically  by  the  plane 

ry,  then  will  , 

2(«g)  =  0, 
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and,  therefore, 

^,  =fcO; 

benoe,  th^  centre  of  gravity  will  lie  in  this  plane. 

ST,  at  the  same  time,  the  collection  of  elements  be  symmetrically 
divided  by  the  plane  xz^  we  shall  have, 

the  collection  of  elements  will  be  symmetrically  disposed  about  the 
axis  a;,  and  the  centre  of  gravity  will  be  on  that  line. 

Although  it  is  always  true,  that  the  centre  of  gravity  will  lie  in 
a  plane  of  line  fhat  divides  a  homogeneous  collection  of  particles 
symmetrically;  yet,  the  converse,  it  is  obvious,  is  not  always  true, 
viz. :  that  the  collection  will  be  symmetrioally  divided  by  a  plane  or 
line  that  may  contain  the  centre  of  gravity. 

Equations  (^)  are  employed  to  determine  the  centres  of  gravity 
of  all  geometrical  figures. 

THE  GENTBS  OF  GBAVITY  OF  UNES. 

§  120. — Let  9  represent  the  entire  length  of  an  arc  of  any  curve, 
whose  centre  of  gravity  is  to  be  found,  and  of  which  the  do-ordi- 
naies  of  the  extremities  are  jv',  y\  z\  and  «",  y'\  z'\ 

To  be  applicable  to  this  general  case  of  a  curve,  induded  within 
the  given  limits.  Equations  (92)  become  ^       y  Z^u^ 

^J^^^xdx.y/l+^  +  — 


*/=^ 


y/  = 


8 

/;; 

ydx.yjl  + 

dy^ 
dx^ 

dz* 

'^  da^ 

8 

• 

/;; 

zdx.yJ  \  + 

dx* 

^  da^ 

/Uy^)^ 


^  •    •    •    (93> 


•'  = 


*t 


i 


98 


ELEMENTS    OF    ANALTTICaL    MECHANICS. 


in  which 


= C  ^V'+^+'"" 


rf«»  '  rf«» 


(04) 


XhtampU  1. — Find  the  paaition  of  the  centre  of  gravity  of  a  rigli 
Imw.    Let,  ^/ 


be  the  equations  of  the 
line. 

Differentiating,  substi- 
tuting in  Equations  (d4) 
and  (93),  integrating  be- 
tween the  proper  limits, 
and  reducing,  there  will 
result, 


>^#  = 


J^,,'^   l/f-f-^^^   0L^^ 


^/^:_j^ 

//;.  ^ 


/ 


/ 


X,  = 


af  +x" 


Hn 


ti 


2     V'-    TC" 


which  are  the  coordinates  of  the  middle  point  of  the  line;  ^ y^ t* 
and  x^'  y"  z*\  being  those  of  its  extremities';  whence  we  oondude 
thai  the  centre  of  gravity  of  a  etraight  lint  ie  at  its  middle  point. 

Example  2. — Find  the  centre  of  gravity  of  the  perimeter  of  a  polygon. 
This  maj  be  done,  according  to  Equations  (90),  by  taking  the  sum 
of  the  products  w&ich  result  from  multiplying  the  length  of  each  side 
by  the  co-ordinate  of  its  middle  point,  and  dividing  this  sum  by  the 
length  of  the  perimeter  of  the  polygon.  Or  by  construction,  as  fol- 
lows: 

The  weights  of  the  several  sides  of  the  polygon  constitute  a  system 
of  parallel  forces,  whose  points  of  application  are  the  centres  of 
gravity  of  the  sides.  The  sides  being  of  homogeneous  density,  their 
weights  are  proportional  to  thqir  lengths.    Hence,  to  find  the  centre 
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of  gravitj  of  the  entire  polygon,  join  the  middle  points  of  any  two 
of  the  sides  by  a  right  Bne,  and  divide  this  line  in  the  inverse  ratio 
of  the  lengths  of  the  adjacent  sides,  the  point  of  divjpion  will,  §  97, 
foe  the  centre  of  gravity  of  these  two  sides;  next,  join  this  point 
with  the  middle  of  a  third  side  by  a  straight  line,  and  divide  this 
line  in  the  inverse  ratio  of  the  sum  of  first  two  sides,  and  this  third 
aide,  the  point  of  division  will  be  the  centre  of  gravity  of  the  three 
aides.  Continue  this  process  till  all  the  sides  be  taken,  i^id  the  last 
point  of  division  will  be  the  centre  of  gravity  of  the  polygon. 

Find  the  position  of  the  centre  of  gravity  of  a  plane  curve. 

Assume  the  plane  of  d;  y  to  coincide  with  the  plane  of  the  curve, 
ia  which  case, 

and  Equations  (93)  and  (94)  become. 


«.  = 


/!"  *^*v 


1  + 


Vs  = 


Cy^'sJ''  +  % 


e 


(05) 


.^^-'1". /c-^y;  ._  .=^rf./r+ 


dy-' 


«/x* 


(06) 


Example  3. — Find  the  centre  of  gravity  of  a  circular  arc. 

Take  the  origin  at  the  centre  of  curvature,  and  the  axis  of  y 
passing  through  the  middle  point  of  the  arc.  The  equation  of  the 
carve  is, 

ys  z=s  a*  -  j«, 


dy 
dx 


7 


wliicfa  substituted  in  Equations  (95), 


IQO       ELBUENTS    OF   ANALTTIOAL   1IE0HA5I0S. 
irill  g'lTe  on  reduotion, 

«,  =  0, 

ft-  , 

aad  dea^Ciiig  tbft  dKwd  of  the  are  by  «  s  s'  +  «^y 

^  »,  =  0^ 

at. 


"wlieiioe  we  30iiohide  that  the  tmtre  of  gravity  nf  a  circular  arc  tt 
<m  a  line  drawn  through  the  centre  of  curvature  and  ite  middle  pointy 
and  at  a  distance  from  the  centre  equal  to  a  fourth  proportional  to 
the  arc^  radiue  and  chord. 

^j^^^'^EsuLmple  4. — Find  the  centre  of  gravity  of  the  care  of  <t  cycloid. 

The  radius  of  the  generatiiig  circle  being  a,  the  differential  equa 
tion  of  the  curve  is, 


(^ 


dxz=i 


«  •  •  • 


(«) 


the  origin  being  at  A^  and 
AB  being  the  axis  of  x» 

Transfer  the  origin  to  C, 
and  denote  bj  x\  y'  the  new 

co-ordinates,  the  former  being  estimated  in  the  direction  CD^  and  the 
latter  in  the  direction  DA.    Then  will 

y  =  2a  —  ar', 
jr  ssa*'  —  y'; 


and  therefore, 


dx       dy* 2a  —  x'     ^ 

dy"  d?  '^  y/2ax'  -  «'«  ' 


•    •    •    •    • 


(«)' 
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tfHB^  M  B^uatioiis  (96)  and  (95),  gives,  omtfcting  the  aooent  on  tlie 


94- 


c^^'sm.  • 


tntegrating  the  first  two  equations  between  the  limits  indicatedi 
and  substituting  the  yalue  of  «,  deduced  fix)m  the  fitet^  in  the  second, 
we  have, 

•  =  2  v^2a  (v^*"  -.  ^x% 

^      1  yv^_-- i/*^ 

» .    SIS   —  •  .  • 

and  from  the  third  equation  we  have,  after  int^rating  by  par% 

substituting  the  value  of  (f  y,  obtained  from  Equation  (a)',  and  i^ 
ducing,  there  will  result, 

*y/  =  2-v/2a(y  Va?  -/V2a  -  x.dx\ 
and  taking  the  integral  between  the  indicated  limits, 

#y,  =  2  -/S^IXV^  -  -/^  +  i(2a  --  «")!  -  |(2«  -  ^^hl 
hence,  replacing  a  by  its  value,  and  dividing, 

y  ^V  +  »  (2a-^-0^-.(2a-a:0> 

Supposing  the  arc  U>  begin  at  (7,  we  have,  ^ 

«'  =  0, 
and. 
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If  the  entire  aemi-aro  from  C  to  A  he  taken,  these  values  beoome^ 

y#  =  «  (*  -  *)• 

Taking  the  entire  arc  A  C£y  the  curve  will  be  symmetrical  with  res 
pect  to  the  aiis  of  «{  and  therefore, 

y,  =  0; 

henoe,  the  centre  of  graeity  of  the  are  of  Ihe  cycloid^  generated  hy  one 

entire  revolution  of  the  generadng  circle^  ie  on  the  Une  which  dividee 
the  curve  tymmetricaUy^  and  at  a  distance  from  the  summit  of  the  curve 
eigual  to  one-third   of  its  height. 


THE    OENTBB    OF    OBAVITT    OF    SUBFAOBB. 

§  121. — ^Let  £  =  0,  be  the  equation  of  any  surface ;  Z  being  a 
function  of  xyx;  then  will  dxdy,  be  the  projection  of  an  element 
of  this  surface,  whose  co-ordinates  are  xyz^  upon  the  plane  xyi  and 
if  6''  denote  the  angle  which  a  plane  tangent  to  the  sur&ce  at  the 
same  point  makes  with  the  plane  or  y,  the  value  of  the  element  itself 
wiUbe 

dx.dy  ^clUf.  dM.  4jut.A*' 
cosr    ^ 

But  the  angle  which  a  plane 
makes  with  the  co-ordinate 
plane  xy^  is  equal  to  the 
angle  which  the  normal  to 
the  plane  makes  with  the 
axis  9y  and,  therefore, 


oaa6"zz  ± 


dL 

dz 


A  / 


=  d:  —  .    •    (97) 


w 


Ct^l" 
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Mid  henoe,  in  Equations  (92),  omitting  the  double  gign, 

dVs=z  dx*dy*Wf  .... 
onl  those  Equations  become. 


•       h^im'  vf.x.dx.dy 

Xt   SZ  " ■""  '  • 


% 


tf   ^t 


Vi  = 


in  fn 


!iy 


ydx . dy 


8 


tf   ^/ 


•//v."  w.z.dx. 


dy 


in  which, 


•y'  /•*' 


w  being  a  function  of  x^  y,  z. 

U  the  sur&ce  be  plane,  the 
plane  of  xy  may  be  taken  in  the 
surface,  in  which  case, 

w  =  1,  »/ec  tf*. 
«  =  0, 

and  Equations  (99),  and  (100),  be- 
oome. 


.f"^?^ 


«.  = 


_//'£"  dy.xdx 


t 


,t'  -^ 


y.  =  -^ 


r,.r,, 

Jy    J  a     dx. 


ydy 


y  /%•' 


•  • 


(96) 


(99) 


'=  V'=  J'„J'^„v.dx.dy;     ....     (100) 


(101) 


»=y„/„rf«.tfy,     ......     (102) 


in    which   the   integral   is  to  be   taken   first   with  respect  to  y,  and 
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between,  the  limito  y'^  a  Fm"  and  y'  x=  Pm'\  thea  in  respeei  (o  «^ 
between  the  limitB  d/'  =  AF'\  and  x'  =?  JP'.    Henoe 


^Z'  (y"  -  yO . 


jrifs 


r/"(y"*  - 


'^  ■ — I 


*=^f1,W'-^i' 


(108) 


(104) 


y'  and  y'',  denoting  running  db-ordinates,  which  may  be  either  roots 
'  of  the  same  equation,  resulting  from  the  same  value  of  Xy  or  they 
may  belong  to  two  distinct  functions  of  x^  the  value  of  x  being  the 
same  in  each.     For  instance,  if 


F  (xy)  =  0, 

be  the  equation  of  the  curve  n'm"n"m'y  it  is  obvious  that  between 
the  limits  x"  =  A  F"  and  x'  =  A  P\  every  value  of  a;,  as  J  P, 
must  give  two  values  for  y,  viz.:  y"  =  Fm"  and  y'  =i  Fm\     Or  if 


P(«y)  =  0, 
F'  {xy)  =  0, 

be  the  equations  of  two  distinct 
curves  m"»"  and  m'  n',  referred 
to  the  same  origin  A^  then  will 
y"  and  y'  result  from  these 
functions  separately,  when  the 
same  value  is  given  to  a  in 
each. 


Example  1. — Required  the  position  rf  $ke  tentre  of  gravity  of  the 
afta  of  a  triangle. 
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Let  A  B  Cy  he  the  triangle. 
Assume  the  origin  of  eo-ordi- 
nates  at  one  of  the  angles  A, 
and  draw  the  axis  p  parallel  to 
the  opposite  side  BC,  Denote 
the  distance  A  F  by  a/,  and 
suppose, 

U>  be  the  equationA  of  the  sides  A  C  and  A  B^  respectively,  then 
vill 


rr—F 


and, 


y"  -  y'  =  («  -  *)  ^, 


r  (a  —  6)  «*  cif «       ^ 

= ■ n^' 

/^  (a  —  5)  «dj 


«.  = 


—  3«, 


y/  = 


/      (a  —  6)  «  a  9 


whence  we  conclude,  that  the  centre  of  gravity  of  a  triangle  is  on  i^ 
line  drawn  from  any  one  of  the  angles  to  the  middle  of  the  opposite 
sidSy  and  at  a  distance  from  this  angle  equal  to  two^thirds  of  the  lins 
thus  draum. 

Example  2. — Find  the  centre  of  gravity  of  the  area  of  any  polygon. 

From  any  one  of  the  angles  Ji 

as  Ay  of  the  polygon,  draw  lines 
to  all  the  other  angles  except 
those  which  are  adjacent  on  either 
side;  the  polygon  will  thus  be 
iiivided  into  triangles.  Find  by 
the  rule  just  given,  the  centre  of 
gravity  of  each  of  the  triangles; 


A 


^««'V« 


^•^''C^r  c^^^w        *©      *i-<S        /^ 


^ 
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join  any  two  of  these  centres  by  a  right  line,  and  divide  this  line  in 
the  inverse  ratio  of  the  areas  of  the  triangles  to  which  these  centres 
belong;  the  point  of  division  will  be  the  centre  of  gravity  of  these 
two  triangles.  Join,  by  a  straight  line,  this  centre  with  the  centre  of 
gravity  of  a  third  triangle,  and  divide  this  line  in  the  inverse  ratio 
of  the  sum  of  the  areas  of  the  first  two  triangles  and  of  the  third,  thid 
point  of  division  will  be  the  centre  of  gravity  of  the  three  triangles. 
Continue  this  process  till  all  the  triangles  be  embraced  by  it,  and  the 
last  point  of  division  will  be  the  centre  of  gravity  of  the  polygon , 
the  reasons  for  the  rule  being  the  same  as  those  given  for  the  deter- 
mination of  the  centre  of  gravity  of  the  perimeter  of  a  polygon,  it 
being  only  necessary  to  substitute  the  areas  of  the  triangles  for  the 
lengths  of  the  sides. 

Example  3. — Determine  the  position   of  the  centre  of  gravity  of  a 
circular  sector. 

The  centre  of  gravity  of  the  sec- 
tor will  be  on  the  radius  drawn  to 
the  middle  point  of  the  arc,  sinc^  this 
radius  divides  the  sector  symmetri- 
cally. Conceive  the  sector  CABy  to 
be  divided  into  an  indefinite  number 
of  elementary  sectors;  each  one  of 
these  may  be  regarded  as  a  triangle 
whose  centre  of  gravity  is  at  a  dis- 
tance  from   the    centre    C7,   equal    to 

two-thirds  of  the  radius.  If,  therefore,  from  this  centre  an  arc  be 
described  with  a  radius  equal  to  two-thirds  the  radius  of  the  sector, 
this  arc  will  be  the  locus  of  the  centres  of  gravity  of  all  the 
elementary  sectors;  and  for  reasons  already  explained^ the  centre  of 
gravity  of  the  entire  sector  will  be  the  same  as  that  of  the  portion 
of  this  arc  which  is  included  between  the  extreme  radii  of  the  sector. 
Hence,  calling  r  the  radius  of  the  sector,  a  and  c  its  arc  and  chord 
respectively,  and  x^  the  distance  of  the  centre  of  gravity  from  the 
centre  C,  we  have. 


«^y  = 


_ir.ic  _2_ 


*« 


r.c 


a 


y''*^-ot^:sr/^   x-jL^  ^ A^ A-  -^^  i^y- 


/ 
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Hie  centre  of  gravity  of  a  circular  sector  is  therefore  a»  iKt  raXus 
dratofh  to  the  middle  point  of  the  are  of  the  sector^  and  at  a  distance 
from  the  centre  of  curvature  equal  to  two-thirds  of  a  fourth  propor^ 
tional  to  the  arcj  chord  and  radius  of  the  sector. 

Example  4. — Find  the  centre  of  gravity  of  a  circular  segment. 

Assume    the    origin    at   the    centre    (7, 
and  take  the  axis  x  passing  through  the  Jf 

middle   point  of  the    arc,   the    centre    of\ 
grayity  in  question  will  be  on   this  axis, 
and,  therefore, 

y/  -  0. 

Let  A  B  HA  be  the  segment,  and 

« 

the  equation  of  the  circle,,  the  origin  being 
at  the  centre  C,  then  will 


y"  =       Va2-ar», 
y'   =  -  -/o*  -  «a, 

and.  Equations  (103)  and  (104),  /     i  ^/ 


St,  = 


#  being  the  area  of  the  entire  segment.     Denoting  the  chord  AB 
by  c,  we  haye, 

whence, 


and  we  conclude,  that  the  centre  of  gravity  of  a  circular  segment 
is  on  the  radium  dravm  to  the  middle  of  the  arc,  and  at  a  distance 
from  the  centre  equal  to  the  cube  of  the  chotd,  divided  by  twelve 
Hmes  the  area  of  the  segment. 
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Bepladng  the  value  of  «,  and  supposing  «'  to  be  zero,  In  which 
ease  the  segment  becomes  a  semicirde,  we  shall  find, 

4a 

§122. — If  the  sur&ce  be  one  of  revolution,  about  the  axis  »  for 
instance,  it  will  be  symmetrical  with  respect  to  this  axis;  hence, 

y,  =  0;    #,=p; 

and  if  F{xy)  =  0,  be  the  equation  of  a  meridian  section  in  tile 
plane  «y,  then  will  the  area  of  an  elementary  zone  comprised  be> 
tween  two  planes  perpendicular  to  the  axis  of  revolution  be, 

2«'.y.  Vrf«»  +  dy\ 
and  therefore,  Equations    (92), 


x^  =  2«' 


/''y^\A+15-^^ 


•    •    •    • 


=  ^*fl"9'yJ^-^%-^*  .  .  .  . 


(106) 
(106) 


Example  1. — Find 
Vie  position  of  the 
centre  of  gravity  of 
a  right  oonical  eur^ 
face. 

The  equation  of 
the  element  in  the 
plane  xy^  is,  assum- 
ing the  origin  at  the 
vertex. 


y  =  ««; 


beoee^ 


2*r„ax^dx'^l  +a« 
2  ir  I  ft  ax  dx  y^l  +  o* 
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Example  2. — Required  the  post- 
Hon  of  the  centre  of  gravity  <^ 
a  spherical  zone. 

Assuming  the  origin  at  the 
centre,  the  equation  of  the  me* 
ridian  curve  is, 

ya  _  ^a  —  «»; 
whence, 


dr/» 
d^ 


y2' 


•Hi, 


«.  = 


J^- 


axdx 


£"'' 


dx 


x"^  -  g^ 
2  (a:"  -  x') 


x"  +«' 


Hence,  the  centre  of  gravity  of  a  spherical  zone,  is  at  the  middle 
point  of  a  line  joining  the  centres  of  its  circular  bases.  And  in  the 
ease  of  one    base   it  is  only  necessary  to  make  x"  =  a,  which  gives^ 


*/  = 


x'  +  a 


So  that  the  centre  of  gravity  of  a  zone  of  one  ban  is  at  the  middle 
of  the  ver^ne  of  its  meridian  curve, 

THE    CENTRES    OF    GRAyiTT    OF    TOLUHES. 

§  123. — When  it  is  the  question  to  determine  the  centre  of  gravity 
of  the  volume  of  any  body,  we  have 

dV  =  dx.dy.dz^ 


and  Equations  (92)  become, 


X.  = 


Hp  n,    I  n9,dy,dz,d% 

___  Jm     «/y      Jn 
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/•«'     /fcy'      /•«' 

Vt  =  - — ^ — '—y » 

J"  ft'  ft*  ^-dy.dz.dx 

•/  =  i rr » 


4 


and, 


V  z=i  j^„  Jf,  fndy.dz.dx. 


In  "which  the  triple  integral  must  be  extended  to  include  the 
entire  space  embraced  by  the  sur&ce  of  the  body;  this  snrfaoe 
being  given  by  its  equation* 

If  the  volume  be  symmetrical  with  respect  to  any  line,  this  line 
may  be  assumed  as  one  of  the  co-ordinate  axes,  as  that  of  a;;  in 
which  case,  if  X  represent  the  area  of  a  section  perpendicular  to  this 
axis,  and  «,  its  distance  from  the  plane  yzy  then  will  Xdx^  be  an 
elementary  volume  symmetrically  disposed  in  r^ard  to  the  axis  x^ 
and  Equations  (92),  become 

I  f,Xxdx 
'.  =^=^^-f >   • (107) 

y/  =  0, 

z,  =  0, 
and, 

V^JlnXdx (108) 

Hxample  1. — Find  the  position  of  the  centre  of  gravity  of  a  semi^ 
ellipsoid,  the  equation  of  whose  surface  is 

«*        V*         «* 

—  +  —  4-  •—  =  1 

The    semi-axes  of  the  elliptical  section  parallel  to  the  plane  yz,  are. 
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wheQoey 

and»  Equations  (107)  and  (108), 

Xt  =:  ■  =:  -r-  Ji» 

2\     _  8 


X;.Bo(i-^,)a. 


If  the  figure  be  one  of  revolution  about  the  ai^s  of  a?,  then,  denoting 
by 

^(«y)  =  0, (109) 

the  equation  of  the  meridian  section  bj  the  plane  «y,  'will 
and  Equations  (107)  and  (106),  may  be  written. 


^,  *y»«<i« 


«,  =  ^ jr » (110) 

F=  fj,  *y*dx (Ill) 

JExampU  1. — Required  the  position  of  the  centre  of  gravity  ef  a 
paraboloid  of  revolution. 

In  this  case.  Equation  (109), 
whence, 


2*pJ  sfldx       2 
2^ p  J  xdx 


X  s: =  ■—  a. 

'  8 
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SxampU  2. — Required  the  position  of  the  centre  of  gravity  ^  tht 
yfoLume  of  a  spherical  segment. 


JP'(«y)  =  ya  +  «a-.a«  =  0, 


whence, 


r^^r'{a^-»^)dx 


( 


er. 


*'  ""  4K  L»"(3a»  -  «"2)  _a.'  (8a»  -  «'»)J' 
and  for  a  segment  of  one  base,  z''  =  a, 

If  the  volume  have  a  plane  face,  and  be  of  such  figure  that  the 
areas  of  all  sections  parallel  to  this  face,  are  connected  by  any  law 
of  their  distances  from  it,  the  position  of  the  centre  of  gravity,  may 
also  be  found  by  the  method  of  single  integrals. 

A 
Example  1. — Find  the  centre  of  gravity  of  any  pyramidl 

Find  by  the  method  explained,  the  centre  of  gravity  of  the  base 
of  the  pyramid,  and  join  this  point  with  the  vertex  by  a  straight  line. 
All  sections  parallel  to  the  base  are  similar  to  it,  and  will  be  pierced 
by  this  line  in  homologous  points  and  therefore  in  their  centres  of 
gravity.  Each  section  being  supposed  indefinitely  thin,  and  its  weight 
acting  at  its  centre  of  gravity,  the  centre  of  gravity  of  the  entire 
pyramid  will,  §94,  be  found  somewhere  on  the  same  line. 

Take  the  origin  at  the  vertex,  draw  the  axis  x  perpendicular  to 
the  plane  of  the   base,   and    the    plane  xy   through  its   centre  of 
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gravity;  and  let  X  represent  any  section  parallel  to  the  Vaspi  t|l9P 
will  Equations  (92)  become, 

J„Xxdx 


«/  = 


y/  = 


f^nXydx 
V       ' 
*,  =  0, 


and, 


r  =  r',  Zdx. 


Bepresent  by  A  the  base  of  the  pyramid,  e  its  altitude,  and  let 

y  =  ««• 

be  the  equation  of  the  line  joining  the  vertex  and  centre  of  gravity 
of  the  base. 
Then, 


and  for  any  frustum, 


4A 

«*•/• 


=/; 


a^dx 


*Ax^dx 


X,  = 


'  "^  A  r' 


x^dx 


_   3^  (x"^  -  x'^\ 
4  \c"3  —  tf'sy  » 


y/  = 


/^ 


^dx 


A  /•«' 


and  for  the  entire  pyramid,  make  x"  =  c,  and  x^  =  0,  wUch  give 


8 


X,  =|c, 

y/  =  f««; 
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iirUenee  we  conclude  that  the  centre  of  gravity  of  a  pyramid  i$  an 
the  line  drawn  from  the  vertex  to  the  centre  of  gravity  of  the  haae^ 
and  at  a  distance  from  the '  vertex  equal  to  three  fourths  of  (he  length 
of  this  line. 

The  same  rule  obviously  applies  to  a  cone,  since  the  result  ia 
independent  of  the  figure  of  the  base. 

The  weight  of  a  body  always  acting  at  its  centre  of  gravity,  and 
in  a  vertical  direction,  it  follows,  that  if  the  body  be  freely  sus- 
pended in  succession  from  any  two  of  its  points  by  a  perfectly 
flexible  thread,  and  the  directions  of  this  thread,  when  the  body  is 
in  equilibrio,  be  produced,  they  will  intersect  at  the  centre  of  gravity^ 
and  hence  it  will  only  be  necessary,  in  any  particular  case,  to  deter- 
mine this  point  of  intersection,  to  find,  experimentally,  the  centre 
of  gravity  of  a  body. 

THE  GENTBOBABYO  METHOD. 

§  124.— Resuming  the  second  of  Equations  (95)  and  (103),  whidi 
are^ 

f:,ydx^i+^ 


Vi  = 


in  which 


and 


=/^''^*\A^' 


y,  =  — : . 


in  which 


clearing   the  fractions    and  mullipljing  both   members    by    2  tt,    we 
shall  hare, 

2*.y,»z=  J''„2*v   y/dafl  +  Jp,      •    •    •    (112> 
2*y,«  =  ^*(y"*-y'»)«/«    ....    (US) 
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Hie  second  member  of  Equation  (112)  is  the  area  of  a  surface 
generated  bj  the  revolution  of  a  plane  curve,  whose  extremities 
are  given  hj  the  ordinates  answering  to  the  abscisses  x'  and  x'\ 
about  the  axis  x.  In  the  first  member,  8  is  the  entire  length  of 
this  arc,  and  2*y^  is  the  circumference  generated  bj  its  centre  of 
gravity.  Hence,  we  have  this  simple  rule  for  finding  the  area  of  a 
figure  of    revolution,  viz. : 

Multiply  Ike  lengtJi  of  the  generating'  curve  by  the  circumference 
described  by  its  centre  of  gravity  about  the  axis  of  rotation;  the 
product  will  be   the  required  surface. 

The  second  member  of  Equation  (113)  is  the  volilme  generated 
bj  a  plane  area,  bounded  by  two  branches  of  the  same  curve  or 
by  two  different  curves,  and  the  ordinates  answering  to  the  abscisses 
x'  and  a^\  about  the  axis  x.  s,  in  the  first  member,  is  the  generating 
area,  and  2^y^  the  circumference  described  by  its  centre  of  gravity. 
Hence,  this  rule  for  finding  the  volume  of  any  figure  of  revolution,  viz. : 

Multiply  the  generating  area  by  the  circumference  described  by  its 
centre  of  gravity  about  the  axis  of  rotation ;  the  product  toiU  be  the 
volume  sought 

I. 
I 

Example  \,— -Required  the  measure  of  the  surface  of  a  right  cone. 

Let  the  ccme  be  generated  by  the 
rotation  of  the  line  A  B  about  the  » 

line  A  (7.     Hie  centre  of  gravity  of  ^ 

the  generatrix  is  at  its  middle  point   .  "^ 


O,  and  therefore,  the  radius  of  the 
circle  described  by  it  will  be  one- 
half  of  the  radius  -CB,  of  the  circu- 
lar base  of  the  cone.      Hence, 

^^y^.s^z^^.-^-^i^^'^BCAB.  \     i 


Example  2. — Find  the  volume  of  the  cone. 

The  area  of  the  generatrix  ABC^  is  i  BO.AC\  and  the  radius 
of  the  circle  described  by  its  centre  of  gravity  is  \BC,    Hence, 

o                1     «/7  BC.AC           BC^.AC 
2^y,9^\*BC 5 =^r . 
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OQEErrRB    or   CniSTZA. 

§125. — ^Wfaen  the  elementaiy  masses  of  a  body  exert  their  forces 
of  inertia  simultaneously  and  in  parallel  directions,  they  must  expe> 
rienoe  equal  accelerations  or  retardations  in  the  same  time,  and  tho 
fiictor 

dh 

in  the  measures  of  these  forces,  as  given  in  Equation  (13),  must  be 
the  same  for  all.  Substituting  these  measures  ibr  P',  jP'^,  dcc^  in 
Equations  (62),  we  find, 


X    = 


y  = 


9    = 


d^8 

IF 


'Xmt/ 


d^ 


2m 


Zmy' 


IF 

d^8 
d(^ 


2m 


•  2mir' 


2mx^^ 


^^^y. 


2m 


f    > 


d^s 
dt^ 


2m 


2mg^ 

2m 


(lU) 


Whence,  Equations  (88),  the  centre  of  inertia  coincides  with  the 
centre  of  gravity  when  the  force  of  gravity  is  constant,  both  being  at  the 
centre  of  mass.  In  strictness,  however,  the  centre  of  gravity  is 
always  below  the  centre  of  inertia;  for  when  the  variation  in  the 
force  of  gravity,  arising  from  change  of  distance,  is  taken  into 
account,  the  lower  of  two  equal  masses  will  be  £)und  the  heavier. 
And  in  bodies  whose  linear  dimensions  bear  some  appreciable  propor- 
tion to  their  distances  from  the  centre  of  attraction,  the  distance 
between  these  centres  becomes  serisible,  and  gives  rise  to  some  carious 
phenomena. 
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lit 


ICOmOK    OF   THE    OENTBE  OF    IKEBnA. 


§  126. — Substitute  in  Equations  (^),the  values  ot  cPxj  tPff^  and  il*% 

given  by  Equations  (34),  and  we  have,  because  di  is  constant,  and 
iPx^y  d^tf,  and  d^z^^  will  each  be  a  common  &ctor  for  all  the  elemen- 
tary nuisses,  \^     ^'^ 


2Pco8«- J/'.-^  ^^.2m.d*x'  =  0, 


2^ 

dfi 


^>h:. 


in  1 


XFcosr^M.^ 


dt^ 


ILm.d^sf  s=  0. 


m.  which  M^  denotes  the  entire  mass  of  the  bodj,  being  equal  to  2  i9ik 
Denote  by  x^  y,  z,  the  co-ordinates  of  the  centre  of  inertia  referred 
U>  tke  movable  origin,  then.  Equations  (114), 


and  difierentiating  twice, 


M.x 

=z  2  mis', 

M.y 

=  2:myV 

M.H 

=  ^mz\ 

If.d^=z 

2  m .  d^x%  ' 

M.d^  = 

^m,dh^y 

M.dh  = 

lm.dh\ 

(115) 


which  substituted  in  the  preceding  Equations,  give. 


2P»oo8a  — 


d^x 
dfl 


2P.cos)8  — Jf. 


di^ 
d^z, 


-Jf 


-  Jf 


d^x 
IF 

<Py 
d^ 

d^z 


=  0, 


=  0, 


>     • 


2P.00S  y  -  if. -j^  -  Jf . -jy  =  0, 


dfi 


dfi 


("«) 
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and  if  the  movable  origin  be  taken  at  the  centre  of  inertia,   thea 
xviU, 

and  «^,  y^,  0^,  will  become  the  00-ordinates  of  the  centre  of  inertia 
re&med  to  the  fixed  origin,  and  we  ha^e, 

JP.cosa-Jf--^  =  0, 


2P.cosj8- Jf.^  =  0, 
JP.cosy- Jf.^  =0; 


(ill) 


Equations  which  are  wholly  independent  of  the  relatiye  positiona 
of  the  elementary  masses  m',  m"  &g.,  since  their  co-ordinates  d/,  y\ 
s',  &C.,  do  not  enter.  It  will  also  be  observed  that  the  resbtance  of 
inertia  is  the  same  as  that  of  an  equal  mass  concentrated  at  the 
body^s  centre  of  inertia.    Llx,    &^(J^'  ^   ^'(^^)' 

Whence  we  conclude,  that  when  a  body  is  subjected  to  the  action 
of  any  system  of  extraneous  forces,  the  motion  of  its  centre  of  inertia 
will  be  the  same  as  though  the  entire  mass  were  concentrated  into 
that  point,  and  the  forces  applied  without  change  of  intensity  and 
direction,  directly  to  it 

This  is  an  important  fact,  and  shows  that  in  discussing  the  motion 
of  translation  of  bodies,  we  may  confine  our  attention  to  the  motion 
of  their  centres  of  inertia  regarded  as  material  points. 


SOTATION  ABO^UND  THE  OENTBE  OF  IKEBTIA. 

§  127. — Now,  retaining  the  morable  origin  at  the  centre  of  inertia^ 
anbstitute  in  Equations  (J$),  the  values  of  tPx^  tPy^  and  dh^  as  giv^ 
by  Equations  (34),  and  reduce  by  the  relations, 

jlf.y  =  2m.y'  =  0, 
J|f.«  =  2:w.ar'=0; 


.>.-<.c-     ( /^ 


( 


<.y^/ 


^*c^ 


J^  ^i/       ^^«^ 


y^t:^ 
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and  we  have, 


'  ■  •  z' 


(118) 


from  which  all  traces  of  the  position  of  the  centre  of  inertia  have 
disappeared,  and  from  which  we  infer  that  when  a  free  body  is  acted 
upon  by  any  system  of  forces,  the  body  will  rotate  about  its  centre 
of  inertia  exactly  the  ^same  whether  that  centre  be  at  rest  or  in 
motion. 

§128. — And  we  are  to  conclude,  Equations  (117)  and  (118),  that 
when  a  body  is  subjected  to  the  action  of  one  or  more  forces,  it  will 
In  general,  take  up  two  motions-^ne  ofs  translation,  and  one  of  rota* 
tion,  each  being  perfectly  independent  of  the  other. 

§  129.— Multiply  the  first  of  Equations  (117),  by  y, ,  the  second  by 
x^y  and  subtract  the  first  product  from  the  second;  also,  the  first  by 
z^ ,  the  third  by  x, ,  and  subtract  the  second  of  these  products  from 
the  first;  also  the  third  by  y, ,  and  the  second  by  0^,  and  subtract 
(he  second  of  these  products  from  the  first,  and  we  haye, 

X{Pcosfi).x,-X{Pcosa).y-Jf.  @.«,  -  ^.y,)  =  0, 


S(Poo8y).y,-2(Po()8/3).z-if.  (^.y,_^.«,)  =0; 


(119) 


Equations  fh>m  which  may  be  found  the  circumstances  of  mo^oa  ^/[rivoU 


of  motion  ^/[; 
^  the  centre  of  inertia  about  the  fixed  origin* 
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uanos  OF  tbanslatiok. 


§130. — Regarding  the  forces  as  applied  directlv  to  the  centre  of 
inertia,  replace  in  Equations  (117),  the  values  2  P.  cos  a,  2  P.  cos  ^^^ 
and  2  P .  cos  7^,  by  X,  F,  and  Z,  respectively,  and  we  may  vrrite, 


(120> 


from  which  tiie  aoc^ts  are  omitted,  and  in  which  ir,  y,  and  z,  most 
be  understood  as  appertaining  to  the  centre  of  inertia. 


GENERAL    TEODOKEH    OF    WOBK^    VELOOCTT    AlTD    LIVIirO    FOBOE. 

§  181.— Multiply  ihe  first  of  Equations  (120)  by  ^dx^  the  second 
by  2(fy,  t^e  third  by  2(if,  add  and  integrate,  we  have 

2f{Xdx  +  Tdy  +  Zdz)  -  if.  "^"^  "^  ^^  "*"  ^^^   +  (?  =  0. 


But, 

.  dx^  +  dy^  +  d^         d^ 


=  J^; 


whence, 

2f(Xdx  +  Frfy  +  Zrf^)  -  Jf.  Fa  +  C  =  0  ".    •    (121) 

The  first  term  is,  §  101,  twice  the  quantity  of  work  of  the  ex- 
traneous forces,  the^  second  is  twice  the  quantity  of  work  ^of  the 
inertia,  measured  by  the  living  force,  and  the  third  is  the  constant 
of  integration.  ^ 

If  the  forces  X,  F*,  Z,  be  variable,  they  must  be  expressed  in 
functions  ^f^,   y,   «,    before    the    integration     can    be    perfoiraed 


-^~ 


/58€  ^S^fW»^ 
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Supposing  this  latter  condition  fulfilled,  and  that  the  forms  of  the 
functions  are  such  as  make  the  integration  possible,  we  may  write, 

F{xyz)'-iM.V^  +  O'=z0,     ....    (122) 

wnd  between  the  limits  x,  y,  g,  and  x/  y/  z/ , 

F{x/  y/  V)  -F{x,y,  z,)  =  J  Jf  (F'«  -  F/)  .    .  (123) 

whence  we  conclude,  that  the  quantity  of  work  expended  by  the 
extraneous  forces  impressed  upon  a  body  during  its  passage  from  one 
position  to  another,  is  equal  to  half  the  difference  of  the  living  forces 
of  the  body  at  these  two  positions. 

We  also  see,  from  Equation  (123),  that  whenever  the  body 
returns  to  any  position  it  may  have  occupied  before,  its  velocity  will 
be  the  same  as  it  was  previously  at  that  place.  Also,  that  the 
velocity,  at  aay  point,  is  whoUy  independent  of  the  pa^  described. 

If 

Xdx  +  Tdy  +  Zdz  =  0, 

the  extraneous  forces  will,  §101,  be  in  equilibrio,  and 


that   is,  the    velocity  will  be    constant,  and    the    motion,  therefore, 
imifbrm. 

§  132. — Again,  multiply  the  first  of  Equations  (118)  by  <^9,  the  sec- 
ond by  <f  ^,  the  third  by  dzi'y  add  and  reduce  by  the  relations  given 
in  Equations  (38):   we  find 

zPctmadx'+J:Peosfidy'+xPcoBYdg'=zm^--j^—  +  ^-^ 

int^rating  and  replacing  the  first  member  by  its  equal  in  Equation 
(68),  we  have 

^  •    f\f     /)    ©enoiing  the  lever  arm  of  R  by  K^  the  velocity  of  the  molecule  m  m 
v»-CSt^&iK.  ^J^f^^rence  to  the  centre  of  inertia  by  v,  Ac,  and  the  arc  described  bv  a 


^    -^  f     '^      6^<-^        A«>l/^.       VVO     Vo-^Ttfervw   "Tit.    ^W*-   Oxk 
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point  111  tho  pjftne  ot  the  rt^ultaiit  Ttana  of  it»  lever  Hrm/at  tuu  ynita  '      /^ 

distance  from  tbo  centre  of  inertia,  by  «„  we  have  a      ytr/jj^L 

whence 

Adding  this  to  Equation  (121),  there  will  result 

lJ\Xdx  +  Ydy  +  Zdz)  +  2j^E.JC.ds,  =  M  V^+lmv*+C  (121)' 

From  which  if  is  apparent  that  the  quantity  of  work  impressed  upon 
a  body,  or  the  living  force  wiUi  which  it  will  move,  is  dependent  not 


only  upon  the  intensity  ot*  the  force,  but  aisougon  the  distance  of  its 
line  of  direction  from  the  centre  of  inertia. (^|jL«  J     1       ^ 

§  133. — If  Etjiiation  (121)  bo  applied  to  each  one  of  a  collection  of 
elements  of  which  the  masses  are  t//,  m\  &c,.  there  will  be  as  many 
equations  as  elements;  and  if  the  velocities  of  those  elements  be  de- 
noted by  I',  u\  <!bc ,  we  have,  by  addition, 

2lJ\Xdx-\'rdij-\'Zdz)=:lmv'^C     .     .     (121)" 

Let  the  extraneous  forces  be  only  those  arising  from  the  mutual  actions 
and  reactions  uf  the  elements  upon  one  another.  If  the  elements  m 
and  m'  be  separated  by  the  distance  r,  and  their  co-ordinates  he  xyz 
and  x'y'z',  respectively,  then,  the  reciprocal  action  being  along  r,  will 

008  a  = ;  cos  p  = ;         cos  y  = 

r  r  ' 

a?  —  a?'  _  y  —  y' 

cos  a  = ;     cos  j3'  =  —  - — ~ ;     cos  y'  =  -— 

r  r 

And  for  the  element  m  we  have 

Xdx+  Tdy  +  Zdz  =  P  li^dx  +  ^^^dy  +  '-^dz\ ; 
for  the  element  m^, 

Xdx'+rdy+Z'd/=  •^P^^JZ^dx'  +  ^--^ 
and  by  addition, 

refa»+rrfy+Z(/»+Jrtf»'+rrfy'+rc/«'=-[(«-0?')rf(«-«'H-(y-y')rf(y-y')+(*-O<' (•-•')]. 


J 
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and  differentiatiiig, 

M>   that  the  second  member  above   reduces  to  Pdr;    and   Equailor 
(121)"  to  2Syi><£r  =  Smv*-C     .....    (121)'" 

If  the  elements  be  invariably  connected  during  ihe  motion,  the  diffef« 
eBtials  of  r  will  be  zero,  and 

This  is  called  the  conservation  of  living  force. 


STABLE  AND    17N8TABLE   EQUILIBKIUM. 

g  134.— Resuming  fixation  (123),  omitting  the  subscript  accents, 
and  bearing  in  mind  that  the  co-ordinates  refer  to  th&  centre  of 
inertia,  into  which  we  may  suppose  for  simplification  the  body  to  be 
concentrated,  we  may  write, 

iJf  F'a  -  \MV^  =  F{x'y'zri  -  F{xyz\ 

in  which 

F{xyz)  =  f{Xdx  +  Tdy  +  Zdz\ 

and 

dF{xyz)  ^  Xdx  +  Tdy  +  Zdz.  4 

Now,  if  the  limits  «'y'«'  and  xyz  be  taken  very  near  to  each 
other,  then  will 

«'==«  +  dx\    y'  z=:  y  +  rfy;     «'  =  «  +  rfz; 

which  substituted  above,  give 

^MV^  --iMV^  =zF{x  +  dx,  y  +  dy,z  +  dz)  -  F{xyz\ 

and  developing  by  Taylor's  theorem, 

'  Adx  +  Bdy  +  CdX 
+  A'dx*  +  B'dy^  +  &c.  +  D, 

in   which  D  denotes    the  sum   of   the    terras    involving    the  higher 
powers  of  dx,  dy  and  dz. 


Jjf  pa_  jjlf  73  ==| 


\ 
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If  \JI£V^  he  a  maximum  or  minimum,  then  will 

Adx  +  Bdy  +  Cdz  z=0; (128)' 

and  since 

Adz  +  Bdy  +  Cdz  =  dF{xyz)  =  Xdx  +  Tdy  +  Zdg^ 

we  have, 

Xdx  +  Ydy  +  Zdz  =  Of 

But  when  this  condition  is  fulfilled,  the  forces  will.  Equation  (69), 
be  in  equilibrio ;  and  we  therefore  conclude  that  whenever  a  body 
whose  centre  of  inertia  is  acted  upon  by  forced  not  in  equilibrio, 
reaches  a  position  in  which  the  living  force  or  the  quantity  of 
work  is  a  maximum  or  minimum,  these  forces  will  be  in  equilibrio. 

And,  reciprocally,  it  may  be  said,  in  general^  that  when  the  forces 
are  in  equilibrio,  the  body  has  a  position  such  that  the  quantity  of 
action  will  be  a  maximum  or  minimum,  though  this  is  not  always 
true,  since  the  function  is  not  necessarily  either  a  maximum  or  a 
minimum  when  its  first  differential  co-efiicient  is  zero. 

§  135. — Equation  (123)' ,  being  satisfied,  we  have 

JJIf  r'2  .-  |.J|f  F«  =  ±  (A'dx^  +  B'dy^  +  <Sk5.  +  i>)  .  .  •  (124) 

The  upper  sign  answers  to  the  case  of  a  minimum,  and  the  lower 
t(^a  maximum. 

Now,  if  F  be  very  small,  and  at  the  same   time  a  maximum,   IT 
must  also  be  very  small  and  less  than  F,  in  order  that  the  second 
member  may  be  negative ;  whence  it  appears  that  whenever  the  system 
arrives  at  a  position  in  which  the  living  force  or  quantity  of  work  is 
a  maximum  and  the   system   in  a  state  bordering  on  rest,  it  cannot 
depart   far  from  this  position  if  subjected  alone  to  the  forces  which 
brought  it  there.    This  position,  which  we  have  seen  is  one  of  equi- 
Jibrium,  is  called  j&  position  of  itable  equilibrium.    In  fact,  the  quantity 
of  work  '  immediately  svceeeding  the  position  in   question  becoming  I  /^^j^^^ 
negative,  shows  that  the  projection  of  the  virtual  velocity  is  negative,  I 
and  therefore  that  it  is  described  in  opposition  to  the  resultant  of  the  j  ^  ^ 
ibrces,  which,  as  soon  as  it  overcomes  the  living  force  already  existing,  i  \^^       ^ 
will  cause  the  body  to  retrace  its  course.  . 
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g  130, — If,  on  the  contrary,  the  body  reach  a  position  in  which  the 
quantity  of  work  is  a  minimum,  the  upper  sign  in  Equation  (1*24) 
must  be  taken,  the  second  member  will  always  be  positive  and  there 
will  be  no  limit  to  the  increase  of  V.  The  body  may  therefore 
depart  further  and  further  from  this  position,  however  small  V  may  be ; 
and  hence,  this  is  called  a  position  of  unstable  equilibrium, 

gl37. — If  the  entire  second  member  of  Equation  (124),  be  zero, 
then  will, 

and  there  will  be  neither  increase  nor  diminution  of  quantity  of  work, 
and  whatever  position  the  body  occupies  the  forces  will  be  in  equili- 
brio.    This  is  called  equUibrixim  of  indifference, 

» 

§  188. — If  the  system  consist  of  the  union  of  several  bodies  acted 
upon  only  by  t^e  force  of  gravity,  the  forces  become  the  weights 
of  the  bodies  which,  being  proportional  to  their  masses,  will  be  con- 
stant. Denoting  these  weights  by  W\  W'\  W"\  &c.,  and  assum* 
ing  the  axis  of  z  vertical,  we  have  from  Equations  (^),  f^l  (nr^Q. 

Bz^z:zW'z'  +  W"z''  +  W'z"'  +  &a,  dp^U^y^i 

in  which  22,  is  the  weight  of  the  entire  system,  and  z,  the  oo-ordl*  ^f^£^^^x^ 
nate  of  its  centre  o'f  gravity;  and  diiTerentiating,  frXfS-  C 

Bdz,  =  W'dz"  +  Wdz"  +  W'dz'"  +  &c   .    .    .    (125) 

Now,  if  Zf  be  a  maximum  or  minimum,  then  will 

W'dz'  +  Wdz"  +  TF'"(f/''  +  &c.  =  0, 

which  is  the  condition  of  equilibrium  of  the  weights.  Whence,  wo 
conclude  that  when  the  centre  of  gravity  of  the  system  is  at  the 
highest  or  lowest  point,  the  system  will  be  in  equilibrio. 

In  ordei   that  the  virtual  moment  of  a  weight  may  be  positive,! 
vertical  distances,  when  estimated  downwards,  must  be  regarded  as  I 
positive.     This  will  make  the  second  differential   of  2r^,  positive  at 
the  limit  of  the  highest,    and  negative  at  the  limit  of  the  lowest 
point.     The  equilibrium  will,  therefore,  be  stable  when  the  centre  iff 
gravity  is  at  the  lowest,  and  unstable  when  at  the  highest  point. 


^t^ 


c.<«*^ 
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Integrating    Equation    (125),    between    the    limits    z^  =  E^    and 
«,  =  H\  z*  =  A^  and  «'  =  A',  &c.,  and  we  find, 

.      R{H,  -  W)  =  IF' (A,  -  A')  +  IF"  (A,,  ~  A")  +  &a ;  •  (126) 

from  which  we  see  that  the  work  of  the  entire  weight  of  the  systeni^ 
acting  at  its  centre  of  gravity,  is  equal  to  the  sum  of  the  quantities 
of  work  of  the  component  weights,  which  descends  diminished  by  the 
sum  of  the  quantities  of  work  of  those  which  ascend. 


a^^iL 


mmAL  coNDinojfs,  diwot  and  interse  peobusm. 

§  139. — By  integrating  each  of  Equations  (120)  tw^ice,  we  obtain 
three  equations  involving  four  variables,  viz.  \  x^  y^  z  and  U  By 
eliminating  f,  there  will  result  two  equations  between  the  variables 
x^  y  and  z^  which  will  be  the  equations  of  the  path  described  by 
the  centre  of  inertia  of  the  body. 

§  140. — In  the  course  of  integration,  six  arbitrary  constants  wiU 
be  introduced,  whose  values  are  determined  bv  ^e  iniUal  circum- 
stances of  the  motion.  ^  Zke  term  initial^  m  ^miuJC  the  epoch 
from   which  t  is  estimated. 

The  initial  elements  are,  1st.  The  three  co-ordinates  which  give 
the  position  of  the  centre  of  inertia  at  the  epoch;  and  2d.  Hie 
component  velocities  in  the  direction  of  the  three  axes  at  the  same 
instant. 

^The  general    integrals  determine    the    nature    only,  and  not  the 
dimensions  of  the  path. 

§  141. — Now  two  distinct  propositions  may  arise.  Either  it  may 
be  required  to  find  the  path  from  given  initial  conditions,  or  to 
find  the  initial  conditions  necessary   to  describe  a  given  path. 

In  the  first  case,  by  integrating  Eqs.  (120)  twice,  we  obtain  six  equa- 

dx      du      dz 
tions  in  «,  y,  z,  f,  the  component  velocities,  — ,     -j- ,     — ,  and  six  arbi- 

trary  constants  of  integration.     Making  in  these  equations   ^  =  0,   and 
substituting  for   the  co-ordinates   and  component  velocities  their  initial 
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values,  the  constants  become  known.  These,  in  the  three  equations 
obtained  from  last  integration,  give  three  equations  in  a;,  y,  z  and  ^,  from 
which,  if  i  be  eliminated,  two  equations  in  «,  y  and  Zy  will  result  These  will 
be  the  equations  of  the  path,  and  the  problem  will  be  completely  solved. 
In  the  second  case,  the  two  equations  of  the  path  being  differentiated 
twice  and  divided  each  time  by  dt^  give  only  four  equations  involving 
thrte  first,  and  ihrte  second  difierentlal  co-efficients.  The  inverse  problem 
is,  therefore,  indeterminate. 

But  Equation  (121)  being  differentiated  and  divided  by  the  dif- 
ferential of  one  of  the  variables,  say  dx^  gives 

lj|f.^=:X+  r.^  + Z^    ....     (127) 
*         dx  dx  dx  ^       ' 

which  is  a  fiflh  equation  involving  X^  T^  Z,  and  F.  By  assuming 
a  value  for  any  one^  of  (Stes^  four  quantities,  or  any  condition  con* 
necting  them,  the  other    five    may  be  fi)und  in  terms  of  x,  y  and  «. 

vebhoal  MonoN  of  heavy  bodies. 

§  142. — When  a  body  is  abandoned  to  itself,  it  ^Is  toward  the 
earth's  surface.  To  find  the  circumstances  of  motion,  resume  Equa- 
tions (120),  in  which  the  only  force  acting,  neglecting  the  resistance 
of  the  air,  will  be  the   weight    =  Mg  \    and  we  shall  have,  Equa* 

tions  (117), 

2  P  cos  a  =  X  =  Mg .  cos  a ; 

2  P  cos  i8  =  F  =  JIfy .  cos/S ; 

2  P  cos  y  =  Z  =  Mg .  cos  y ; 

in  which  M  denotes  the  mass  of 
the  body.  The  force  of  gravity 
varies  inversely  as  the  square  of 
the  distance  ffom  the  centre  of 
the  earth,  but  within  moderate 
limits  may  be  considered  invaria- 
ble. The  weight  will  therefore  be 
constant  during  the  j&U. 

Take  the  co-ordinate  /  vertical, 
a&d  positive  when  estimated  downwards,  then  will 

cos  a  =  0  ;     cos  jS  =  0 ;     cos  y  =  1, 
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and  Equationfl  (120)  become,  after  omitting  the  common  fiiotor^J^ 


df^        "'     dt^        ^'     di»  ""^' 


and  integrating^ 


dx  dy 

dt        •*  dt         f' 


dz 

—  =  V  =  y<  +  t«^ (128) 

in  which  v  is  the  actual  velocity  in  a  vertical  direction. 
Making  /  =  0,  we  have 

dz 

-7-  =   «  • 

dt         « 

The  constants  u  ,  u    and  u  ,   are    the    initial    velocities    in    the 

directions   of  the   axes  x,  y  and  z,  respectively.    Supposing  the  first 
two  zero,  and  omitting  the  subscript  ^r,  from  the  third,  we  have, 

dx       ^     dy       . 

—  0  •    — ^  —  0- 

dt^^'    dt  "^^ 

dt 
v=j'^^fft  +  u (129) 

Integrating  again,  we  find 

x=z  C;    y  =  0", 
g  =  ifffi  +  ut+  C\ 

and  if  when   f  =:  0,  the  body  be  on  the  axis  z^  and  at  a  distanoe 
below  the  origin  equal  to  a,  then  will 

«  =  0 ;    y  =  0 ; 
z^\g^  ^  ut  +  a (130) 

If  the  body  had  been  moving  upwards  at  the  epoch,  then  would 
tt  have  been  negati<re,  and.  Equations  (129)  and  (130), 

v=y/  —  « (1^1) 

«  =  Jy<2  —  t*/  + a (132) 


I 
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If  the  bodjr  had  moved  from  rent  tt  the  epoch  and  ih>m  the 
origin  of  oo-ordinates,  then  would  v  he  the  actual  velocitj  generated 
by  the  body's  weight,  and  z  =  h^  the  actual  space  described  in  the 
tame  i;  and  Equations  (129)  and  (130)  would  become, 

v=^< (133) 

h^^ipi' (134) 

and  eliminating  (, 

V  =  VTTX ' .    .     (135) 

• 

whence,  we  see  that  the  velocity  varies  as  the  time  in  which  it  is 
generated;  that  the  height  &llen  through  varies  as  the  square  of  the 
time  of  fall;  and  that  die  velocity  varies  directly  as  the  square  root 
of  the  height. 

The  value  of  A,  is  called  the  height  due  to  the  velocity  v ;  and 
the  value    v,  is  called  the  velocity  due  to  the  height  h. 

If,  in  Equation  (132),  we  suppose  a  =  0,  we  shall  have  the  case 
of  a  body  thrown  vertically  upwards  with  a  velocity  «,  from  the 
origin,  and  we  may  write, 

V  =  gt  ^  u^     .    .    .    ,    .    .    ^      (136) 
z  =  ifffl  —  tt/; (137) 

when  the  body  has  readied  its  highest  point,  v  will  be  zero,  and  we 
find, 

or, 

which  is  the  time  of  ascent;  and  this  value  of  /,  in  Equation  (137), 
will  give  the  greatest  height,  4  =  is,  to  which  the  body  will  attain, 

§143. — ^In  the  preceding  discussion,  no  account  is  taken  of  the 

jitmo^heric  resbtance.     For  the  same  body,  this  resistance  varies  as 

0 
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the  square  of  the  velocity,  so  that  if  k,  denote  the  velocity  when  the 
resistance  becomes  equal  to  the  body's  weight,  then  will 


be  the  resistance  when  the  velocity  is  v,  and  in  Equations  (117)^  we 
shall  have, 

2  P  cos  a  =:  JT  =  Jfp  cos  a  +  Mp  •  tj-  •  cos  a', 
2Pco8i8=  r=:  i/'^cosi8  + Jf^.— .cosj8', 
2 P COS y  =  Z  =  Mg  cos 7  +  Mp  '  ^'  cosy'] 

taking  the  coK>rdinate  «,  vertical  and  positive  downward,  then  will, 

cos  a  =  cos  n'  =  0, 
cos/3  =  cos/3'=  0, 
cos7  =  l,    oosy'=— 1; 

and  Equations  (120)  give, 

Omitting  the  common  factor  Jf,  and  replacing  -^-^  by  its  value  -r- « 

dv  /,       v*\ 

whence, 

Integrating  and  supposing  the  initial  velocity  zero, 

^<  =  i*.log   ^±^ (140) 
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wiiich  gives  the  time  in  terms  of  the  velocity;  or  reciprocallji 


■^^  = «     * (141) 


A- V 


in   which  «,  is  the  base  of  the   Naperian  system  of  logarithms,  and 
from  which  we  find, 


v  =  :Lr :: — ^ (142) 


^  which  gives  the  velocity  in  terms  of  the  time.     Substituting  for  v, 

it.  viae  ^     minting  and  supposing  the  initid  space  «ro,  w« 


have 


Multiplying  Equation  (189)  by  ^ 

'  dt 


Tt='^ 


we  have, 


/U*C«EL. 


aad  integrating,  observing  the  initial  conditions  as  above,  /r  -  ^  *'*/*>  >r  V    ^ 

.  =  ?,•>»«  ^ .- (laf^'-^V 

which  gives  the  relation  between  the  space  and  velodty. 


^Ah  the  time  increases,  the  quantity  e    ^   beeomes  less  and  less, 

•  

and  the.  velocity.   Equation   (142),  becomes    more    nearly  uniform ; 
for,  if  I  be  infinite,  then  will 

r  *  =  0, 

and.  Equation  (142), 

making  the  resistance  of  the  air  equal  to  the  body^s  weight 
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§144.-*<^If  the  body  had  been  moving  upwards  with  a  TeloGtt|^ 
Vf  then,  taking  g  positiTe  upwards,  would,  Equations  (120), 

sabstitnting  7*    for  -^^'  cmd  omitting  the  common  iaolor,  we  find, 

integrating, 

tan    --=^L.+  C; 


and  supposing  the  initial  velodty  equal  to  a,  we  find  ^  ^ 


(/Stan    -^  Vf       \* 


and,  \[^^ 

tan— =  tan—  — ^ (146) 

Taking  the  tangent  of  both  members  and  reducing,  we  find 

a  —  *.tan^ 

♦  =1* 1 (147) 

at  ^ 

h  +  ctan^- 
k 

which  may  be  put  under  the  form, 

^  ^  *         ^  Substituting  for  if  its  value  -j-j    integrating,   and   supposing   the 
Ji-'^'  Initial  space  zero,  we  have 

\.'f^^r4  .  =  ^.lcc(^..tof +  ».|) (14.) 
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Multiplying  Equation  (145),  by  i(  d  ^  />  /  f 

and  w«  U««,  ^  "^^  '^   ,        .^  /  . 

and  integrating,  with  the  same  initial  conditions  of  v  being  equal  to 
a,  when  g  is  zero,  there  will  result, 

'^^-'^IflT^ (*'^> 

§  145. — If  we  denote  by  k^  the  greatest  height  to  which  the  body 
will  asosQd,  we'  have  0  =s  ik,  when  v  =s  0,  and  hence, 

Finding  (he  value  of  (,  fixim  Equation  (146),  we  have, 
fix>m  Tdiich,  by  making  v  =  0,  we  have, 


=  T  (**""' T-*""'t)  •  •   •  •   (^»«> 


f^  =  —  -tan     —       (158) 

which  is  the  time  required  for  tiie  body  to  attiun  the  greatest  eleva- 
tion. Having  attained  tiie  greatest  height,  the  body  will  descend,  and 
the  circumstances  of  the  fall  wUl  be  given  by  the  Equations  of  §  143. 
Denoting  by  a\  the  velocity  when  die  body  returns  to  the  point  of 
starting.  Equation  (144),  gives, 

h  =  -jr—  •  log 


n 


2g     ^  ifc*-a 

afid  pladng  tiiis  value  of  h  equal  to  that  given  by  Equation  (151)^ 
there  will  result, 

P         _    k^  +  a^ 
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a**  =  a». — ;<1  ^ 

^  a«  +  it* 

that  is,  the  velocity  of  the  body  when   it  returns  to  the  point  of 
departure  is  less  than  that  with  whidi  it  set  out 
Making  v  =  a'  in  Equation  (140),  we  have, 

and,  substituting  for  a',  its  value  above, 


'/   =  "nT"  •  *^g      .  ....      (154) 

a  value  very  different  from  that  of  /^,  given  \>j  Equation  (153),  for 
the  ascent. 

Multiplying  both  numerator  and  denominator  of  the  quantity  whose 
logarithm  is  taken,  by  -/o*  +  il*  —  a,   the  above  becomes, 

k                      k 
tj  ==^—'  log     ^  •     (155) 

Adding  Equations  (153)  and  (155),  we  have, 

L  +  i,  =  —  ftan"  4-  +  log  ^     1 

or,  making  tz=zt^  +  t^ 

^^^tan^'A  +  log    ^L^ .    .    .    (156) 

If  a  ball  be  thrown  vertically  upwards,  and  the  time  of  its 
absence  from  the  surface  of  the  earth  be  carefully  noted,  t  will  be 
known,  and  the  value  of  k  may  be  found  from  this  equation.  This 
experiment  being  repeated  with  balls  of  different  diameters,  and  the 
resulting  values  of  k  calculated,  the  resistance  of  the  air,  for  any 
given  velocity,  will  be  known. 
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§146. — Anj  body  projected  or  impelled  forward,  is  called  a  pnh 
jecHUf  and  the  curve  described  by  its  centre  of  inertia,  is  called  a 
trajectory.  The  projectiles  of  artillery,  which  are  usually  thrown  with 
great  velocity,  will  be  here  discussed. 

§147. — And  first,  let  us  consider  what  the  trajectory  would  be 
in  the  absence  of  the  atmosphere.  In  this  case,  the  only  force  which 
acts  upon  the  projectile  afler  it  leaves  the  cannon,  is  its  own  weight ; 
and,  Equations  (117), 


2  P  cos  a  =  X 
2Pcosi8=  T 
2  P  cos  y  =  Z 


2£g  cos  a, 
Mg  cos  jS, 
Mg  cos  7. 


Assuming  the  origin 
at  the  point  of  de- 
parture, or  the  mouth 
of  the  piece,  and 
taking  the  axis  z 
vertical,  and  posi- 
tive upwards,  then 
will 


cosa  =  0;    cos/3  =  0;    cos  7=— 1;    and.  Equations  (120), 


and  integrating,  omitting  if, 


dx 

—7—  =  u  ; 
dt  *' 


dy  dz 

dt  »'  .  dt 


=:  --gt+u^ 


(157) 


Integrating  again,  and  recollecting  that  the  initial  spaces  are  zero,  we 
have, 

ar  =r  ti^.  /;    y  =  t»^.  r ;    «  =  —  Jy  ^  -j-  w^  W  •  •  •  -(ISS) 
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and  eliminating  <,  from  the  first  two,  we  obtain, 

u 


\-''^rJ^Hf 


which  18  the  equation  of  a  •  right  line,  and  from  which  we  see  thai 
the  trajectory  is  a  plane  curve,  and  that  its  plane  is  vertica}. 

Assume  the  plane  zx^vx  this  plane,  then  will  y  =  0,  and  Equa* 
tions  (158),  become, 

X  :==.U^'t\    «=— i^/'  +  v^-t      •     •     •    •  (159) 

Denote  bj  F,  the  velocity  with  which  the  ball  leaves  the  piece, 
that  is,  the  initial  velocity,  and  by  a,  the  angle  which  the  axis  of  the 
piece  makes  with  the  axis  x^  then  will, 

F.  cos  a,    and    F .  sin  a, 

be  the  lengths  of  the  paths  described  in  a  unit  of  time,  in  the  diree* 
tion  of  the  axes  »  and  ar,  respectively,  in  virtue  of  the  velocity  V  \. 
they  are,  therefore,  the  initial  velocities  in  the  directions  of  these 
axes;  aad  we  have, 

u   =Fcostt;     ti^=F.8ina; 

which,  in  Equations  (159),  give 

«=F.  cosa./;    ar=-i^<»+F.  sin  «•<**•••  (160) 
and  eliminating  /,  we  find 


::   ifU.  dAk^oO^  4  U^«-«^«        2F^.cos2a' 
or  substituting  for  F  its  value  in  Equation  (135), 

\tta..ltJ-  C^  U^i-^-^itS^if  Sr  «  =  ar  tan  a  -  ^.         .        (161) 

which  is  the  equation  of  a  parabola* 


•  Xd^      yuL^t-/c4r>^ 


^-t.^ 


7^4. 


^t^ 


A.C^€<^ 


t^ 


Ty^e.^Ca^^t^^cC^^      /l^^. 


^j^CZuf^  Ac 


iATH^^jB^ 


0 


and  denotizig  the  range  by  B^ 


R  =  2A.  8in2a 


(162) 


the  value  of  which  becomes  the  greatest    possible  vhen  the  angle 
of  projection  is  45^.    Making  a  =  45^,  we  have 


i2  =  2A 


(163) 


that  is,   the  maximum    range  is  equal  to  twice  the  height  due  to 
the  velocity  of  projection; 

From  the  expression  for  its  value^  we  also  see  that  the  same 
range  will  result  from  two  different  angles  of  projection,  one  of  which 
is  the  complement  of  the  other. 


§  149. — Denoting  by  v  the  velocity  at  the  end  of  any  time  i^  we 
have, 


V*  = 


d^ 


d^ 


or,  replacing  the  values  <ii  dz  and  dx^  obtained  from  Equations  (160), 
\t^X4^)       v' =  F*  — 2  r.y.r.sina  +  ^«^   .    •    •    .     (164) 


and  eliminating  /,   by  means  of  the  first  of  Equations  (160),   and 
replacing  F',  in  the  last  term  by  its  value  2^  A, 


v*2=  F*  —  2^.tana.«  +  y 


2  h  ..COS*  a 


•     •     • 


(165) 
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in  which,  if  we  make  x  =  4  A .  sin  a  cos  a,  we  have  the  velocity  at 
the  point  2>, 

which  shows  that  the  velocity  at  the  farthest  extremity  of  the  ran^^e 
is  equal  to  the  initial  velocity. 

Diflferentiating  Equation  (161),  we  get 

7-=tan«  =  tana—  —r r—  •    •    .    •    (IW) 

ax  2A.cos2a  ^       ' 

in  which  4  is  the  angle  which  the  direction  of  the  motion  at  any 
instant  makes  with  the  axis  x. 
Making  tan  4  =  0,  we  find 

X  =  2A.C0S  a  .sin  (I, 
which,  in  Equation  (161),  gives 

a;  =s  A .  sin'  a, 

the  elevation  of  the  highest  point. 

Substituting  for  x^  the  range,  4  A  cos  a  sin  a,  in  Equation  (166), 

tan  ^  =  —  tan  a, 

which  shows  that  the  angle  of  &11  is  equal  to  minus  the  angle  of 
projection. 

g  150. — ^The  initial  velocity  V  being  given,  let  it  be  required  to 
find  the  angle  of  projection  which  will  cause  the  trajectory  to  pass 
through  a  given  point  whose  co-ordinates  are  x  =:  a  and  z  =s  b. 

Substituting  these  in  Equation  (161),  we  have 


5  =  a  tan  a  — 


a' 


4A.coi'a 


Irom  which  to  determine  a. 
Making  tan  a  z=:  9,  we  find 

1 


cos'  a  = 


1  +9' 
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4h.b  +  o»  —  4A.a.9  +  0*9'  =  0; 


whence, 


9 


=  tana  =  —  db  i-/4A»  -4A6  -o«  •    •    .    (167) 


Hie  double  sign  shows  that  the  object  is  attained  bj  tw'o  angles, 
and  the  radical  shows  that  the  solution  of  the  problem  will  be 
possible  as  long  as 

4A2>4A6  +  o». 


Making, 


4A»  —  4A,6  —  a»  =  0, 


the  question  may  be  solved  with  only  a  single  angle  of  projection. 
But  the  above  equation  is  that  of  a  parabola  whose  co-ordinates  are 
a  and  6,  and  this  curve  being  con- 
structed and  revolved  about  its  vertical 
axis,  will  enclose  the  entire  space 
within  which  the  given  point  must  be 
situated  in  order  that  it  may  be  struck 
with  the  given  initial  velocity.  This 
parabola  will  pass  through  the  farthest 
extremity  of  the  maximum  range,  and 
at  a  height  above  the  piece  equal  to  A. 

§  151. — ^Thus  we  see  that  the  theory  of  the  motion  of  projectiles 
is  a  very  simple  matter  as  long  as  the  motion  takes  place  in  vacuo. 
But  in  practice  this  is  never  the  case,  and  where  the  velocity  is  con 
aiderable,  the  atmospheric   resistance   changes  the  nature  of  the  tra- 
jectory, and  gives  to  the  subject  no  little  complexity. 

Denote,  as  before,  the  velocity  of  the  projectile  when  the  atmos- 
pheric resistance  equals  its  weight,  by  k^  and  assuming  that  the 
resistance  varies  as  the  square  of  the  veli>city,  the  actual  resistance 
at  any  instant  when  the  velocity  is  v,  will  be, 


3f.  g .  v^ 

1^ 


-  Jfcv', 
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by  nuiking, 

Tlie  forces  acting  upon  the  projectile  after  it  leaves  the  piece 
being  its  weight  and  the  atmospheric  resistance,  Equations  (120), 
become, 

Jf  •  -r-r-  =  Mg.  cosa  +  Jfc.v'.oos  a', 
at* 

» 

cP  z 
M"  j-j-  =  Jf^.cosy  +  ifc.ir^.cos/ 

■ 

Taking  the  coordinates  m  Tertical,    and  positive  when  estimated 
upwards, 

cos  a  =  0 ;    cos  j3  =  0 ;    cos  y  =  —  1, 

^<c«»  # — 
and  because  the  resistance  takes  place  in  the  direction  of  the  trajec- 
tory, and  in  opposition  to  the  moti<Hi,  if  the  projectile  be  thrown  ia 
the  first  angle,  die  angles  a',  p\  and  y\  will  be  obtuse, 

cos  a'  = -J— ;    cos  ^'  =: -^  r    cos  y'  =2 -— - 

and  the  equations  of  motion  become,  after  omitting  the  conunon 
fkctor  Jf, 

d^x  ^    dx 

—  rr  •»  (» •  «3  • • 

d^  d9' 

rf»y  t    ^y 

dfi  ds'  \ 

d^t  .     d% 

</(»  ^  d% 

ifrom  the  first  two  we  have,  bj  division. 


dy         dx 
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and  by  integration, 


log  dy  =  log  dx  4-  Ic^  (7; 


«  •         ■         • 

and,  passing  to  the  quantities. 


dy  s  Odx. 


Integrating  again,  we  have,^ 


y  aa  Car  +  (7' ; 

in  vhidi,  if  the  projectile  be  thrown  from  the  origin,  C  =  0,  thus 
giving  an  equation  of  a  right  line  through  the  origin.  Whence  we 
see  that  the  trajectory  is  a  plane  curve,  and  that  its  plane  is  vertical 
through  the  point  of  departure. 

Assuming  the  plane  zx^  to  coincide  with  that  of  the  trajectory, 
and  replacing  v*,  by  its  value  from  the  relation, 


d^ 


=  •», 


tre  have, 


d^x 


d9     dx 


dt     dt 


d»     dz    \ 
=  «^^c.— .— .J 


(IM) 


From  the  first  we  have, 


and  by  integration, 


log 


d^x 

dx 
dt 


dx 
dt 


d8 
'"IT' 


d^y 


<rr 


^Y^dZ 


=.  ^c.cls 


=  —  c .  »  +  C. 


Denodng  by  e,  the  base  of  the  Naperian  system  of  logarithms). 
and  making  0  =  log  A^  the  above  may  be  written, 


log 


dx 
'dT 


=  —  c .  »  X  log  e  +  log  il, 
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and  paanng  from  logaritlims  to  the  quantities, 

77  =  ^'       0«»J 

> 

Denoting  by  F,  the  initial  velocity,  and  by  a,  the  angle  of  pro-   > 
jection,  we  have,  by  making  «  =  0,  * 

dx 

-r--  =  .4  =    F  008  et, 

at 

I 

which  substituted  above,  gives 

dx  -*• 

— -  =  F.cosa.0  • 0*^0) 

To  integrate  the  second  of  Equations  (168),  make 

dz  dx 

■ 

in  which  p  is  an  additional  unknown  quantity. 

Differentiating    this    equation,    dividing    by   dt^    and    eliminating 

d?^x 
from  the  result,  --r-^>   by   its  value  in  the  first  of  equations  (168), 

we  have, 

^z        dp     dx  dB  dx 

dl»  "'  dl'Tt  "J^'^'  Tt'Ti 

and  substituting  this  value  in  the    second  of  Equations  (168),  we 
have,  after  eliminating   —  by  its  value,  obtained  from  Equation  (171), 

and  dividing  this  by  the  square  of  Equation  (170), 

4 

it  I 


'^^'^--^d,  6^4.7  ^«- 


k 


whence,  making  F^  s=  2^ A,  Equalion  (178)  becomes 


it-- 


2«a 


dx 


2A.oos^a 


9      •        •        •       •        •        • 


(176) 


and  multiplying  this  by  the  identiciil  equation. 


obtained  from  Equation  (174),  we  find, 


U^    ^.      f^     ^ 


y'l~+"p^rfp  =  — 


and  integrating, 


2«f 

e  '  dt 

2A.co8»a' 
I 


8«a 


i> .  vHTk?  +  log  Cp  +  VTTFi  =  </ -  5-T^ 


2eA.oos*« 


;  ("«) 


in  which  (7  is  the  constant  of  int^;ration ;  to  determine  which,  make 
#  =  0 ;  this  gives  p  =  tan  a ;  and 


C  = 


2ehoos^a 


+  tana.yT+ti^a  +  log(tana+  -/I  +  tan«a)  .  (177) 


From  Equation  (175)  we  have. 


lid?  s=  —  2A.oo8'a.0       'dp 


from  Equation  (171), 


X«r 
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frpm  Equation  (172), 

gd^  :=,  —  dx,dp\ 

ttd  eliminatiog  the  exponential  factor  by  means  of  Equation  (176)| 
we  find, 

c.dxz=i ^ ;  .    (178) 

p  ^/TVp  +  log  (p  +  -/I  +T^)  -  0 

e.dzzz ^^ .      ;.    (179) 

p  vJTp*  +  log  {p  +  ^/TT^)  -  a 

Jo-P  -/M^*  -  log  (;>  -f  V  i  +  P^) 

Of  the  double  sign  due  to  the  radical  of  the  last  equation,  the 
negative  is  taken  because  j9,  which  is  the  tangent  of  the  angle  made 
by  any  element  of  the  curve  with  the  axis  of  x^  is  a  decreasing 
function  of  the  time  t. 

These  equations  cannot  be  integrated  under  a  finite  form.  But 
the  trajectory  may  be  constructed  by  means  of  auxiliary  curves  of 
which  (178)  and  (179)  are  the  differential  equations.  From  the  firsts 
we  have, 

dx=:T.dp', (181) 

and  from  the  second, 

dz  z=i  T.p.dp\ (182) 

in  which, 

r  =  — ^ ^ ;  •  (1 83) 

^    P^/T+^+\og(p+  ^/T+y)^  C 

and  dividing  Equations  (181)  and   (182),  by  dp. 
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JLjP 


Now,  regarding  «,  p^  and  2,  p,  as  the  yariable  oo-ordinates  of  two 
anxiliarj  curves,  7*,  and  T .  p,  will  be  the  tangents  of  the  angles 
which  the  elements  of  these  curves  make  with  the  axis  of  j>. 

Any  assumed  value  of  /?,  being  substituted  in  T^  Equation  (18S), 
will  give  the  tangent  of  this  angle,  and  this,  Equation  (184),  multi- 
plied by  (/j»,  will  give  the  difference  of  distances  of  the  ends  of  the 
corresponding  element  of  the  curve  from  the  axis  of  p.  Beginning 
therefca*e,  at  the  point  in  which  the  auxiliary  curves  cut  the  axis  of 
/I,  and  adding  these  successive  differences  together,  a  series  of  ordi- 
nates  x  and  s,  separated  by  intervals  equal  to  dp^  may  be  found,  and 
the  curves  traced  through  their  extremities. 

At  the  point  from       -^*^JP 
which   the    projectile 
is  thrown,  we  have, 

«=0  ;  2^=0 ;  />=tan  a, 

and  the  auxiliary 
curves  will  cut  the 
axis  of;?,  in  the  same 
point,  and  at  a  dis- 
tance from  the  origin  equal  to  tan  a.  Let  ^  ^,  be  the  axis  of  p, 
and  -4  Q  the  axis  of  a?  and  of  » ;  take  ^  ^  =  tan  a,  and  let  BzD^ 
and  BxE^  be  constructed  as  above. 

Draw  the  axes  Ax  and  Az^  through  the  point  of  departure  -4, 
Fig.  (S) ;    draw    any 

ordinate  c  i;^  x^  to  thci  Z  |  W 

auxiliary  curves  Fig. 
(1);  lay  off  Ax^Tig. 
(2)  equal  to  Cx,  Fig. 
(1),  and  draw  through 
iT^,  the  line  x^  g^ 
parallel  to  the  axis 
Jigj  and  equal  to  C0^ 
Fig.  (1)  ;  the  point 
0,  will  be  a  point  of 

the  trajectory.     The  range  AD,  is  equal  to  JSD,  Fig.  (1). 

10 
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By  reference  to  the  value  of  (7,  Equation  (177),  it  will  be  seen 
that  the  value  of  T^  Equation  (183),  trill  always  be  negative,  and 
that  the  auxiliary  curve  whose  ordinates  give  the  values  of  x^  can, 
therefore,  never  approach  the  axis  of  p.  As  long  as  p  is  positave, 
the  auxiliary  curve  whose  ordinates  are  £?,  will  recede  from  the 
axis  p;  but  when  p  becomes  n^;ative,  as  it  will  to  the  left  of 
the  axis  A  (7,  Fig.  (1),  the  tangent  of  the  angle  which  the  element 
of  the  curve  makes  with  the  axis  je>,  will,  Equation  (185),  become 
positive,  and  this  curve  will  approach  the  axis  p,  and  intersect  it  at 
some  point  as  2). 

The  value  of  p  will  continue  to  increase  indefinitely  to  the  lefl 
of  the  origin  A,  Fig.  (1),  and  when  it  becomes  exceedingly  great^ 
the  logarithmic  term  as  well  as  C,  and  unity  may  be  neglected  in 
comparison  with  p,  which  will  reduce  Equations  (178)  and  (179)  to 


t.p^  e.p 


and  integrating. 


cp  c 

which  will  become,  on  making  p  very  great, 

x=z  CT]    z=:  C"  +  -^log;;, 

c 

which  shows  that  the  curve  whose  ordinates  are  the  values  of  x, 
will  ultimately  become  parallel  to  the  axis  p,  while  the  other  has 
no  limit  to  its  retrocession  from  this  axis.  Whence  we  conclude, 
that  the  descending  branch  of  the  trajectory  approaches  more  and 
more  to  a  vertical  direction,  which  it  ultimately  attains;  and  that 
a  line  GL^  Fig.  (2),  perpendicular  to  the  axis  x^  and  at  a  distance 
from  the  point  of  departure  equal  to  C^  will  be  an  asymptote  to 
the  trajectory. 

This  curve  is  not,  like  the  parabolic  trajectory,  symmetrical  in 
reference  to  a  vertical  through  the  highest  point  of  the  curve ; 
the  angles  of  falling  will  exceed  the  corresponding  angles  of  rising, 
the  range  will  be  less  than  double  the  abscii^sa  of  the  highest  point, 
and  the  angle  which  gives  the  greatest  range  will  be  less  than  45^. 
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I  • 


Denoting  the  velocity  at  any  instant  by  v,  we  have 

V*  = r-:;; =  (1  +  V)  "^^^ 


d^ 


d(^ 


and  replacing  ix*  and  d^  hy  their  values  in  Equations  (178)  and 
(180),  we  find 


©2  =  — . 


^.(1+P») 


•    • 


«  c  -  j»  -v/TT^  - 1<«  (p  +  -/r+y) 


(186) 


and  supposing  p  to  attain  its  greatest  value,  which  supposes  the 
projectile  to  be  moving  on  the  vertical  portion  of  the  trajectory, 
this  equation  reduces,  for  the  reasons  before  stated,  to 


=  v/f  =  »; 


I  \. 


•  V 


-  f 


which  shows  that  the  final  motion  is  uniform,  and  that  the  velocity 

will  then  be  the   same  as  that  of  a  heavy  body  which  has  fidlen 

1  P 

in  vacuo  through  a  vertical  distance  equal  to  -^ —  =  •^-—  ^ 

§152. — ^When  the  angle  of  projection  is  very  small,  the  projectfle 
rises  but  a  short  distance  above  the  line  of  the  range,  and  the  equation 
of  so  much  of  the  trajec- 
tory as  lies  in  the  imme-  ^ 
dlate  neighborhood  of  this 
line  may  easily  be  found. 
For,  the  angle  of  projec- 
tion being  very  small,  p 
will    be    small,    and    its          j 
second     power    may    be 
n^l^eted    in    comparison 
with  unity,  and  we  may 

take, 

d9  =  dx\    and    «  =  a;; 

which  in  Equation  (175),  gives, 


^ 


/  i-ir. 


8«« 


€ 


dp    ^  d^t  __ 

dx    ""   dx^  "~        2A.cos^a 


(187) 


/^"  z       .       f' 


,  ^C  ./r 

P 
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Integrating.      J^    ^  ~|-^ 


il_  _  _J .+  Cx 

dx  "       4c.A.ooa*« 

r 

ynftlfifig  jT  =  0,  we  have  -j-  =  tan  «, 

whence, 

0  =  tan  «  +  •: — ^ »~  ^ 

which  substituted  above,  giyes. 


I 


and  integrating  again 


acjr 


z  =  tana.ap-Q^^^^^,^  +  4^^^^^,„+  C\     ^ 


making  «  =  0,  then  will  0  =  0,  and 

1 


(7'  = 


8c*.A.co8*a 
hence, 

JProm  Equation  (172),  we  hare, 

and  substituting  Ihe  value  of  rfp,  from  Equation  (187),      d^^^^^^^J—  J 


V 


y^2^A.C08a' 
and  integrating,  making  «  =  0,  when  r  =  0, 


<  = 


c  v2^A.C08a 


L («"-l)    •    •    •    •     (189) 
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which  will  give  the  time  of  flight    to  any  point  whose  hoiizontal 
distance  from  the  piece  is  equal  to  %. 

§15^ — Let  the  projectile  &11  to  the  ground  at  the  point  2),  and 
denote  the  co-ordinates  of  this  point  b j  :(  =  ^  and  z  zs,\  and  sup- 
pose the  time  of  flight  or  <  =  «-.  These  values  in  Equations  (188) 
and  (189),  give 

—  8c».A,cos«a(X- rtana)=:e**'— 2c/— 1    .    (189)' 

oosa.«'.c.</2^A  =  i**'  —  i      .     .     .     .(189)" 

When  the  two  constants  A  and  c,  as  well  as  a  and  X,  are  known, 
these  equations  will  give,  the  horizontal  distance  /,  and  the  time  of 
flight.  Conversely,  when  the  quantities  a,  /,  X  and  r  are  known, 
they  give  the  co-efficient  of  resistance  r,  and  the  height  A,  due  to 
the  velocity  of  projection,  and  therefore,  Equation  (185),  the  initial 
velocity  itself. 

Eliminating  the  height  A,  we  find 

-4  (X-/.tana)(e*'-l)«=^.T«.(/*'-2c/-  1);  .  (189)'" 

from  which  the  value  of  c  may  be  found,  and  one  of  the  preceding 
equations  will  give  A,  or  the  initial  velocity.     X=Vz^.^  .  (/^«^I/ 

It  may  be  worth  while  to  remark  that  if  the  exponential  term 
in  Equation  (188)  be  developed,  and  c  be  made  equal  to  zero,  which 
is  equivalent  to  supposing  the  projectile  in  vacuo,  we  obtain  Equa- 
tion  (161). 

§  154. — Assuming  that  the  resistance  of  the  air  varies  as  the  square 
of  the  velocity,  some  idea  may  be  formed  of  its  actual  intensity  from 
the  fact  that  a  twenty-four-pound  ball  projected  with  a  velocity  of  2,000 
feet  iu  vacuo,  and  under  an  angle  of  45^,  would  have  a  range  of 
125,000  feet;  whereas  actual  experiment  in  the  air  shows  it  to  be  but 
7,300  feet — ^about  one-seventeenth  of  the  former. 

Many  circumstances  qualify  both  the  path  and  velocity  of  prajectiles. 
The  law  of  the  resistance  may  be  the  same  for  all  figures,  but  it  is 
known,  from  actual  trial,  not  to  be  that  of  the  square  of  the  velocity, 
except  for  veiy  small  rates  of  motion.     For  the  same  velocity,  the  in 
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tensity  of  the  resistance  varies  with  the  size  and  figure  of  the  balL 
Much  depends  upon  the  fiacility  with  which  the  compressed  air  in  front 
may  escape  latterly  and  make  its  way  to  the  rear.  The  actual  resist* 
ance  at  any  instant  is  composod  of  two  terms,  the  one  due  to  the 
inertia  of  the  displaced  particles,  the  other  to  the  different*  of  at- 
mospheric pressure,  as  such,  in  front  and  rear.  If  during  the  motion 
the  air  could  close  in  behind  and  exert  the  same  pressure  as  in  front, 
the  resistance  would  be  wholly  due  to  inertia.  If  the  ball  were  at  rest, 
and  all  the  air  removed  in  rear  of  the  plane  of  largest  section  perpen- 
dicular to  the  trajectory,  the  resistance  would  be  due  entirely  to  the 
barometric  pressure  on  the  extent  of  this  section.  Both  terms  of'  the 
resistance  must  be  variable  and  a  function  of  the  velocity,  till  the  latter 
is  so  great  as  to  leave  a  vacuum  behind,  when  the  barometric  term 
would  become  constant 

From  a  careful  and  elaborate  investigation  of  the  numerous  experi- 
ments upon  this  subject.  Col.  Piobert  has  constructed  this  empirical 
formula  for  spherical  projectiles,  viz.: 

p  =  ^.7r.r»(l+^).t^' (       ) 

in  which  p  h  the  resistance  in  kilogrammes,  v  the  velocity,  tt  the  ratio 
of  the  diameter  to  the  circumference,  r  the  radius  of  the  ball,  A  the 
resistance  on  a  square  m^tre  when  the  velocity  is  one  p^itre,  and  v,  the 
velocity  which  would  make  the  resistance  measured  by  the  second  term 
equal  to  that  measured  by  the  first 

§  155. — If  the  ball  be  not  perfectly  homogeneous  in  density,  the 
centre  of  inertia  will,  in  general,  be  removed  from  that  of  figure ;  the 
resultant  of  the  expansive  action  of  the  powder  will  pass  through 'the 
latter  centre  and  communicate  to  the  ball  a  rotary  motion  about  the 
farmer.  The  atmospheric  resistance  will  be  greater  on  the  side  of  the 
greatest  velocity,  and  deflect  the  projectile  to  the  opposite  side. 

Lu\€..c^    Tfil^     Att-^^     drcAL   1JU4^ 


dY.'  -. 


-  ^  <»/jr  TT. 
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BOTABY  MOqa^v  _jf  ^      :^-  V>./'^y 

^^r%^  i4j<.£j€,    /La-'T*-  \/fO^    i"^    yr-JLuB^U.  CL^J  i^    /jjj 

ttssed  the  motion  of  translation  of  a   single  Z^^^*(^ 


§  166.— Having 

body,  we  now  oome  to  its  motion  of  rotation.  To  find  the  circum-  ^fff'  ^ 
stances  of  a  body's  rotary  motion,  it  will  be  convenient  to  transform  \^ 
Equations  (118)  from  rectangular  to  polar  co-ordinates.  But  before 
doing  this,  let  us  premise  that  the  angular  vthdty  of  a  body  is  Ih^  ^^^^^ 
TQJU  of  iU  rotation  about  a  centre.  The  angular  velocity  is  measured  ^iLe.4,*,<Ji  * 
by    the   abiolute    velocity    of   a    point   at    the    unifs    dtetame  from  ^^^^  ^ 


the  eetiirey  and  taken    in   such  jpoeition   oi   to    make    that  velocity   a  T^^"^  ^ 
maximum.  ^^-fSZ:^^ 


CX-^^  c^  . 


r  ^>-  '^^i.   ^ 


=  r 


§  157. — Both   members  of  Equations   (38)  being  divided  by  d  t^ 
give  . 

7r     C^    /t^*^     ^»-*-*      ^^^^  C4rt.6^tJ^ 

ClA-^^aJ-  ^L^  I4  H^  i^ri€£        dj^ 

(jru^.s /.    X.A««.^    ^^^     dt 

^f^'^^J^'^'^^dy'^     ,     d^ 


(^^ 


-  y 


—  «' 


!     V*U 


y^ufi^tdt 


•  dt 


dt 


d  ^ 

Tt 

d^ 

IT 

d^ 
dt 


•  • 


(190) 


in  which  the  first  members  taken  in  order,  are  the  velodties  of  any 
element,  as  i7t«  in  the  direction  of  the  axes  «,  y,  Zy  respectively,  %n 
refrrenee  to  the  centre  of  inertia^  §  75,  while 

d'es      d'\0      d^ 
.IT    'di'    d? 


are  the  angular  velocities  about  the  same  axes  respectively. 

Denoting  the  first  of  these  by  v«,  the  second  by  v„  and  the  third 
by  v.,  we  have 

dvs  aX  dd^ 


/r^     y»^-**-rf 


^''^I-J/'Kc^^     ^    7f-^    d^  ^j^^   ^LO:  ^^^^^^^C^ 
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;  and  Equations  (100)  may  be  written 


'i 


.  «^   flti. 


dt 


=  «'.»,—«'.¥„ 


(192) 


§  158. — If  an  element  m  be  so  situated  that  its  velocity  shall  be 
equal  and  parallel  to  that  of  the  centre  of  inertia,  then,  for  this 
element,  will  each  of  the  first  members  of  Equations  (192)  reduce 
to  zero,  and 

«'•%  — /-^  =  0, 

«' .  V.  —  «' .  V.  =  0, 


Ui. 


UCOl-€.^ 


the  last  being  but  a  consequence  of  the  two  others,  these  equations 
are  those  of  a  right  line  passing  through  the  centre  of  inertia, 
every  point  of  which  will  have  a  simple  motion  of  translation 
parallel  atid  equal  to  that  of  the  centre  of  inertia.  The  whole 
body  must,  for  the  instant,  rotate  about  this  line,  and   it  is,  there- 


fore,  called  the  Axii  of  Instantaneous  Botaiion.    a^^  cAs^A^t   C^t 


"•  •'t  '*. 


A4X 


§150. — Denote  by  a^, 
i^/9  Yii  ^^  angles  which 
this  axis  makes  with  the 
coordinate  axes  x,  y,  «, 
respectively.,  Then,  tak- 
ing any  point  on  the  in- 
stantaneous axis,  will, 


X^ 


1 


.-I 

•1 


cosa^ 

Vx'* 

+  y'» 

+ 

-^v 

oos^, 

= 

y' 

v*" 

+  y'^ 

+ 

«'» 

cosy, 

= 

z' 

• 

v/?5 

+  y'^ 

+ 

1 

2'» 
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and  eliminating  «',  y'  and  z',  by  Equations  (103), 


co8|a. 


Vv7+V  +  v.» 


C08)S^  = 


\/v,»  +  Vy2  +  yi 


cosy^  = 


\/v,«  +  V  +  ^»^ 


(194) 


which  will  give    the   position  of   the  instantaneous  axis  as  soon  as 
the  angular  velocities  about  the  axes  are  known. 

§160. — Squaring  each  of  Equations   (102),  taking  their  sum  and 
extracting  square  root,  we  find 


Replacing  v^ ,  Vy  and  v^  by  their  values  obtained  by  simply  clearing 
the  fractions  in  Equations   (194),  this  becomes  / /U  ^a-^a^^  /^o/^Y,  -  e»^,^u 

V = -/v;*  +  Vy*  +  v,a  X  -/a?'*  +  y'»  +  z'^  —  (x'  cos  a,  +  y'  cos  jS^  +  f'  cos  y^)%  (X/ 

» 

which  is  the  velocity  of  any  element  in  reference  to  the  centre  of 
inprtia. 

«'«  +  y**  +  «'»  =  1, 

we  have  the  element  at  a  unit's  distance  from  the  centre  of  inertia; 

«'cosa^ +y'cos/3^  +  sf'cosy^  =  0,     •    •    •    (195)   ^**^  ^ 

the  point  takes  the  position,  giving  the  maximum  velocity.  In  this  iv^  ^ 
case  V  becomes  the  angular  velocity,  and  we  have,  denoting  the  C^^^^^m^ 
latter  by  v,,  ^^^C 


'<  =  V^?T"V"+^ 


(196)     ^^-^ 
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Equation  (195)  is  that  of  a  plane  passing,  through  the  centre 
of  inertia,  and  perpendicular  to  the  instantaneous  axis.  The  position 
of  the  co-ordinate  axes  being  arbitrary,  Equation  (106)  shows  that 
the  sum  of  the  squares  of  the  angular  velocities  about  the  three 
co-ordinate  axes  is  a  constant  quantity,  and  equal  to  the  square  of 
the  angular  velocity  about  the  instantaneous  axis. 

§  161.— Multiply  Equation  (196),  by  the  first  of  Equations  (194), 
and  there  will  result 


V,. .  COS  a^  =  V, 


(197) 


whence  the  angular  velocity  about  any  axis  oblique  to  the  instanta-  . 
neous  axis,  is  equal   to  the  angular  velocity  of  the  body  multiplied 
by  the  cosine  of  the  inclination  of  the  two  axes. 

§162. — Equation  (196)  gives  v^,  when   v^,Vy,v,,  are  known.    To 

find  these,  resume  Equations  (118),  and  write  for  the  moments  of  the 
extraneous  forces  in  reference  to  the  axes  x^  yl  z^  through  the  centre 
of  inertia,  iV),  J/),  X^,  respectively,  then  will 


/d^2'       ,  d:^y'     ,\         _-   . 


•    (198) 


-  OS 

.    0 


differentiating  the  first  of  Equations  (192),  with  respect  to  ^  we  find 

dt^       ^    dt  ^    dt    ^  di  dt     ^ 

d^  rf  y* 

and  replacing  -3—  and  •-7=-i  by    their    values    given    in   the   second 

d  i  d  i 

and  third  of  Equations   (192), 


di^ 


rfv. 


c^v. 


=  -  (v+^*0"''"^'''^-^'+'**''-'''^z/'*''^rf7''y'' 
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in  the  same  way 


d(^ 


and  these  values  in  the  first  of  Equations,  (108),  give 


(199) 


+  ^'.2in(z''  +  y'») 

Similar  equations  will  result  fi'om  the  remaining  two  of  Equations 
(198) ;  then  by  elimination  and  integration,  we  might  proceed  to  find 
the    values  of  v^,  v^  and   v^,  but   the  process^  would  be  long  and 

tedious.  It  will  be  greatly  simplified,  however,  if  the  co-ordinate 
axes  be  so  chosen  as  to  make  at  the  instant  corresponding  to  /, 


^mx'y'  =z  O'y  Sm^'y'ssO;   Jf»«'a:'  =  0; 


(200) 


which  is   always  possible,    as   will   be   shown  presently.     This  will 
reduce  Equation  (199)  to 

—'•2m  (y'>  +  x'^)  +  v..Vy.2f»(«'2  -  /»)  =  X,. 

The  other    two    equations  which    refer  to  th^  motion  about  dw 
axes  y'  and  ^,  may  be  written  from  this  one.    They  are, 


^' ; 


i''^ , 


^".'^n^^'j^^^SC 


^^ 
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"^Ili^^IiirSS  **^  *''  ^''  *'»  ^^^  ^^^'^  *^®  conditions  expressed  in 
Uf^  /^Equations  (200),  are  caUed  the  princijxil  axes  of  figure  of  the  body. 
t.^»-^*<JI^  (And  if  we  make 

2m.(y'«  +  «'2)  =  (7, 

I 
we  find,  by  subtracting   the    third   from  the  second, 

the  first  from  the  third, 


(201) 


2m.(«^-«'a)  =^  -  (7, 


and  the  second  from  the  first, 


^ «    ttH-^-fc^   tt^  ^Jti. 


2m.(y'a-ir'a)  =  (7-^; 


,     *   ^  J^  whichy  substituted  above,  give. 


1 


*■   • 


(202) 


K^.  "E  S(ii^  A^t^  -f-  ^  ^,  l!y  +  V   .  V  .  (J  —  (7)  =  Jf 

if  'f^^iC'ytiA,   ^7  means  of  these  equations,  the  angular  velocities  v^ ,  v  ,  v, ,  musl 
irx^  >ty.  1^  found  by  the  operations  of  elimination  and  integration. 

^V  «^-  -^  §  ^^^* — ^^  ^  i^ldxa  that  the  quantities  C7,  j8  and  ^,  are  oonstatot 
for  the  same  body ;  the  first  being  the  sum  of  the  products  arising 
from  multiplying  each  elementary  mass  into  the  square  of  its  dis- 
tance from  the  principal  axis  z'y  the  second  the  same  for  the  prin- 
cipal axis  y',  and  the  third  for  the  principal  axis  z\'  The  sum 
of  the  products  of  the  elementary  masses  into  the  square  of  their 
distances  from  any  axis,  is  called  the  moment  of  inertia  of  the  body 


I 
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in  refereoce  to  this  axis.    A,  £  and  C  are  called  principal  moments 

^T  §  1^4» — Th rough ^ny  assumed  point  there  mAj/ap^'&ys  be'  drawn 
one  set  of  rectangular  axes,  and,  in  general,  only  one  which  will  satisfy 
the  conditions  of  Equations  (200).  To  show  this,  assume  the  formulas 
for  the  transformation  from  one  system  of  rectangular  axes  to  another, 
also  rectangular.    These  are 


^  x'  =  x.Qos  (x'a?)  +  y  cos  (a;'y)  +  z  cos  {x'  z)^ 
y'  zzz  X  COS  {y'x)  +  y.cos  {y'y)  +  «.cos  (y'a?), 
z'  =:  X  co3{z'x)  +  y  COS  (z'y)  +  z.cos  («'«), 


(203) 


in  which  {x' x)j  (y'^)  and  {z' x)^  denote  the  angles  which  the  new 
axes  x',  y',  «',  make  with  the  primitive  axis  of  a?;  («'y),  {y' y) 
and  (z'y),  the  angles  which  the  same  axes  make  with  the  primitiTe 
axis  of  y,  and  (x'  2),  (y '  z)  and  {z' «),  the  angles  they  make  with  the 
axis  z. 

Assmne  Ae  common 
origin  as  the  centre  of  a 
sphere  of  which  the  radius 
is  unity ;  and  conceive  the 
points  in  which  the  two 
sets  of  axes  pierce  its  sur- 
face to  be  joined  by  the 
arcs  of  great  circles ;  also 
let  these  points  be  con- 
nected with  the  point  J^, 
in  which  the    intersection 

of  the  planes  xy  and  x'.y'  pierces  the  spherical  surface  nearest  to 
that  in  which  the  positive  axis  x  pierces  the  same.    Also,  let  * 

6  z:z  Z'AZ  =:  X*  NXy  being  the  inclination  of  the  plane  «'y'  to  that 
of  «y. 

4^  =  N AX  being  the   angular  distance  of   the    intersection  of   the 
planes  xy  and  x*  y\  from  the  axis  x, 

9  =s  N AX'  being    the    angular    distance   of  the   same    intersection 
from  the  axis  ^. 


if 


I 
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llien,  in  the  spherical  triangle  X*  NX^ 

cos  {x'  x)  =  cos  4"  •  cos  9  +  sin  Y  •  sin  9  •  cos  6 ; 

In  the  triangle  TNX^  the  side  NT  =  -^  +  9,  an4 

4V 


In  the.  triangle  Z'NX,  the  side  NZ^  =  -^  and 

cos  {z'  x)  =  Rin  4^  •  sin  6, 
And  in  the  same  way  it  will  be  found  that 

cos  («' y)  =  —  sin  4^ •  <»s  9  +  cos  4^  •  sin  9^.  cot  i ; 
cos  (tf'y)  =  sin  4^ .  sin  9  +  cos  4^  •  cos  9 .  cos  ^  ; 
cos  (z'  y)  =  cos  4"  •  sin  d ; 
cos  {x'  2)  =  —  sin  9 .  sin  ^  ; 
cos  (y'  z)  =  —  cos  9  .  sin  ^ ; 
cos  («'  z)  =  COS  6 ; 

•  and  by  substitution  in  Equations  (203), 

I  4?'  =  d?  (sin  4^  •  sin  9 .  COS  ^  +  cos  4^  •  cos  9) 

'  +  y  (cos  4"  *  sin  9 .  cos  S  —  sin  4^  •  CO89)  —  ;b  sin  9  •  sin  ^, 

y  =  X  (sin  4"  •  cos  9 .  COS  6  —  cos  4^ .  sin  9)  , 
I  +  y  (cos  4^  •  COS  9 .  cos  6  +  sin  4^  •  sin  9)  —  «  cos  9  •  sin  4, 

«'  =  9  sin  4"  •  sin  ^  +  y  cos  4^ .  sin  ^  +  2  cos  6 ; 

or  making,  for  sake  of  abbre^ation, 

J)  z=:  X  COS  4^  —  y  sin  4^, 

^  =  «  sin  4^  •  cos  ^  +  y  cos  4^  •  cos  6  -~  zan6^ 

the  above  reduce  to 

«'  =  JF.  sin  9  +  i> .  cos  9, 
y'  =  i^*  cos  9  —  i> .  sin  9, 
s'  =  0? .  sin  4"  •  sin  ^  +  y .  cos  4^  •  sin  ^  +  x.  cos  K  . 


t 


cos  (y'x)  =  —  cos  4'*sin  9  +  sin  4'*cos  9.costf ,  \ 


I 


»   ■ 
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Substituting  these  values  in  the  equations 

Im.x'.ff'  =  0;    Im.x'.z'  =  0;    ^m.y'.g'  =  0; 

we  obtain  from  the  first, 

8in9.cos9.2w(-^  —  i>')  +  (oo8«9  —  sin'ip)  ImJS.D  =  0, 

or,  replacing  sin  9. cos 9,  and  cos^9  —  sin' 9,  by  their  equals  •}-sin29^ 
and  cos  29,  respectively, 

sin29.2f»(i?«  —  2>*)  +  2  cos  29.2mi>.  JF  =  0;  •  •  •  (204) 
and  from   the   third  and  second,  respectively. 


cos  9  •  2  f7»  •  ^ .  z'  —  sin  9  . 2  m  D .  2'  =  0, 
sin  9 . 2  m .  i?.  z'  +  cos  9  . 2  m  i> . «'  =  0. 

Squaring  the  last  two  and  adding,  we  find 

{Im.B.z'Y  +  {Im.D.zy  =  0. 

which  can  only  be  satisfied  by  making 


•    • 


(206) 
(206) 


2m 
2fn 


.E.z'  =  0;) 
.D.f'  =  0.) 


(207) 


These  equations  are  independent  of  the  angle  9,  and  will  give  the 
values  of  ^)/  and  d ;  and  these  being  known,  Equation  (204)  will  give 
tlie  angle  9. 

Replacing  £  and  J)  by  their  values,  we  have 

JF. »'  =  sin  ^  .  cos^  («'  sin*  4^  +  2  d? y  sin 4^  cos  4^  +  y*  <5^'  +  —  **) 
+  (cos*  d  —  sin'  ^)  (a;  IT  sin  4^  +  y  ^  •  008  4^) » 

J).z'=ian6  {a?y(cos«4/  —  sin' 4^)  +  (a^  —  y') sin 4. cos 4/} 
+  cos^  {xzQ03-\^  —  y2sin4')* 

and  assuming 

2m«»  =  -4';  2m y'  =  ^';  2m«'=  C; 
Smxy  =  IT]  Imxz  =z  ^;  2my«  =  JST, 

and  replacing  sin  ^  .  cos  ^,  and  cos'  $  —  sin'  6,  by  their  respective 
values,  ^  sin  2  4,  and  cos  2  ^,  Equations  (207)  become 

sin 2 d(^' sin' 4.  +  2 J^' sin 4/ cos 4^  +  -5'cos'4/  -  C) 
+  2cos2^(i^sm4/  +  ir'oos4.) 


\- 
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sin^  {J^.  (cos2^^  _  8in2 4,)  +  (^'  _  ^') . gin  ^  cos  +} 
+  cos  d  {F'  cos  ^^  —  -ff'  sin  +) 


(=«. 


in  which   A\  £\  C^  JS'^  F*  and  H\  are  constants,  depending  only 
upon  the   shape  of  the   body  and    the  position  of  the  assumed  axes 

«,  y, «. 

Dividing    the    first    by   cos  2  ^,  and   the   second   by   cos  ^,   thejr 

become 

tan  2  ^ .  (-4' sin^  4,  +  2  JB' sin  ^^  cos  ^z  +  -B'cos»^^  —  C^'j)      a./oa^V 
+  2  (J^  sin  4.  +  JSr  cos  +)  ir 

tan  ^  .  {JE'  (cos3  4.  -  sin*  4.)  +  (^'  —  Bf)  sin  4,  cos  \\ 
+  i^co84.  —  irsin4. 

From  the  first  of  these  we  may  find  tan  2^,  and  from  the   second, 
tan^,  in  terms  of  sin  4^}  and  cds4^;  and  these  values*  in  the  equation 


[=0.(207)" 


^  ^         2  tan  ^  /^^^v 

tan2^=r 51 (208) 

1  —  tan^tf  ^       ' 

wUl  give  an  equation  from  which  4^  may  be  found. 
In  order  to  effect  this  elimination  more  easily,  make 

tan  4^  =  11, 
whence 

sm  4'  =  ;  cos  4^  = 


* 
making  these  substitutions  above,  we  find 


tan2^=  — 


A*u^  -^  ^iru  +  B'--  (7'(l  +  «») 


tan^  =  -     (^'-^«)Vl  +  .^ 


m 

which  in  Equation  (208)  give 

I        B'F'-^F'C^irir    )    I 
iffil^u*)+iA'-B')u]  \  ^  ^^,sr_A'B'+^inu  }   [  =  0.  .  (209) 

+  {F'u  +  H').{F'  -H'uf 


(h>^J 


X 
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which  is  an  equation  of  the  third  degree,  and  must  have  at  least 

one  real  root,  and,  therefore,  give  one  real  value  for  ^.    This  value 

being  substituted   in  either  of  the  preceding  equations,  must  give  a 

real  value  for  L  and  this  wi£h  4^1  in  either  of  the  Equations  (205) 

or  (206),  a  real  value  for  <p;  whence  we  conclude,  that  it  is  always 

possible  to  assume  the  axes  so  as  to  satisfy  the  required  conditions, 

and  that  through  every  point  there  may  be  drawn  at  least  one  set  of 

pnAcipal  axes  at  right  angles  to  each  other. 

The  three  roots  of  this  cubic  equation  are  necessarily  real;  and 
they  represent  the  tangents  of  the  angles  which  the  axis  x  makes 
with  the  lines  in  which  the  three  co-ordinate  planes  a?' y',  y'«',  x'z\  cut 
that  of  «y;  for  there  is  no  reason  why  we  should  consider  one 
of  these  angles  as  given  by  the  equation  rather  than  the  others,  and 
the  equations  of  condition  are  satisfied  when  we  interchange  the 
axes  x'  y'  z'.  Hence,  in  general,  there  exists  only  one  set  of  prin- 
cipal axes.  If  there  were  more,  the  degree  of  the  equation  would 
be  higher,  and  would,  from  what  we  have  just  said,  give  three  times 
as  many  real  roots  as  there  are  systems. 

l£  U'  z=  H'  =  F'  =  0,  Equation  (209)  will  become  identical ;  the 
problem  will  be  indeterminate,  have  an  infinite  number  of  solutions, 
and  the  body  consequently  an  infinite  number  of  sets  of  principal 
axes.    Such  is  obviously  the  case  with  the  sphere,  spheroid,  ^c. 

MOMENT  OF  INEBTIA,   CENTRE  AND  BADIUB  OF  QYBATION. 

§  165. — ^The  quantities  A,  B  and  (7,  in  Equations  (201)  are  Xhe 
moments  of  inertia  of  the  body  in  reference  to  the  principal  axes. 
To  find  these  moments  in  reference  to  €uiy  other  axes  having  the 
same  origin  as  the  principal  axes,  denote  by 

^'j  y'>  *'>  ^^®  co-ordinates  of  m  referred  to  the  principal  axes ;  by 

0?,  y,  2,  the  co-ordinates    of   the    same    element  referred  ta  any 
other  rectangular  system  having  the  same  origin ;  and  by 

C'y  the  moment  of  inertia  referred  to  the  axis  z\ 

then  from  the  definition, 

ff  =  2m. (ar*  +  y*)  =  Xmjr*  +  ^my^'^ 

11 
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but  by   the  usual  formulas  for  transformation, 

a?  =  ax'  +  by'  +  ez\ 
y  =  a'z'  +  b'y'  +  ez\ 
z  =  a"«'  +  V*y'  +  c"«', 

in  which  a,  5,  <kc.,  denote  the  cosines  of  the  angles  which  the  axes  of 
the  same  name  as  the  co-ordinates  into  which  they  are  respectively 
multiplied  make  with  the  axis  corresponding  to  the  variable  in  the 
first  member. 

Substituting  the  values  of  x  and  y  in  that  of  C\  and  reducing  by 
the  relations, 

and  we  have,  /^^^«-pu^x^  K,,  ^WA/^^it^'*^-/     ''     /-«-"   -^"  ^^ 

and  by  substituting  J,  ^  and  C  for  their  values,  this  reduces  to 

a  =  a"2^  +  6"2^  +  c"2  (7     .     .     •     .     (210) 

That  is  to  say,  the  moment  of  inertia  with  reference  to  any  axis 
passing  through  the  common  point  of  intersection  of  the  principal 
axes,  13  equal  to  the  sum  of  the  products  obtained  by  multiplying 
the  moment  of  inertia  with  reference  to  each  of  the  principal  axes, 
by  the  square  of  the  cosine  of  the  angle  which  the  axis  in  question 
makes  with  these  axes. 

§  166. — Let  -4,  be  the  greatest,  and  (7,  the  least  of  the  moments 
of  inertia,  with  reference  to  the  principal  axes ;  then,  substituting  for 
€i"3,  its  value,  1  —  6"^  —  c"^  in  Equation  (210),  we  have 

C7'  =  ^  -  6"*  (^  -  ^)  -  c"2  [A  -  (7).      .     .     (211) 

By  hypothesis,  A  —  B,  9sA  A  —  0,  are   positive ;   therefore,  C  is 
always  less  than  A^  whatever  be  the  value  of  6",  and  f". 

Again,  substituting  for  c"^  its  value  1  -a"«  -  5"^  in  Equation 
(210),  we  get 

C"  =  (7  +  a"2  (^  -  C)  +  6"2(i?  -  C)      •     •     •     (212) 
and  C  must  always  be  greater  thaii  C, 
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_  • 

Whence,  we  conclude  tiiat  the  principal  axes  give  the  greatest  and 

least  rooments  of  inertia  in  reference  to  axes  through  the  same  point. 

If  A  be  equal  to  B^  then  will  Equation  (211)    become 

(7  =  (1  -  c"2)  A  +  c"2  C;     .     .   j^  ;     .   (213) 

and  this  only  depending  upon  c",  we  conclude  that. the  moment  of 
inertia  will  be  the  same  for  all  axes  making  equal  angles  with  the 
principal  axis,  z\  The  moments  of  inertia,  with  reference  to  all  axes 
in  the  plane  x*  y\  are,  therefore,  equal  to  one  another.  But  all  the  ^^ 
axes  in  the  plane  x*  y\  which  are  at  right  angles  to  one  another, 
are,  §  164,  when  taken  with  z\  principal  axes,  and  we,  therefore, 
conclude  that  the  body  has  an  indefinite  number  of  sets  of  principal 


If,  at  the  same  time,  we  4iave  ^  =  ^  =  (7,  then  will  Equation 
(210)  reduce  to 

C  =  C=  ^  =  ^. 

that  is,  the  moments  of  inertia  are  all  equal  to  one  another,  and  ail 
axes  are  principal,  the  Equation  (210)  being  satisfied  independently 
of  a",  b'\  e\  (  ^/Ju^iJi^] 

§  167. — Resuming    Equations,    (33),  and    substituting    the    values 
of  ^,  y,  ar,  in  the  general  expression,  iy  ^  %i  'H'         /       i 

which  is  the  moment  of  inertia  with  reference  to  any  axis,  z^  parallel 
to  the  axis  z',  through  the  centre  of  inertia,  weUa^'-' 

2  w  (a:2  +  y^)  =  2m  [(a:,  +  x'f  +  (y,  +  y'Y\ 

z=lm  (a:'2  +  y'2)  +  (a:,2  +  y^2).2i»  e 

+  2a?^.2wiar'  +  2y,  .  Imy'; 

but  from  the  principle  of  the  centre  of  inertia,     tH^^U^  ^'"^^  •'^  ^  ? 

2ma;'  =  0,    and     2niy' =  0;    *^^^  ^  ^^^^^^^    J 

whence,  denoting  by  d  the  distance  between  the  axes  z  and  z\  and 
by  M  the  whole  mass, 

2  m .  («2  +  y2)  =  2  m  {x'^  +  y'^)  +  M<P  •     •     •     (2U)  ' 
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That  is,  the  moment  of  inertia  of  any  body  in  reference  to  a  gitea 
axis,  is  equal  to  the  moment  of  inertia  with  reference  to  a  parallel 
axis  through  the  centre  of  inertia,  increased  by  the  product  of  tha 
whole  mass  into  the  square  of  the  distance  of  the  given  axis  from 
that  centre. 

And  we  conclude  that  the  least  of  all  the  moments  of  inertia  is 
that  taken  with  reference  to  a  principal  axis  through  the  centre  of 
inertia. 

§  168. — Denote  by  r  the  distance  of  the  elementary  mass  m  froxu 
the^  axis  z,  then  will  /hn^lx/J'J  mrz.   £.,^''7^ 

r*  =  ap*  -f-  y*,  ..«>  '  " 

Now,  denoting  the  whole  mass  by  Jf,  and  assuming 
we  hare  ^*V^— ^  au>,  p^,,^  ^ 


±   /Zmi 


(21S)  • 


The  distance  h  is  called  the  radius  of  gyration,  and  it  obriously 
measures  the  distance  from  the  axis  to  that  point  into  which  if  the 
whole  mass  were  ooneentrated  the  moment  of  inertia  would  not  be 
altered.  The  point,  into  which  this  concentration  might  take  place 
and  satisfy  the  condition  above,  is  called  the  centre  of  gyration. 
When  the  axis  passes  through  the  centre  of  inertia,  the  radius  k 
and  the  point  of  concentration  are  called  principal  radius  and  prin- 
cipal  centre  of  gyration. 

The  least  hidius  of  gyration  is.  Equation  (215),  that  relating  to 
the  principal  axfs  with  reference  to  which  the  moment  of  inertia  is 
the  least. 

If  k^  denote  a  principal  radius  of  gyration,  we  may  replace 
2  m  («'»  +  y'^)  in  Equation  (214)  by  Mk,\  and  we  shall  have 

2mr»  =  Jfjfca  =  M{1c,^  +  rf»)     ....     (216) 
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If  the  linear  dimensions  of  the  body  be  very  small  as  compared 
with  (£,  we  may  write  the  moment  of  inertia  equal  to  ifcP. 

The  letter  k  with   the    subscript   accent,  will  denote  a  principal 
radius  of  gyration. 

The  determination  of  the  moments  of  inertia  and  radii  of  gyration 
of  geometrical  figures,  is  purely  an  operation  of  the  calculus.  Such 
bodies  are  supposed  to  be  continuous  throughout,  and  of  uniform  den- 
sity. Hence,  we  may  write  d  M  for  m,  and  the  sign  of  integration  for 
2!,  and  the  formula  becomes 

Xmf^==  fdM.f* (217) 

Example  1. — A  physical  line  about  an  axU  thnmgh  its  centre  and 
perpendicular  to  its  length. 

Denote  the  whole  length  by  2a;  then 
2a:  dr:  \M\dMy 
whence, 


dr 
2a 


•ad 


Jfa« 


rf»                 Mar 
2£ .  —  •  (f  r  = ; 
_           2a                 3     ' 


k.^     ^ 


-/s 


(f  the  axis  be  at  a  distance  d  from  the  o^tre,  and  parallel  to 
tbat  above,  then.  Equation  (216), 


k-  -/Jtt*  +  rf». 

Example  2,— A   circular  plate    of  uniform  density  and    thickness^ 
mhoui  an  axis  through  iU  centre  and  perpendicular  to  its  plane. 
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Denote  the  radius  by  a;  the  angle  XA  Q 
hjj;  the  distance  of  dJI£  from  the  centre 
by  r;  then, 


whence, 


^a^ir.dd  .dr::M:  dM; 


and 


*        JoJo  IT  a*  •/»  a*  2 

ft 

and  for  an  axis  parallel  to  the  above  at  the  distance  d^ 


Example  8. — 7^  ^ame  6(xfy  ci6ot«/  an  axis  through  its  centre  and 
in  it$  plane. 


As  before, 


T .df , dS 
dM=iM'^-^^^-^ 

ma* 


in  which  r  denotes  the  distance  of  d  M  from  the  centre ;  and  taking 
the  axis  to  be  that  from  which  6  .is  estimated,  the  distance  of  the 
elementary  mass  from  the  axis  will  be  r  sin  L  and 

Or  **  *  Tk 


and 


*/  =  i«, 


and  about  an  axis  parallel  to  the  above  and  at  the  distance  d^ 


=v^ 


+  <^- 
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It  b  obriouB  that  both  the  axes  first  considered  in  Examples  3 
and  3  are  principal  axes,  as  are  also  all  others  in  the  plane  of 
die  plate  and  through  the  centre,  and  if  it  were  required  to  find 
the  moment  of  inertia  of  the  plate  about  an  axis  through  the  centre 
and  inclined  to  its  surikce  under  an  angle  (p,  die  answer  would  be 
given  by  the  Equation  (210),        (?i  *~*V#  f^/i  *  '■<^ 

Mk,-'  =  i Jf a» sin« <f  ■\- \ Ma' <SOs» ?     "^  \^        {•• 
=  iJlfo=(l  +  sin^?),  C^/^' 

and  for  a  parallel  axis  whose  distance  is  d,  ^ 

Jfi»  =  if  (i  a>{l  +Bin»v)  +  <P)  . 

Example  4. — A  soUd  of  revoluiton  about  any  axis  perpendkular  to 
tk«   axif  of  the  eolid. 

Let  D  A'  E  \)f^  the  given  axis, 
cutting  that  of  the  solid  in  A'-  Let 
A'  be  the  origin  of  coordinates, 
P  M=y;  A'  P  =  x;  AA'  =  m; 
A'  £  =  n;  and  V  =  volume  of  the 
solid. 

The  Tofume  of  the  elementary 
VACtion  at  P  wUI  be 

•  y'.dar, 


'-•/ 


T:  Jf::*.y».rfx:rfjf; 
wbenoe, 

and  its  moment  of  inertia  about  if  M\  is,  Ejiampie  3, 

_.,.j..i,.t.. 


and  about  the  parallel  axis,  D  E, 
M 


j=.<(.(>S'  +  i») 


168  ELEMENTS    OF    ANALYTICAL    UEOHANIOS 

therefore, 


But 


whence, 


4 


*»  =  


The  ci^uation  of  the  generating  curve  being  given,  y  may  be  elimi. 
nated  and  the  integration  performed. 

Example  5. — A  sphere  about  a  line  tangent  to  its  euffoee. 
The  equation  of  the  generatrix  is 

m  which  a  is  the  radius  of  the  sphere.     Substituting  tlie  value  of  ^ 
in  the  last  equation,  recollecting  that  m  =  0,  and  n  =  2  a,  we  hare 


/     (2a«  — «*)rf 


k^  = — =  g  a». 


Also  Equation  (216), 


it^a  =  Jfca  -  a*  =  I  a', 


I 
and 


*-  =  «\/  R 


o 


Thus,  when  the  boundary  of  a  rotating  body  and  the  law  of  ita 
density  may  be  defined  by  equations,  its  moment  of  inertia  is  readily- 
found  by  the  ordinary  operations  of  the  calculus ;  but  when  the  figuro 
is  irregular  and  the  density  discontinuouss  recoui-se  is  liad  to  the  prop» 
erties  of  the  compound  pendulum,  to  be  explained  presently. 
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{^f 


'xample  6. — Find  the  points  in  reference  to  which  tite  pi'incipal  mo- 
ments  are  equal. 

Take  the  origin  at  the  centre  of  inertia,  and  the  principal  axe? 
through  that  point  as  the  co-ordinate  axes.  Denote  by  x^  y^  z^  the  co- 
ordinates of  one  of  the  points  sought ;  by  A^^  B^^  and  C^  the  principal 
moments  with  reference  to  this  point,  and  by  «'  y'  2'  the  co-ordinates  of 
the  element  m.  Then,  because  the  moments  through  the  point  x^  y^  z^ 
are  to  be  principal,  will 

2:m(«'-a?,)(y'--y,)=0;  'Lm{x'^x){z'-'Z,)=,0\  5:m(y'-y;)(2'-2r;)=0. 

Performing  the  multiplication  and    reducing  by  the   properties   of  the 
centre  of  inertia  and  principal  axes,  we  have 

Jf.aj^y^  =  0;  Mx^z^:=0\  My^z-  =  0: 

which  can  only  be  satisfied  by  making  two  of  the  co-ordinates  x^y^^^ 
separately  zero.    Let  y^  =  0,  and  2^  =  0  ;   then,  §  166  and  Eq.  (216), 

A^=zA\  B^  =  B  +  Mx;]    (7,=  (7-f  Jfa?/; 

but,  by  the  conditions,  the  first  members  are  equal.    Whence 

A^B-h  Mx;  =  C^Mx^; 
and,  therefore, 


B=i  C\   and  «,  =  ±y  - 


A^B 

TOT"' 


and  from  which  it  is  apparent :  1st,  that  if  all  the  principal  moments 
in  reference  to  the  centre  of  inertia  be  unequal,  there  is  no  point  in 
reference  to  which  they  can  be  equal ;  2d,  that  if  two  of  them  be 
equal  in  reference  to  the  centre  of  inertia  and  the  third  be  the  great- 
est, there  are  two  points,  equally  distant  from  the  centre  of  inertia  and 
on  the  axis  of  the  greatest  moment,  with  reference  to  which  they  are 
equal ;  3d,  that  if  all  three,  with  reference  to  the  centre  of  inertia,  be 
equal  to  one  another,  there  is  no  other  point  with  respect  to  which 
they  can  be  equal. 

IMPULSIVE    FORCES. 

§  169. — ^We  have  thus  far  only  been  concerned  with  forces  whose 
action  may  be  likened  to,  and  indeed  represented  by,  the  pressure 
arising  from   the   weight  of  some  definite   body,  as   a  cubic   foot  of 
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distilled  water  at  a  standard  temperature.  Such  forces  are  called 
incessant^  because  they  extend  their  action  through  a  definite  and 
measurable  portion  of  time.  A  single  and  instantaneous  effort  of 
such  a  force,  called  its  intensity,  is  assumed  to  be  measured  by  the 
whole  effect  which  its  incessant  repetition  for  a  miit  of  time  can 
produce  upon  a  free  body.  The  eflTect  here  referred  to  is  called 
the  quantity  of  motion,  being  the  product  of  the  mass  into  the 
velocity  generated.     That  is,  Equations  (12)  and  (13), 

p  =  jf.  F,  =  Jf^=2r^;  .   .   .   .(218) 

in  which   F^,  denotes  the  velocity  generated  in  a  unit   of  time. 

The  force  P,  acting  for  one,  two,  or  more  units  of  time,  or  for 
any  fractional  portion  of  a  unit  of  time,  may  communicate  any  other 
velocity  F,  and  a  quantity  of  motion  measured  by  M  V,  And  if 
the  body  which  has  thus  received  its  motion  gradually,  impinge  upon 
another  which  is  free  to  move,  experience  tells  us  that  it  may 
suddenly  transfer  the  whole  of  its  motion  to  the  latter  by  what 
seeius  to  be  a  single  blow,  and  although .  we  know  that  this  transfer 
can  only  take  place  by  a  series  of  successive  actions  and  reactions 
between  the  molecular  springs  of  the  bodies,  so  to  speak,  and  the 
Inertia  of  their  different  elements,  yet  the  whole  effect  is  produced  in 
a  time  so  short  as  to  elude  the  senses,  and  we  are,  therefore,  apt  to 
assume,  though  erroneously,  that  the  effect  is  instantaneous.  Such 
an  assumption  implies  that  a  defmite  'velocity  can  be  generated  in  an 
indeJinitely  short  time,  and  that  the  measure  of  the  force's  intensity 
is.  Equation  (218),  infinite. 

In  all  such  cases,  to  avoid  this  difficulty,  it  is  agreed  to  take  the 
actual  motion  generated  by  these  blows  during  the  entire  period 
of  their  action,  as  the  measure  of  their  intensity.  Thus,  denoting 
thS  mass  impinged  upon  by  Jf,  and  the  actual  velocity  generated 
in   it  when  perfectly  free  by   F,   we  have 

P  =  Jf  F    =  3/.-7^, (219) 

in   which  P,  denotes  the    intensity   of    the    force's    action,    and   the 
second  member  of  the  equation  the  resistances  of  the  body's  inertia. 
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Forces  which  act  in  the  manner  just  described,  by  a  blow,  are 
called  impulsive  farces, 

IfOnON   OF  A  BODY  T7NDEB  THE  ACnON  OF  mPULSIYE  F0B0E8. 

ft 

§  170. — ^The  components  of  the  inertia  in  the  direction  of  the  axes 
ryz,  are  respectively  ^   ^  ^itZ^^  ^£-^Uv^  #  ^ 


-^  ds  dx       _^  dx 
dt  ds  dt' 

ds  dy       j^  dy  ^ 


C4^4,^  * 


// 


•^*.< 


(  /*t  TtU^  >•* 


^t<         ^t-C4.      u^ 


di  ds''        diXl^  ^^*-*-    '**  ^    *^    aU>%r^'f^<A 


if  •  —  •  —  =  ilf .  — ; 


(^  A.^^  23C*«^ 


wx 


<?C9£ 


wMch,   substituted  for    the    corresponding    components  of  inertia  in 
Equations  (A)  and  (B\  give 


dx    '\ 
2  P  cos  a  =  2fn.^--; 

2Pcos)8=  2in.^;    ^ 

^  ^       dz 

2  P  cos  y  =  2  m  •  -TT ; 


(220) 


2P(«'cos/3  —  y'cosa)  =  2m  (^'•^  — Z*^)  ' 


(a«P  a2P\ 


y'  •  ^ 


(221) 


In  which  it  will  be  recollected  that  x  y  z  are  the  co-ordinates  of  m,    ( 
referred   to  the  fixed  origin,  and    x'  y'  z\  those  of  the  same  mass 
referred  to  the  centre  of  inertia. 


MOTION  OF  THE  CENTRE    OF    INEBTIA. 

§171. — Substituting    in    Equations    (220),   for   cfar,    rfy,   dt^   their 
values  obtained  from  Equations  (34),  and  reducing  by  the  relations 

2mc?a:'  =  0;   2mrfy'=:0;  2mrf«'  =  0;   •  ' 


'«. 
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given  by  the  principle  of  the  centre  of  inertia,  we  find 


2Pcosa  =  3-7. 2m: 
o  t 

2Pco8yz=-T-7-2m; 
at 


•     • 


(223) 


and  substituting  if  for  2  f?>,  we  have 


SPcosa  =  M'^^' 


a  t 
2Pcosy  =  if.^; 


which  are  wholly  independent  of  the  relative  positions  of  the  elements 
of  the   body,  and  from   which  we   conclude   that  the  motion  of  the 
centre  of  inertia  will  be  the  same  as  though  the  mass  were  conoen-' 
trated  in   it,  and  the  forces  applied  immediately  to  that  point. 

§  172. — Replacing  the  first  members  of  the  above  equations  bjr 
their  values  given  in  Equations  (41),  and  denoting  by  V  the  Telocity 
which  the  resultant  R   can  impress  upon  the  whole  mass,  then  will 

SPcosa  =  i/Tcosa;    2 P  cos )8  =  if  F cos  5;   iPcosy  =  if  Fcosr; 

substituting  these  above,  we  find 


F.  cos  a  = 


F.cosi  = 


F.oos  J  = 


dx, 
dt  ' 

ill . 

dt   ' 

£fL. 

dt    ' 


(224) 
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and  integrating,  * 


irr 


(225) 


z,  =  F.oosc.^  +  C",  ^ 

and  eliminating  t  from  these  equations^  V  will  also  disappear,  and 
-we  find,  ' 

cos  c         C  cos  c  —  C"  cos  a 


z,^x, 


h^Vr 


Vi  =«/• 


cos  a 

cos  c 
cos  6 

cos  6 
cos  a 


cos  a 

CT' 

cos  c  — 

Qin 

cos 

h 

cos 

h 

(y 

cos  6  — 

a' 

cos 

a 

cos  a 


(226) 


;he  Qopseauenoe     .  >^ 

iriA.         iTiia    iiTiA     /        —     • 


which  being  of  the  first  degree  and  either  one  but  the 

of  the  other  two,   are  the   equations  of  a  straight  line. '  "ThS^  Tine   j      rrj^^ 
makes  with  the  axes  ^,  y,  z^  the  angles  a,  6,  c,  respectively,   and  is,  ^ 
therefore,  parallel  to  the  resultant  of  the  impressed  forces.  • 

Whence  we  conclude,  that  the  centre  of  inertia  of  a  body  acted  r^ 
upon  simultaneously  by  any  number  of  impulsive  forces,  will  move  ^ 
uniformly  in  a  straight  line  parallel  to  their  common  resultant 


T" 
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§  173. — Substituting,  in  Equations  (221),  for  dx^  dy  and  dz^  their 
Talues  from   Equations   (84),    reducing  by 

2  w  «'  =  0, 

i:  m  y'  =  0, 

2  wi «'  =  0, 
and  we  find, 

2P  (aj'cosjS  -  y'cos  a)  =  Sm  (x' -  ^  -  /  ^)  ;  ' 


2  P  (;f'  cos  a  —  a:'  cos /)  =  2  m  Iz'  •  -^ x'  •  —J  ; 

2P(/cos7  -  «'cos/3)  =  2m  (/•  ^  -  /.^')  ; 


y    • 


(227) 


m 
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whence,  the  motion  of  the  body  about  its  centre  of  inertia  will  be 
the  same  whether  that  point  be  at  rest  or  in  motion,  its  co-ordinates 
liaving  disappeared  entirely  from  the  equations.  .  .  ^ 

§  174. — Replacing  the  first  members  of  Eqs.  (227)  by  L^^  i/),  and  iV^,        U^ 
respectively,  §  162  ;  and  substituting  in  the  second  members  for  dx\  dy' 
and  dz\  their  values  in  Eqs.  (190),  we  readily  find 


It 

d^ 
dt 


d-a 


dt  dt 

•■^     —        «  f    dp  .  ,  ,   dm 

d-l/  dji 

*  dt  dt 


-    • 


(228) 


2  w  (y"-^  +  z'*) 

If  the  axes  be  principal,  then  will  i:ma:y  =  0,  2myV  =  0, 
2  m  x'z'^O'f  or  if  the  axes  be  fixed  in  succession,  then  for  the  axis  x'  wiH 
dxj)  r=  0\  {£9  =  0;  for  the  axis  y,  c?(p  =  0;  G?a>  =  0;  and  for  the  axia 
z,  <iz;y  =  0;  drp  =z  0,  and  the  above  become 

__A___: 


5, 

-^^^ 

d^ 
'  ".'''  dt 

^       dt 

2  m  .  (a:'2  +  ^'2)  ' 


(229) 


"  2  w  .  (y'2  +  z'^)    J 

That  is,  the  component  angular  velocity  about  either  a  principal  or  fixed 

axis,  is  equal  to  the  moment  of  the  impressed  forces  divided  by  the 

moment  of  inertia  with  reference  to  that  axis. 

-        d9 
The   resultant   angular   velocity   being   denoted   by    — >     we    also 

have,  (Eq.  196), 

^  =  i-  Jd<^^  +  ^4.2  +  dv(^.    ....     (230) 
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•  AXIS    OF   INSTANTANEOUS    ROTATION. 

§  175. — The  axis  of  instantaneous  rotation  is  found  as  in  §  158,  by 
making,  in  Equations  (192),  dx'  =  0,  d^/'  =  0,  dz'=:0\  and,  therefore, 

g'.Vy  — y'.v.=  0;    x'.v,  —  z^,v,z=zO;   y\v,  —  x',v^=Q  .(231) 

which,  as  the  last  is  but  a  consequence  of  the  others,  are  the  equations 
of  a  right  line' through  the  centre  of  inertia. 

The  equations  of  the  line  of  the  resultant  impact  are,  Eqs.  (45), 

* 

and  the  inclination  B  of  this  line  to  the  instantaneous  axis,  is  given  by 


cos 


or,  substituting  for  v.,  v,,  and  v,  their  values,  Eqs.  (229)  and  (191), 

L^.Z      M^.r     N^.X 

C     "^      B     "^     A  .     ,       , 

cos  g  =      , .     (232) 


*/(!)•-  (f)v  (^r-  V? 


*+r«  +  x* 


The  point  in  which  the  line  of  the  impact  pierces  the  plane  y  z  is  given  by 

dividing  one  by  the  other,  we  have,  for  the  equation  of  the  line  through 
this  point  and  the  centre  of  inertia, 

r  Li        f 

Denote  the  angle  which  this  line  makes  with  the  instantaneous  axis  by 
0' ;   then  from  the  equations  of  these  lines  will 


^W-^h^A-W 


+  1 


or,  Eqs.  (229)  and  (101),  ^ 


-B^' 


cos  6'  = ^  .     (233) 
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AXIS    OF   SPONTANEOUS    ROTATION. 

§  176. — If  both  members  of  Eqs.  (34)  be  divided  by  di^  we  have 

dx  ^  dx^      dx*  ^ 
dl  "^  "dJ      Yi  ^ 

dt        dt  '^  dt' 
d z  ^  dz^      dz' ^ 

and  if  for  any  element 

dx      .        dy      ^      dz      ^  /       v 

then  will 

(far. 


x^  __       dx'      dy^  ^       dy'      dz,  ^       dz* 

~t'"~"Tt'  It"     Tt'   dT'"'dT    '   '    ^^^^) 

Substituting  for  the  first  members  their  values  given  in  Equations  (224), 

and  for  the  second  members  their  values  given  in  Equations  (192),  we 

have 
f/iiiM^^  £^/.  ,^        «',  Vy  — y'.  V, +  F.  cos  a  =  0^ 


^i^^a^^al^^^^  «' .  V.  -  s ' .  V.  +  r .  cos  6  =  0 

^    i^^T^cT.  y/   y^  _  a:',  v^  +  F.  cos  c  =  0, 


(236) 


/ 

Now,  if  either  of  these  equations  be  but  a  consequence  of  the  other 

.  two,  then  will  they  be  the  equations  of  a  right  line  parallel.  Equations 

(231),  to  the  instantaneous  axis;   and  all  points  upon  this  line  will  be 

at  rest  during  the  body's  motion.    This  line  is  called  the  axxB  of  spon- 

Uineous  rotation. 

To  find  the  conditions  which  shall  express  the  dependence  of  either 
of  tlie  Equations  (236)  upon  the  other  two,  multiply  each  by  the  angu- 
lar velocity  it  does  not  already  contain,  add  the  products,  and  divide  the 
sum  by  the  resultant  angular  velocity  v^ ;  there  will  result, 

cijT..       ir^/f*  cos  o  .  ~  +  cos  6 .  ^  +  cos  c .  ~  =  0      .     .     .     (236)' 
j^^^T  ^  ^'  ^*  ^* 

The  first  member  is  the  cosine  of  the  angle  whicli  the  resultant 
impact  makes  with  the  instantaneous  axiai^this  being  zero,  it  follows 
that  whenever  a  body  is  struck  so  as  to  lujuku  the  instantaneous  axis  per- 
pendicular to  the  direction  of  the  impact,  the  spontaneous  axis  will  exist. 
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Denote  by  /,  the  distance  from. the   spontaneoas  axis  to  the  line  ot^^^  ^ 
the  impact;  by  «,  and  e^  the  absolute  terms  in  the  second  and  third 
of  Eqs.  (236),  solved  Tvith  respect  to  z^&nd  y/then  will 

Equation  (232)  will  make  known  the  circumstances  of  the  impact 
and  shape  of  the  body  which  will  determine  the  existence  of  the  spon- 
rr,  I  X        taneous  axis. 
/**'-*<^"'^  «^/^t<ii^*^c  the  impact  in  the  plane  of  the  principal  axes  «'y',  and  par- 
^^^^;:^^  to  the  axis  x\    Then,  Equation  (232),  will  (?=  90^  and  the  spon-| 

5^"S^'iuAy3*^®^"*  axis  will  exist.    Also,  Equation  (233),  B'  =  90°.     And,  Equations  ^ 

z'-o  ^  /'^(237)  and  (220),  and  because  X^  M.  F,  and  r=e,.  v„        X  ^*-^    Tu^lJ^ 

"£»^*c-  *iv  Whence,                                                                                  l^l^^Sy      iAr/Lt^  s^  = 
f(^-^:f  (^-^).^r  =  V ^»     (238).     Z^^ 

'iu      0  Hiat  is,  when  the  line  of  the  impact  is  in  the  plane  of  two  of  the 
principal  axes  and  parallel  to  one  of  them,  there  will  be  a  spontaneous 
axis,  and  the  product  of  its  distance  from  the  centre  of  inertia  by  that  . 
of  the  line  of  the  impact  from  the  same  point,  is  equal  to  the  square 
of  the  principal  radius  of  gyration  in  reference  to  the  instantaneous  axis,   )    j\ 

§  177. — The  body  being  free,  and  the  axis  of  spontaneous  rotation  at  ' 

rest,  while  the  other  parts  of  the  body  are  acquiring  motion,  the  forces, 
both  extraneous  and  of  inertia,  are  so  balanced  about  that  line  as  to  im- 
press  no  action  upon  it.  The  line  of  the  impact  and  the  points  of  the 
body  on  this  line  are  called,  respectively,  the  am'«  and  centres  of  percttssioti, 
in  reference  to  the  spontaneous  axis.  A  centre  of  percussion  in  refer- 
ence to  an  axis  is,  therefore,  any  point  at  which  a  body  may  be  struck 
without  communicating  a  shock  to  a  physical  line  coincident  in  position 
with  that  axis. 

STABLE    AND    UNSTABLE    ROTATION. 

g  178, — Now  suppose  the  rotation  to  have  been  impressed,  the  in* 


1.2 
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stantaDeons  axis  nearly  coincident  with  the  principaf  axis  0,  and  the  body 
abandoned  to  itself.     What  vrill  bo  the  circnmstances  of  the  motion? 

The  first  member  of  the  third  of  Equations  (194)  will  be  sensibly 
equal  to  unity,  v^  and  v„  therefore,  indefinite^  small,  their  product  an 
indefinitely  small  quantity  of  the  second  order;  L^j  M^^  and  N^  will  be 
zero,  and  Equations  (202)  may  be  written. 

Integrating  the  first,  we  have  ^^"^ 

c 

V.  =  -^y  =  »; 

in  which  c  is  the  constant  of  integration ;  and  this  in  the  other  equations  iAi^ 

gives  1 

dv  dv  ■  '^Fl 

5.^^  +  n.(^-(7),v.  =  0;    ^.^  +  n((7-i?)v,  =  0;  \   ^ 

differentiating  and  substituting  in  each  of  the  derived  equations  the  ;^«^^7 

values  of  the  first  differential  coefiScients  obtained  from  the  primitive,  r  H^ 

we  find 


^•  +  n'/^-^j-(f-^).v.  =  0. 


I 


If  ^  —  C7  and  -5  — C7  be  both  positive  or  both  negative,^  their  product  '  ^   » 

will  be  positive,  and  the  integrals  are 


V.  =  a. .  sin  jn .  y^ 1^ ^  •'  +  «#!; 


V  —  ^v/ 


A.B 


« 


V.  =  a. .  sin  {n .  y  ^^ ^-^ '-  .  <  +  ^|. 

If  one  of  the  filters  A^C  and  ^  — ^  be  positive  and  tie  other  neg* 
ative,  their  product  Wm  oe  negative,  and  the  integrals  will  be 


♦^ 


V,  =  a, . «         ▼  ^  •  ^ 

In  these  integrals,  a,,  a.,  c,,  and  r.,  are  constants  whose  values  result 
from   the   initial   conditions  of  the   rotation.     They  are  small   at   the 


ttruc^    €A/wi»<%%*'^*'-' 
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epoch,  because  v,  and  v.  are  small.     In  the  first  integration,  v,  and  v. 


aJ— . 


WM*CAie,     \JK.*-)    "^        J 


>  ^'^     .-.      ^  = 


-^ 


^^V  /{/-,C«^j 


khA>i 


/»>< 


•jt.t    -+6'«/^ 


1       l/ir-e,   ^<t•Ki.        »^  -    ^y.C- 


^4.-     >^  C'l/^    -  ^ 


I 


■/- 


Art^-^n.^/^ 


k        •     • 


2if(y.Jl^,.^)=2(Zy-r.); 


(240) 


in  which  it  must  be  recollected  that  ar,  y,  s;,  &c.,  denote  the  co 
ordinates  of  the  centres  of  inertia  of  the  several  masses  M^  dKU 
referred  to  a  fixed  origin. 


180 
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MOTION   OF    TBE   OENTBE  OF  INEBTIA.  OS  THE  BTBTEM. 

§180. — ^Taking  a  movable  origin  at  the  centre  of  inertia  of  the 
entire  system,  denoting  the  oo  ordinates  of  this  point  referred  to 
the  fixed  origin  bj  x^,  y^,  «^,  and  the  oo-ordinates  of  the  centres 
of  inertia  of  the  several  masses  referred  to  the  movable  origin  bj 
x\  y\  g'j  6cc.,  we  have,  the  axes  of  the  same  name  in'  the  two  sys- 
tems being  parallel, 

»  =  »,  +  ar', 
y  =  y/  +  y', 


and, 


(241) 


d^g  =z  cP  z,  +  tPz% 
which  snbstitoted  in  Equations  (239),  and  reducing  by  the  relationn;, 

2if.cPa;'  =  0;    Sifi^y'rrO;     S JfeP/ =  0;   •   -(242) 


(Obtained  from  the  property  of  the  centre  ot  inertia,  we  find 


tPx^ 

dp' 
d^z. 


*2M  =2  SJT; 


'1M=::lT; 


*:lMz=z  S  Z; 


(243) 


which  being  wholly  independent  of  the  relative  positions  of  the  several 
bodies,  show  that  the  motion  of  the  C9ntre  of  inertia  of  the  system 
will  be  the  same  as  though  its  entire  mass  were  concentrated  in 
that  point,  and  the  forces  applied  directly  to  it. 


g  181. — ^Multiplying  the  first  of  Equations,  (243),  by  y^,  the  seeond 
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>iy  ia?^,  End  taking  the  difference;  also,  their  first  by  z^  the  third 
by  isr^,  and  taking  Xlie  difference,  and  again  the  second  by  z^^  the 
<fiiird  'by  y^,  and  taking  the  difference,  we  find 

i'.'^-''r^)'-^M  =  zr-sX-x..-iZ;  j. .  (24*) 


which  will  make  known  die  circamstanoea  of  motion  of  the  oommon 
centre  of  inerUa  about  the  fixed  origin. 

HOnON  OF  THB  8YSTEBC  ABOUT  ITS  <S0Mft()K  CEMTSB  OF  INERTIA. 

§  182. — Siibstitating  the  values  of  jt,  y,  «,  <f^  ic,  &c.,  given  by 
Equations  (241),  in  Equations  (240)  and  reducing  by  Equations  (244) 
and   (242),  there  will   result 


^M' 


^M 


•V 

rf*y' 
di* 

{" 

d^x' 
'  dfi 

.r./ 

d*z' 

-y- 


—  X 


^xT 


dfi 
tPz' 


)  =S(F«'-Xy') 


l)=J(Xz'-Z«') 


*Jif'(y'>^-^'-^)=^{Zy'-rz^ 


>  m 


(246) 


Equations  from  which  all  traces  of  the  position  of  the  centre  of 
Inertia  have  disappeared,  and  from  which  we  conclude  that  the 
motion  of  the  elements  of  the  system  about  that  point  will  be  the 
same,  whether  it  be  at  rest  or  in  motion.  These  equations  are 
identical  in  form  with  Equations  (118);  whence  we  conclude  that 
the  molecular  forces  disappear  from  the  latter,  and  cannot,  there 
fore,  have  any  influence  upon  the  motion  due  to  the  action  of  the 
extraneous  forces.        %'X^  m  ^  ^    ffloL^  ^/  t^i,  ?M,£^«Mb  Uv  ^  JU  Ju 


CONSERVATION  OF  THB  MOTION  OF  THB  CENTRE   OF  INERTIA.  OlL^  ±, 

§  183. — If  the  system  be  subjected  only  to  the  forces  arising  from  ^t*vi.vvi4« 
Ae  mutual  attractions  or  repulsions  of  its  several  parts,  then  will   |^  ^'7 
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For,  the  action  of  the  mass  Jf,  upon  a  single  element  of  IF^ 
will  vary  with  the  number  of  acting  elements  contained  in  Jf; 
and  the  effort  necessary  to  prevent  M  from  moving  under  this 
action  will  be  equal  to  the  whole  action  of  M  upon  a  single  element 
of  M'  repeated  as  many  times  as  there  are  elements  in  If  acted 
upon ;  whence,  the  action  of  M  upon  iT  will  vary  as  the  product 
M  W,  In  the  same  way  it  will  appear  that  the  force  required  to 
prevent  M  from  moving  under  the  action  of  M'^  will  be  propor- 
tional to  the  same  product,  and  as  these  reciprocal  actions  are 
exerted  at  the  same  distance,  they  must  be  equal;  and,  acting  in 
contrary  directions,  the  cosines  of  the  angles  their  directions  make 
with  the  co-ordinate  axes,  will  be  equal,  with  contrary  signs.  Whence, 
for  every  set  of  components  P  cos  a,  P  cos  )8,  P  cos  y,  in  the 
values  of  2  X,  2  y,  2  Z,  there  will  be  the  numerically  equal  com- 
ponents, —  P'  cos  a',  —  P'  cos  ^',  —  P'  cos  /',  and,  Equations  (243), 
reduce,  after  dividing  by  2  if,   to 

and  from  which  we  obtain,  after  two  integrations, 

x,=z  c'.t  +  iy,  ^ 

y^  =  C\t  +  J)'';    > (24Y) 

in  which  (7',  C7",  CT",  i>',  i>"  and  J)"'  are  the  constants  of  inte- 
gration;  and  from  which,  by  eliminating  /,  we  find  two  equations  of 
the  first  degree  between  the  variables  x^^  tfa  ^,i  whence  the  path 
of  the  centre  of  inertia,  if  it  have  any  at  all,  is  a  right  line. 

Also   multiplying  Equations  (246)  by  2dXjj  ^dy^j  ^^^a  respeo. 
tively,  adding  and  integrating,  we  have 

^,;^,A^.^.,-    ifl+^^l±W  ^  y,  ^  C    ....    (248) 

in  which  C  is  the  constant  of  integration  and  V  the  velocity  of  the 
centre  of  inertia  of  the  system.  From  all  of  which  we  conclude, 
that  when  a  system  of   bodies  is  subjected    only  to  forces  arising 
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from  the  action  of  its  elements  upon  each  other,  its  centre  of  inertia 
will  either  be  at  rest  or  move  uniformly  in  a  right  line.  This  is 
called  the  conservation  of  the  motion  of  the  centre  of  inertia. 

OONSEBYATIGN'    OF   ASEAS. 

§184. — ^The  second  member  of  the  first  of  Equations  (245)  may 
be  written, 

and  considering  the  ^  bodies  by  pairs,  we  have 

and  eliminating  27  and  Y*  above  by  these  values,  we  have 


r  {x^  -  ar")  -  X(y'  ~  y")  +  &0. 


But, 


jr=  P 


x'  -  «" 


.ft 


.   jr  _  j>  y  -  y  . 

P  P 


in  which  p  denotes  the  distance  between  the  centres  of  inertia  of 
the  two  bodies.    And  substituting  these  above,  we  get 


./' 


P'^ ^{t^  ^x'')^P 


x'  -  X*' 


(/  -  y")  =  0 ; 


P  P 

and  the  same  being  true  of  every  other  pair,  the  second  members 
of  Equations  (245),  will  be  zero,  and  we  have   ^ 


and  integrating 


dt  •    I 

z'd  x'  ^  x'  d  z' 
a  ^ 

2  jr.  yliLilziillv'  ^  ^,„ 

a  t 


(249) 
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But  §  190,  x'  dy*  -^  y'^^i  ^  twioe  the  difierential  of  the  areft  swepi 
pver  by  the  projection  of  the  radius  yector  of*  Jthe  body  iT^  on  the 
co-ordiniitie  plane  x'  y\  and  the  saoLe  of  the  aiixuUr  expressions  in 
the  other  equations,  in  reference  to  the  other  co-ordinate  planes; 
whence,  denoting  by  A^ ,  -4^,  A^^  double  the  areas  described  in  any 
interval  of  time,  /,  by  the  projections  of  the  radius  yector  of  the  body 
JT,  on  the  co-ordinate  planes,  x'  y\  x'  z\  and  y'  z' ,  and  adopting 
similar  notations  for  the  other  bodies,  we  have    {^^   ^  /U^v«^  "t  ~t:A 

di  ' 

* 

in  which  C,  C'\  C'*\  denote  the  sums  of  the  products  obtained  by 
multiplying  each  mass  into  twice  the  area  swept  over  in  a  unit  of  time 
by  the  projection  of  its  radius  vector  on  the  planes  a;'  y\  a;' «',  y'  z' ;  and 
by  integrating  between  the  limits  i^  and  t\  giving  an  interval  equal  to  t^ 

JLM.A^zzz  C'.t\ 
^Ii.A^=z  C"t; 
2Jfcr.^,=  C7"W; 

whence  we  find  that  when  a  system  is  in  motion  and  is  only  sub* 
jected  to  the  attractions  or  repulsions  of  its  several  elements  upon 
each  other,  the  sum  of  the  products  arising  from  multiplying  the 
mass  of  each  element  by  the  projection,  on  any  plane,  of  the  area 
swept  over  by  the  radius  vector  of  this  element,  measured  from 
the  centre  of  inertia  of  the  entire  system,  varies  as  the  time  of  the 
motion.     This  is  called  the  principle  of  the  conservation  of  areas, 

§  185. — It  is  important  to  remark  that  the  same  conclusions 
would  be  true  if  the  bodies  had  been  subjected  to  forces  directed 
towards  a  fixed  point.  For,  this  pohit  being  assumed  as  the  origin 
of  co-ordinates,  the  equation  of  the  direction  of  any  one  force,  say 
that  acting  upon  Jf,  will  be 
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and  the  second  members  of  Equations  (240)  will  reduce  to  zero; 
and  the  form  of  these  equations  being  the  same  as  Equations  (245), 
thej  will  give,  bj  integration,  the  same  consequences. 

INVABIABLB    PLijrE. 

§  186. — If  we  examine  Equations  (249),  we  shall  find  that  M*  -^ 

18  the  quantity  <^  motion  of  the  mass  if,  in  the  direction  of  the 
axis  y',  and  is  the  measure  of  the  component  of  the  moving  force 

in  that  direction ;  the  same  may  be  said  of  iU  •  -^^  in  the  direc- 
Uon  of  the  axis  «';  whence  the  expression, 

M  •  ^ — -  f 

ut 

is  the  moment  of  the  moving  force  of  M^  with  respect  to  the 
axis  z\  Designating,  as  before,  the  sum  of  the  moments  with  respect 
to  the  axes  z\  y'  and  x\  by  £^ ,  iT^ ,  iV^ ,  respectively.  Equations  (249) 
become 

L,=^(f\    M,=zC"i    N,^(?". 

Denoting  by    9^  9^,  and  9^  the  angles  which  the  resultant  axia 
makes  with  the  axes  «',  y'  and  x'y  we  have,  §  110, 

4        _  <?' 


C08  9«  = 


eoeO,  = 


'/ 


.   •  .  •  (260) 


cos  9,  = 


These  determine  the  position  of  the  resultant  or  principal  axis>  f^  Vff^ 
The  plane   at  right  angles  to  this  axis  is  called  the  principal  plane,  m».  i^^Mk, 
The  position  of   this  plane  is  invariable,  and  it  is  therefore  called   ^^  ^^^ 
the  invariable  plane^  either  when  the  only  forces  of  the   system  are    .        ^7^ 
those  arisini?  from  the  mutual  actions  and  reactions  of   the  bodies  "S 


ariSmg     irum     UW     lUUbUUl     ttCtlUUa     auu     lC»^^wvno     vi       i.»»«      hrvu»v«    ^, ^         ^ 

upon  each  other,  or  when  the  forces  are  all  directed  towards  a  fixed  |^^  • 
oeutre. 
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FRIKCIPLS    OF    LIVING    FORGE. 

§  187. — If,  during  the  motion,  two  or  more  bodies  of  the  system 
impinge  against  each  other  so  as  to  produce  a  sudden  change  in  their 
velocities,  the  sum  of  the  living  forces  will  undergo  a  change.  To  esti- 
mate this  change,  let  Ay  B,  0  be  the  velocities  of  the  mass  m,  in  the 
direction  of  the  axes  before  the  impact,  and  a,  6,  c  what  these  veloci- 
ties become  at  the  instant  of  nearest  approach  of  the  centres  of 
inertia  of  the  Impinging  masses,  then  will 

-4  —  a,    J5  —  6,    C  —  c, 

be  the  components  of  the  velocities  lost  or  gained  by  m  at  the  instant 
corresponding  to  this  state  of  the  impact,  and 

m  (-4  —  a),    m(B  —  ft),    m  (C7  —  c), 

the  components  of  the  forces  lost  or  gained.  The  same  expressions, 
with  accents,  will  represent  the  components  of  the  forces  lost  or 
gained  by  the  other  impinging  bodies  of  the  system.  These,  by 
the  principle  of  D'Alembert,  §  71,  are  in  equilibrio,  whence 

2m(^  —  a)  5aj  +  ^m{B  —  ft)  ^y  +  2to((7—  c)^z  =  0. 

The  indefinitely  .  small  displacements  8xy  ^y,  Sz^  dsc,  must  be  made 
consistently  with  the  connection  *  by  virtue  of  which  the  velocities  are 
lost  or  gained ;  but  as  a,  ft,  c  denote  the  components  of  the  actual 
velocities  of  the  body  whose  mass  is  m,  at  the  instant  of  its  nearest 
approach  to  that  with  which  it  collides,  this  condition  is  fulfilled  if  we 
make 

Bx  =  a.Bt\     By  =  h.Bt\     Bz  =  cBu 

These  values  being  substituted  in  the  above  equation,  we  have, 
after  dividing  by  ^  /, 

2m(^— a)a-f-2m(^  — ft)ft-f-2m(C7— c)c  =  0  •  •  (261) 
2m  (^a  -f  ^ft  -f-  Cc)  —  2m  (a*  -f-  ft2  +  c»)  =  0  •   •  (262) 
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But  we  have  the  identical  equation, 


{A  -  ay  +  (^  -  by  +  ((7-  c)a  =  j 


A^  +  B^+  (72  +  ii2  +  6» 
or, 


-4a  +  J56  +  Cc  =  . 


^3  ^  ^2  ■!■  (72  c2  ■!■  ^2  +  c» 

2  "*"  2 

2 ' 


^hich  in  Equation  (252)  gives, 

2  m{A^+B^+  (72)-2  m(a3+A2+c2)=2m  [(^i  -a)a+(^~&)a+(C'— c)^], 

and  making 

^2  4.  ^2  ^.  (73  _  72^ 

a3  +  62  +  c2  =  «^ 
2mF^-2»it|3  =  2»i[(-4— o)2  +  (^-5)2  +  ((7  — c)2]-  •  (253) 

whence  we  conclude,  that  the  difference  of  the  sums  of  the  living 
forces  before  the  collision,  and  at  the  instant  of  greatest  compression^ 
u  equal  to  the  sum  of  the  living  forces  which  the  system  would  have, 
if  the  masses  moved  with  the  velocities  lost  and  gained  at  this  stage 
of  the  collision. 

Since  all  the  terms  of  the  preceding  equation  are  essentially 
positive,  it  follows  that  at  the  instant  of  nearest  approach  of  the 
impinging  bodies,  there  is  a  loss  of  living  force. 

If  the  impinging  masses  now  react  upon  each  other  in  a  way  to 
cause  them  to  be  thrown  asunder,  and  A',  &,  C,  &c.,  denote  the 
components  of  the  actual  velocities,  in  the  direction  of  the  axes,  at 
the  instant  of  separation,  then  will  the  components  of  the  velocities 
lost  and  gained  while  the  separation  is  taking  place,  be 

a  —  A\    b  -^  B',    c  —  C,    &c.,  &c. ; 

and  Equation   (251)  will  become 

2m(a  — -4')a  +  2m(5  — ^')6  +  2i»(c  —  (7')c  =  0, 
or, 

2m(aa+  5^  +  ^2)  —  2»*(^'a  4-  B' b  4-  C c)  »  0; 
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(a  -  Ay  +  {b  ^Bj  +.  (c  -  cy  =  I 


and  eliminating  A'a  +  B'b  +  Cc, 'by  means  of  the  identical  equi^ 
tion, 

a«  +  63  +  c»  +  A'^  +  B"^ 

we  obtain, 

and  making 

A*^  +  B'^  +  C^=z  T\ 
^mu^  -  2 mF'2  =  -  2m  [(a  -  A^  +  (6  -  jB')«  +  (c  -  (T')**]  -  •  (254) 

All  the  terms  of  this  equation  Wng  essentially  positive,  it  fol- 
lows, from  the  sign  of  ike  second  member,  that  during  the  reaction 
of  the  bodies  by  which  they  are  separated,  there  ia  a  gain  of  living 
force. 

If  the  loss  and  gain  of  velocities  after,  be  the  same  as  before 
the  instant  of  greatest  compression,  then  will  there  be  no  loss  or 
gain  of  living  force  by  the  collision.       U    ^  ^  ^^   ihc    £/k     r  — 

PLANETARY    MOTIONS. 

§  188. — When  the  only  forces  are  those  arising  from  the  mutual 
attractions  of  the  several  bodies  of  the  system  for  one  another,  the  sec- 
ond members  of  Equations  (239)  reduce,  as  we^have  seen,  §  183,  to  aero, 
and  those  equations  become 


2if.-.  =  0, 


(255) 


iet  us  now  find  the  motion  of  any  one  body  of  the  system  in  refer- 
ence to  any  other,  taken  at  pleasure.  This  latter  body  will  be  called 
the  centred^  the  former   the  primary^  and   the   others,  collectively,  the 


,^U^ 
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jftrturbatififf  bodies.     Let  the  central  and  primary  bodies  be  those  whose 

masses  are  M  and  M,  respectively ;   the  perturbating  bodies  those  whose 

masses  are  M^^,  if^^^,  t&c.      The  first  of  the  above  equations  may  be 

written 

(P  X  d^  X  d^  X 

^•rfF  +  ^"dy  +  ^^"-rf/  =  <^   •   •   •   (2^«) 

If  the  perturbating  bodies  alone  acted  upon  one  another,  the  last  term 
would  be  zero;  and  when  the  action  of  the  central  and  primary  are 
Included,  the  numerical  value  of  this  term  will  result  from  the  action 
of  these  latter  bodies.  Denote  the  reciprocal  action  of  any  two  bodies 
upon  one  another  by  WTiting  their  masses  within  the  parenthetic  sign, 
and  use  the  subscript  x  to  denote  the  component  of  this  action  parallel 
to  the  axis  x.     Hieu  will 

2  (MM,).  +  2  {M,  M„  ).._  S  Jf,,  ^  =  0 ;      4^^'  t^   f-  ^-^  • 
adding  this  to  the  next  equation  above,  we  get 

Taking  the  movable  origin  at  the  centre  of  the  body  Jf,  we  have 

ar^  =  a:  —  «',  and  (P  x^  =z  <P  x  ^  cP  x^^ 
which,  substituted  above,  gives 

{Jif+M,)^-M,.^  +  l{ifM,).  +  i(M,M„).= 
dividing  by  M  +  M^  and  multiplying  by  M^  there  will  result 

The  value  of  the   first   tenn    results   from  the  component  action  of 
the  primary  and  perturbating  bodies  upon  M\  whence 

d'x  ^  I'^^x^  ^  CL^  ^^i^^ 

ir.^-[(if3fj.-2(3fifjj  =  0;    ^'--^^v.Uec^ 

from  which  subtracting  the  equation  above,  there  will  result  /lu^i  /  ^^  ^^^  ^^  ^  .|~ 

MM,      d}x'        ,,,,,,  M,  ^r^ri^r^  ^  x, ,  i^  .7^!^*^  ^'^  f*"!^ 
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Dividing  by  the  coefficient  of  the  first  term,  and  treating  tlic  othei*  two 
of  Equations  (25.5)  in  the  same  way,  we  finally  get 

d}x'     M4-M  1  1 


(258) 


Whici),  by  integration,  will  give  all  the  circumstances  of  the  primary^s 
motion  in  reference  to  the  central  body. 


LAWS  OF  CENTRAL  FORCES. 


§  189. — A  central  force  is  one  which  is  directed  towards  a  centre, 
movable  or  fixed,  and  of  which  thie  intensity  is  a  function  of  the  dis- 
tance from  the  centre.     The  forces  of  nature  are  of  this  description. 

If  th^  pcrturbating  bodies  did  not  exists  tlien  would  the  action  on 
the  primary  be  directed  to  the  central  body  as  a  centre,  the  Equations 
(258)  would  reduce  to  their  first  two  terms,  and,  denoting  the  distance 
from  the  central  to  the  primary  by  r\  they  would  be  written, 


(269) 


Multiply  the  first  by  y\  the  second  by  x\  and  take  the  difference  of  the 
products ;  also  multiply  the  first  by  z\  the  third  by  x\  and  take  the  differ- 
ence of  the  products ;  and  again  the  second  by  2',  the  third  by  y',  and  take 
the  difference  of  the  products :  there  will  result,  omitting  the  accents^ 

(Py  d}x 

di*  d^   ^        ' 


Px 
d? 


,z 


^z 


-rf?-'=^' 
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which^  being  integrated,  give 


dy  dx 

dx       *  dz 
at  at 


dt'^   dt'^"^  • 


(260) 


e..^  f  X  y  ^  ^ 

in  which  C?',  C^^j  and  C^^'  are  the  constants  of  integration,  /^^i^c-  Cfce  u*- 

Multiplying  each  by  the  first  power  of  the  variable  which  it  does 
not  contain,  and  adding,  we  have 


Cm  -trrtL 


^ 


which  is  the  equation  of  an  invariable  plane  passing  through  the  cen?  v^^  y,^, 
tre,  and  of  which  the  position  depends  upon  the  constants  (y^  0^\  C^'\  \'^  ^ 
Whence  we  conclude  that  the  primary  deflected  by  the  central  body  V  -j^ 
alone,  will  describe  a  plane  curve  of  which  the  plane  will  contain  tiie  a^  ayi^C* 
,  centres  of  both. 

§  190. — ^Take  the  co-ordinate  plane  «y  to  coincide  with  this  plane, 
and  the  Equations  (260)  will  reduce  to 


dy  dx 


(261) 


Transform  to  polar  co-ordinates;  for  this  purpose  we  have 

xz=:r.  cos  tt ;   y  =  r .  sin  a ; 

differentiating, 

dx  =  d.r  C0&  a  ^  r  sin  arfa, 

d  y  =  d r  Bin  a,  +  r  cos  ad  a. 
Substituting  in  Equation  (261),  we  find 

dy  dx  ,  doL       _,, 


•     •     •     •     • 


(262) 


integrating  again,  we  have 

and  taking  between   the   limits  r^,  a^  and  r^^,  a^^,  corresponding  to  the 
time  t^  and  /^^, 

ry.da  =  C'{t,,^Q (268) 


##"« 


r    —     m^  rx*»»  *•—       r  ■-»    »~  rr^-^t  -■  ■        ^t>»  *  ■      «       '^ 
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But  f  i^da  is  double  the  area  described  by  the  motion  of  the  radius 
vector ;    whence  we  see,  Equation  (263),  that  the  areas  described  by  the  • 
radius  vector  of  a  body  revolving  about  a  centre,  are  proportional  to  the  j  J_ 
intervals  of  time  required  to  describe  thetn.  ^ 

Making,  in  Equation  (263),  t^^  —  t^  equal  to  unity,  the  first  member 
becomes  double  the  area  described  in  a  unit  of  time.  Denoting  this 
by  2  c,  that  equation  gives 

(7'=2c. 
Placing  this  in  Equation  (263),  we  find 

r  '  '  f^ ,datt 

'»-<.^— Y^ (2«*) 

That  is  to  say,  any  interval  of  time  is  equal  to  the  area  described 
m  that  interval,  divided  by  the  area  described  in  the  unit  of  time. 

§  191. — ^The  converse  is  also  true;  for,  differentiating  Equation  (262), 

we  find 

d}y         d}x 

d}y  d}x 

Multiplying  by  M,  and  replacing  Jf.  ^-j  and  M .  j-^  ^7  ^^^^  values 

m  Equations  (120),  there  will  result 

Yx-Xy^O .     (266) 

which  is  the  Equation  of  th^  line  of  direction  of  the  force ;  and  having 
no  independent  term,  this  line  passes  through  the  centre.  Whence  we 
conclude,  that  a  body  whose  radius  vector  describes  about  any  point 
areas  proportional  to  the  times,  is  acted  upon  by  a  force  of  which  the 
line  of  direction  passes  through  that  point  as  a  centre.  The  force  will 
be  attractive  or  repulsive  according  as  the  orbit  turns  its  concave  or 
convex  side  towards  the  centre. 

§  192. — ^Replacing  C  by  its  value  2  c,  in  Equation  (262),  and  dtvi 

ding  by  r\  we  have 

da       2c 

dt=l^ (266) 
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1 


The  first  member  being  tbe  actual  velocity  of  a  point  on  the  radios 
vector  at  the  distance  unity  from  the  centre,  is  called  the  angular  ve- 
locity of  the  body.  The  angular  velocity  therefore  varies  inversely  ae 
the  square  of  the  radius  vector.r    ^  (lix,  Al^  J  A^«   ^  ^^r-^*^ 

§  193. — Multiply  Equation  (266)'  by  ds^  and  y^  may  b«  put  undet 
tlie  form, 


ds 
dt 


2c 


rda^ 


r. 


r.dcL 


ifiw       .  i*         '  '  ds 

but  '  *7\  is  equal  to  the  sine  of  the  angle  which  the  element 

orbit  makes  with  the  radius  vector,  and  denoting  by  p  the  lei 
the  perpendicular  from  the  centre  on  the  tangent  to  the  od>it 
place  of  the  body,  we  have  ^^^  ^,  tJ 

r  .da  J(x.  ^ 


\ 


p  =  r 


ds 


«nd 


J. 


r=5f 

P 


(267) 


whence,  the  actual  velocity  of  the  body  varies  inversely  as  the  distance 
of  the  tangent  to  the  orbit  at  the  body's  place,  from  the  centre. 


I 


g  194. — ^Denoting  the  intensity  of  the  acceleration  on  M,  by  F;  sub- 

fltitating. if^  ,F .dr  for  Xdx  +  Tdy  +  Zdz^  writing  M^  for  M  in  the 

eoe£Bcient  of  F'  in  Equation  (121),  and  dififerentiating,  we  find  x 

2ff^iTdfr-s:  iii,r  —  C 

and  taking  the  logarithms  of  both  members  of  Equation  (267),    tr/  y^ ««  L  ^^^ 

log  7=  log  2c-logi>;  ^^  ^"fi^ 


differentiating, 


^r^^C^)') 


dV 
V 


dp 


and  dividing  the  equation  above  by  this. 


dr  1       dr 

13 


•       •       • 


(268) 
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Whence  wc  conclade  that^  the 
velocity  of  a  body  at  any  point 
of  its  orbit  is  the  same  as  that 
which  it  would  have  acquired  had 
it  fallen  freely  from  rest  at  that 
point  over  the  distance  ME^  equal 
to  one-fourth  of  the  chord  of  cur- 
vature M  O^  through  the  fixed  cen- 
tre— the  force  retaining  unchanged 
its  intensity  at  M, 

/ 

>  §  195. — ^Restiming  Equations  (120),  we  have 


I     ^  g^    *-w«.  C*l.  tA>*  4^a  4<  ■'r 


{jLt^  fvti.j 


d^ 


and  performing  the  operation  indicated,  regarding  the  arc  of  ^w  orUt 
as  the  independent  variable,  we  have,  afler  dividing  both  numerator  and 
denominator  by  (f  «*, 


dt* 


X^M. 


dt  d}x     dx  d^t 
ds  c/tf*      ds    ds^ 

ds' 


bat 


whence, 


In  like  manner. 


,-  rrf«"  d^x     dx  di^  d^ti 
=  M .  I  — 1»  —  —  —  •  —  •  —  I: 
Ldf  </«•     d9  d^  rf#«J* 


df^  d't  ^      d^8  ^    ds  ^ 
d7'd?'"'d7'    Tt^     ' 


r d^ X      dx  cP S'i 


=^[^u^p.-^1- 


(jrf.  If  Ui^ 
Ur 


d"^ 


^ 


4sJ 

.3 


(Pz  .  dz  eP$- 


'-'l^h>¥.m 


Squaring  and  adding, 


Tt 


s  t*" 


■  7  ^ 
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(ML^d^ 


— -  ^^    d^  8  id  X  d}  X     dv  d}v     dz  d?z\    ^^ 

d^\di   dif      dt   d^      da  drf 


^; 


+ 


L 


W^"'-' 


\ 

I  but,  denoting  the  radius  of  curvature  by  p,  we  have 


I 


'a        'and  multiplying  the  second  term  of  the  second  member  of  the  preoe- 
•^  ['      ding  eqnation  by  -,  it  may  be  put  under  the  form, 


'tr 


MV^  M.d}8(dx      d^x     dy      d}y     dz      d^z 


d^ 


( 


or, 


rf*-^rf7  +  rf7'^rf?+Ji"^rf^ 


2 •  — r-r— .  cos  o  :* 


\ 


in  which  ^  denotes  the  angle  made  by  the  element  of  the  curve  and 
radios  of  curvature;  also 

rfar'     rfy*     d^ 
whence,  substituting  for  X'  -f  y*  +  Z*  its  value  Ry  we  have 

and  comparing  this  with  Equation  (56)  we  find  that  JR  is  equal  to  the 
resultant  of  the  two  component  forces 


MV^  d^s 
and  M'-T-^. 

p  df^ 


{IH) 


which  make  with  each  other  the  angle  d.    But  d  is  equal  to  90%  and 
therefore 

^=^--a « 


6e«  Appmdlz  N'o.  S. 
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The  second  of  these  components  is,  Equation  (13),  the  intensity  of 
the  reaction  of  inertia  in  the  direction  of  the  tangent,  and  the  first  is 
therefore  its  reaction  in  the  direction  of  the  radius  of  curvature. 

This  first  component  is  called  the  centrifugal  force^  and  may  be  de* 
fined  to  be  ^Ae  resistance  which  the  inertia  of  a  body  in  motion  opposes 
to  whatever  deflects  it  from  its  rectilinear  path.  It  is  measured,  Equa- 
tion (260),  by  the  living  force  of  the  body  divided  by  the  radius  oC 
curvature.  The  direction  of  its  action  is  from  the  centre  of  curvature, 
and  it  thus  differs  from  the  force  ivhich  acts  towards  a  centre,  and 
which  is  called  centripetal  force.    The  two  are  called  central  forces. 

If  the  component  in  the  direction  of  the  orbit  be  zero,  then  will 

and  denoting  the  centrifugal  force  by  jP^,  we  have 

^,  =  ^. («o> 

and  integrating  the  next  to  the  last  equation,  we  have 

57  =  ^=^' 

in  which  C  is  the  constant  of  integration.  Whence,  the  velocity  will 
be  constant,  and  we  conclude  that  a  body  in  motion  and  acted  upon 
by  a  force  whose  direction  is  always  normal  to  the  path  described,  will 
preserve  its  velocity  unchanged. 

These  laws,  except  that  expressed  by  Equation  (268),  are  wholly  in- 
dependent of  the  intensity  of  the  extraneous  fcH'ce  and  of  the  law  of  its 
variation.    Not  so,  however,  of 


THM   ORBIT. 

§  196. — ^To  find  the  differential  equation  of  the  orbit,  multiply  the 
first  of  Equations  (259)  by  2dx^  the  second  by  2dyy  add  and  into* 
grate;  we  find,  omitting  the  accents, 


M.'ft-4<'«. 


r?r^  J^-rr^U^   iEC^Mrop'*^.Dr.    ^ 


but 

r*=:«*  +  y*,  and  rdt  z=:.xdx'\-ydy\ 

abo 

d;=:rcosa;     y  =  r.8ina; 

<f«=  —  r  sin  arfa  +  COB**?**; 
dy  =^r  cos  a^a  +  sin  a€?r; 


and,  Equation    (266), 
These  substitoted  above,  give 

Make 

1  <^r 

-  =  a,  and  therefore    — -  =  —  rf  tt 

aubstitate  above,  differentiate  and  reduce,  there  will  resnlt 

and  makinff   ^^^^;A^^       \p\ 

p  =    [^^^^^  +  '^^^l  =  'e'*ti^«  acceleration  on  i/;    ,    (271) 

i^'rz^c'tt'./^  +  tt) (272) 

From  which  the  equation  of  the  orbit  may  be  found  by  integration, 
when  the  law  of  the  force  is  known;  or  the  law  of  the  force  deduced, 
when  the  equation  of  the  orbit  is  given. 

In  the  first  case,  the  integral  will  contain  three  arbitrary  constants 
— two  introduced  in  the  process  of  integration,  and  the  third,  e,  exist- 
ing in  the  differential  equation.  These  are  determined  by  the  initial 
or  other  circumstances  of  the  motion,  viz. :  the  body^s  velocity^  its  dia 
tance  from  the  centre,  and  direction  of  the  motion  at  a  given  instant. 
The  general  integral  only  determines  the  nature  of  the  orbit  described : 
the  circumstances  of  the  motion  at  any  given  time  determine  the  9pecieM 
and  dimenswns  of  the  orbit  ^ 
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In  the  second  case,  find  the  second  differential  coefficient  of  t^  is 
regard  to  a,  from  the  polar  equation  of  the  curve;  substitute  this  in 
the  above  equation,  eliminating  cc,  if  it  occur,  by  means  of  the  relation 
between  u  and  a,  and  the  result  will  be  jP,  in  terms  of  u  alone. 


STSTSU   OF   THE   WORLD. 

§  197. — ^The  most  remarkable  system  of  bodies  of  which  we  have 
any  knowledge,  and  to  which  the  preceding  principles  have  a  direct 
application,  is  that  called  the  solar  system.  It  consists  of  the  Sun^ 
the  Planets^  of  which  the  earth  we  inhabit  is  one,  the  Satellites  of  th« 
planets,  and  the  Comets,  These  bodies  are  of  great  dimensions,  are 
spheroidal  in  figure,  are  separated  by  distances  compared  to  which 
their  diameters  are  almost  insignificant,  and  the  mass  of  the  sun  is 
80  much  greater  than  that  of  the  sum  of  all  the  others,  as  to  bring 
the  common  centre  of  inertia  of  the  whole  within  the  boundary  of 
its  own  volume. 

These  bodies  revolve  about  their  respective  centres  of  inertia,  are 
ever  shifting  their  relative  positions,  and  our  knowledge  of  them  is  the 
result  of  computations  based  upon*  data  derived  from  actual  observation, 

Kepler  found; 
i     L.  That  the  areas  swept  over  hy  the  radius  vector  of  each  planet 
about  the  sun^  in  the  same  orbit^  are  proportional  to  the  times  of  de- 
scribing them, 

II.  That  the  planets  move  in  ellipses^  each  having  one  of  its  fod  in 
the  surCs  centre, 

III.  That  the  squares  of  the  periodic  times  of  the  planets  about  thS 
<ttn,  are  proportional  to  the  cubes  of  their  mean  distances  from  that 
body. 

These  are  called  the  laws  of  Kepler,  and  lead  directly  to  a  knowl- 
edge of  the  nature  of  the  forces  which. uphold  the  solar  system. 


CONSBQUENCES   OF  KBPLEr's   LAWB. 

§  198. — The  first  law  shows,  §  191,  that  the  centripetal  forces  which 
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keep  Uie  planets  in  their  orbits,  are  all  directed  to  tlie  san's  centre; 
and  that  the  sun  is,  therefore,  the  centre  of  the  system, 

§  199. — What  law  of  the  force  will  cause  a  primary  to  describe 
about  a  central  body  an  ellipse  having  one  of  its  foci  at  the  centre  of 
the  latter  I    The  equation  of  the  ellipse,  referred  to  its  focua  as  a  pole  is 

I  +  e  cos  a ' 

whence, 

1  1  +  «  cos  a 

r  ""  **  "  a  {1^7)' 

andf 

<Pu       —  e  cos  a 
do*  ^  a (1  -  e«y 

Which,  substituted  m  Equation  (272),  give 
redadng  and  replacing  u  by  its  value  -  we  hare 

and  from  which  we  conclude,  that  the  only  law  for  the  relative  accel- 
eration,  is  that  of  the  inverse  square  of  the  distance. 

§  200. — Conversely,  let  the  force  vary  inversely  as  the  square  of  the 
distance;  required  the  orbit. 

Denote  by  k^  the  reciprocal  attraction  of  one  unit  of  mass  upon  an- 
other at  the  unit's  distance;   then  will 

(MM,)  =  M,Mr^\ 
and,  Equation  (271), 

io  which 

m=:JfHhif, (273)' 
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and,  Equation  (272), 

mnltiplTing  hj  2du  and  integrating, 

whence 


if  a  =: 


4  //7  .   2*;,.m  , 

V  ^  +  -ir«"  • «  —  <* 


the  negative  ngn  being  taken,  becaoso       ^     v^     c^  Ctt  v\jl  aJ.w.         '^       ~/ 


*V  L^ 


rftt  _     \t)  _         dr  iQ>rii\ 


Place  under  the  radical  (  -j-r  )  —  ("iV  I  >  ^"^^  ^®  ^V  ^*«b 


and  integrating, 

k,.m 

«  +  9  =  cos  ~ 


in  which  9  is  the  constant  of  integration. 

Replacing  u  by  its  valne,  taking  cosine  of  both  members  and 
with  respect  to  r,  there  will  result 

4c* 


r  z=, 


1  +  V  1  +  (;^J'.  C.  C08(a  +  9) 


which  is  the  equation  of  a  conic  section,  having  its  pole  at  the  central 


ral 


l,,^t,  =/^^       --'    ^r. 
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body.  To  find  the  precise  curve,  we  mast  find  C7.  To  do  this,  denote 
bj  r^  the  initial  value  of  the  radius  vector,  and  by  e^  the  angle  which 
the  orbit  makes  with  r^  at  the  point  of  intersection  therewith.  Then, 
Equation  (275), 

du  1 

d(L  r,  tan  b,  ' 

and  this  in  Equation  (274)  gives         /i^^  "  '  r    '  If-^i^^jk/      y^*^ 

;     ^  ^  =  o^i?i;"77r'  ^'^"''  ^/»-^-*; 

V:     '  ^  but,  Equation  (267),  ^  -  :^i^  -'"^•f. 

>         r    V.^    >,h:^-«,  _^__=J1  =  J^      ....         (276)' 

in  which  V^  is  the  velocitj  corresponding  to  r^;  hence^ 

''- — 471=; — ' 

which,  substituted  in  the  equation  of  the  curve,  gives 

4c» 
r  = .  '  .   (276; 

■+V'+i^.-(''/-^).~.(.+<.) 

«nd  comparing  this  with  the  general  polar*  equation  of  a  coni;  section 
referred  to  the  focus  as  a  pole,  viz.: 

1  +  e  COS  (a  +  (py 
and  this  last  value  will  be  greater  or  less  than  unity,  according  as  F/ 


find 


is  greater  or  less  than  — . 

Multiplying  and  dividing  the  last  factor  by  J/)  r/,  and  replacing  m 
by  its  value,  the  orbit  will  be  an  ellipse,  parabola,  or  hyperbola,  ao- 
cordiBg  as 
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'-'■■' '<-<^,)^.i^rM-^^.Z. 


'  ^,.p,=iv(5^,.,,.^,=  y^1->^^  - 


2_M^f  +  ^  ,    ^         //  ,.    ^ 

That  is,  according  as  the  living  force  of  the  primary  at  any  point'  of 
its  orbit  is  less  than,  equal  to,  or  greater  than  twice  the  work  its  rela- 
tive weight,  at  that  point,  woald  perform  over  a  distance  equal  to  its 
radius  vector.  So  that  a  primary  may  describe  any  of  the  conic  sec^ 
tions  as  well  as  the  ellipse,  the  only  condition  for  this  purpose  being 
an  adequate  value  for  its  velocity. .  y^  0u  er^^J-  uftUL  [h,  C4^  o*jL^^  m.^^^^  ^  ^ 
Substituting  the  value  of  «*  in  Equation  (277),  we  find   *^   ^  -  Un^'^^^^^ . 

k  ,m,r  /n,H^x 

and  denoting  the  semi-parameter  by  jp,  the  equation  of  the  curve  givesi 
by  making  a  +  9  =  90**, 

4c'        F/ . sin*  fi, . r/     r^^^  .w-^/ />«---**-^»^/^V*;) 


/  ••/ 


•    •     • 


(279)' 


'^      kj,m  k^.m 

and  denoting  the  semi-conjugate  axis  by  5^, 

Whence  it  appears  that  the  nature  of  the  orbit  and  its  transverse  axis 
are  independent  of  the  direction  of  the  primary's  motion,  while  the 
conjugate  axis  is  dependent  upon  this  clement. 

§  201. — ^The  consequence  of  Kepler's  third  law  is  not  less  important. 
Denote  the  periodic  time  of  the  primary  by  T^ ;   then.  Equation  (264), 


T,^ 


c      ' 


and  snbstitntJDg  the  values  of  (/,  m,  and  c,  Equations  (Z^Q^,  (^^3)% 
and  (276)', 


i 
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ff 

and  for  another  body  whose  mass  is  M^,^  about  the  same  central  body, 
and  by  division. 


(280) 


If  the  difference  of  the  masses  Mi  and  Mt^  be  so  small  in  comparison 
with  if  as  to  make  its  omission  insensible  to  ordinary  observation, 
which  is  the  case  in  the  solar  system,  the  above  may  be  written, 

7**        a*     ife  /'^  I    '  r 

But  by  Kepler's  third  law,  f 


.'.  i 


whence 


kf  —  k,^ 

That  is,  the  central  body  M  would  act  equally  on  the  unit  of  mass  of 
each  of  the  primaries  M,  and  M,^  were  they  at  the  same  distance ;  so 
that  not  only  is  the  law  of  the  central  force  the  same,  but  the  abso- 
lute force  at  the  same  distance  is  the  same,  and  it  is  one  and  the 
same  force  that  keeps  the  planets  in  their  orbits  about  the  sun. 

§  202. — The  observations  of  Dr.  Maskelyne  on  the  fixed  stars,  show 
that  a  neighboring  mountain,  Schehallien,  drew  the  plumb-line  of  his 
instrument  sensibly  from  the  vertical ;  and  those  of  Cavendish  and 
Baily  upon  leaden  and  other  balls,  demonstrate  this  power  of  attrac- 
tion to  reside  in  every  particle  of  matter  wherever  found ;  and  that  it 
is  exerted  under  all  circumstances,  without  the  possibility  of  being  inter 
cepted.  It  is,  therefore,  concluded  that  matter  is  endowed  with  a  gen- 
eral gravitating  principle  by  which  every  particle  attracts  every  other 
particle,  and  according  to  the  law  before  given. 

PERTURBATIONS. 

§  203. — Granting,  for   the   present,  that   universal   gravitation  is   a 
principle  of  nature,  and  denoting  the  distances  of  the  several  bodies  of 
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the  system  from  the  central  bj  r  with  subscript  accents  corresponding 
to  those  of  the  bodies  to  which  they  belong,  and  employing  the  same 
notation  in  regard  to  the  co-ordinates,  we  shall  have 

S  (if  iTJ.  =  *  if .  S  ^' .  ^' =  * .  Jf .  r  ^' ; 


which,  sabstitated  in  first  of  Equations  (258),  give 
but 


[(«"-«T+(y'-yT+ ('"-«?]'     ^«'      v/(«"-*T+(y"-y')«+{f"-#')«' 

and  making 

the  last  term  of  the  eqnation  above  becomes 

^     1     dX 

snd 


$?-[(^+-.)&-^'+i-^i=»- 


Make 


then  will 


which,  substituted  above,  ^ve,  after  treating  (he  other  two  of  Equations 
(258)  in  the  same  way, 
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^-.*[(if+if,).-.-5^]  =  o. 

The  curve  wbicH  would  be  described  by  tbe  primary  about  the  central, 
under  the  reciprocal  action  of  these  two  bodies  alone,  and  which  we 
have  seen  is  a  conic  section,  is  called  the  unduturbed  orbit  of  the  pri- 
mary. That  which  it  actually  describes  under  the  joint  action  of  all 
the  bodies  of  the  system,  is  called  the  disturbed  orbit.  The  undisturbed 
orbit  is  given  by  the  first  two  terms  of  Equations  (283) ;  the  disturbed 
by  ail  three.  The  departures  of  the  disturbed  from  the  undisturbed 
orbit  are  called  perturbations^  and  the  last  terms  of  Equations  (283), 
which  determine  them,  are  called  perturbating  functions.  The  construc- 
tions of  the  perturbating  functions  are  given  in  Equations  (281)  and 
(282),  and  the  methods  of  computing  their  values  are  greatly  fjacilitated 
by  the  principle  of  the 

COBXI8TBN0B  AKD   SUPXRPOSITiOK   OF  SMALL  MOTIONS. 

§  204. — ^Denote  by  6^1  0^^^  tS^c,  numerical  quantities  which  depend 
upon  the  perturbating  actions  of  the  bodies  whose  masses  are  M^^^  ^^n 
&C.,  and  of  which  the  values  are  so  small  as  to  justify  the  omission  of 
all  terms  into  which  'their  products  enter  as  factors,  in  comparison  with 
auch  as  contain  them  singly.  The  co-ordinates  of  M^^  at  the  time  /, 
when  undisturbed,  being  x'  y*  z\  become,  when  the  body  M^  is  disturbed 
by  M^^  at  the  same  time, 

and  for  the  same  reason,  when  also  disturbed  by  M^^^^ 

or,  performing  the  multiplication  and   omitting  the  terms  containing 


^^  . 


206  ELEMENTS    OF    ANALYTICAL    MEOHANICS. 

in  the  same  way,  when  also  disturbed  by  M^ist^ 

«'+*'((?„ +d„,+ff,„,) ;  y'+ y'(0„+0„,+e,, J ;  «'+2'(0,,+O„,+O,,„) 

and  for  the  simaltaneous  disturbance  of  all  the  bodies  of  the  system, 

in  which  x\^6^^y  y'.lO^^^  g\ld^^  are  the  increments  of  x'y'g'  re- 
spectively^ due  to  the  joint  action  of  all  the  disturbing  bodies.    Now  let 

in  which  9  denotes  any  function  of  ar'y'z'.    Differentiating,  we  have 

d  u  du  du 

and  performing  the  multiplications  indicated,  we  liavc 

C        rf  tt .       /  y»      .    c/  tt        ,  -          du        ,  ^ 
-  '  X  0    A V  6    A 'Z  B  ^ 


du  =r   ^ 


(ftt        ,^       .     (/m         ,-  (III 

,x'd     A -yd    A 


+  ^.-«'^.;//+         &c.       +         &c. 


^  +       &c.        +         «fcc.       +        «fcc. 

Whence  it  appears  that  the  perturbation  in  ti  or  9  {x^  y*  t'\  is  equal  to 
the  sum  of  the  separate  perturbations  due  to  each  of  the  perturbating 
bodies,  supposing  the  others  not  to  exist  The  practical  effect  of  this 
principle  is  to  reduce  the  problem  of  the  perturbations  from  one  of 
several  to  one  of  a  single  p'^.rturbating  body,  and  to  give  rise  to  what 
is  known  as  the  problem  of  the  ihree  bodies,  viz. :  the  central,  primary, 
and  perturbating. 

UNIVERSAL    GRAVITATION. 

§  205. — From  all  of  which  it  is  manifest  that  either  Kepler's  laws 
cannot  be  rigorously  true,  or  universal  gravitation  is  not  a  Principle  of 
Nature.     Now,  in  point  of  fact«  observations  of  far  greater  nicety  than 
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those  of  Kepler  prove  that  his  laws  are  not  accurately  true,  though 
they  differ  but  slightly  from  the  truth ;  a  circumstance  arising  entirely 
from  the  fact  of  the  great  mass  of  th$  sun  as  compim^sd  with  the  siim^  •  ^^40^ 
of  the  masses  of  all  the  planets,  i^rere'thcre  but  'a  single  body  in  ex-  )ff  JlU  luffi 
istence  besides  the  sun,  it  would  describe  accurately  an  elliptical,  para-  ^^"vCr:  = 
bolic)  TV  hyperbolic  orbit  about  the  centre  of  the  sun,  depending  upon 
its  living  force  and  the  sun^s  attraction.  A  third  body  would  derange 
this  motion  and  cause  a  departure  from  this  simple  path,  and  the  de- 
gree '^f  the  disturbance  would  depend  upon  the  mass,  distance,  and  di- 
rection of  the  disturbing  body  as  compared  with  those  of  the  sun.  The 
same  remark  would  apply  to  a  fourth,  fifth,  and  to  any  number  of  addi- 
tional bodies.  The  disturbed  orbits  in  the  solar  system  have  been  com- 
puted by  Equations  (283),  and  the  complete  harmony  which  is  found 
to  subsist  betw^een  the  numerical  results  deduced  from  theory  and  ob- 
servation, is  the  strongest  possible  evidence  in  support  of  the  Law  of 
Universal  Gravitation. 

'  If  the  principal  plane  of  the  solar  system,  as  determined  at  different 
and  remote  periods,  be  found  to  have  undergone  no  change,  this  will 
show  that  the  system  is  uninfluenced  by  the  action  of  the  fixed  stars  ^  /-jt*> 

and  other  distant  bodies,  an3  iisccntrc  of  inertia  will,  §  193,  either  be 
at  rest  or  be  moving  uniformly  through  space  in  a  right  line;  but  if 
the  principal-  plane  be  found  to  have  changed  its  place,  it  will  be  a  sign 
that  the  system  is  in  motion,  and  that  its  centre  of  inertia  is  describing 
a  curvilinear  path  about  some  distant  centre. 

§  206. — Thus  much  for  the  larger  bodies  of  nature.  But  these  are 
themselves  built  up*  of  innumerable  molecules  which  are  ever  on  the 
move  about  their  respective  places  of  relative  rest  The  molecular 
forces  within  the  range  of  their  natural  action  vary  directly  atf  the  dis- 
tance from  their  respective  centres.  Let  it  be  r^^uired  to  detennine 
the  nature  of  the  orbits  under  this  law.    Then  will 


F=zmh,.r  = 


which,  in  Equation  (272),  gives 
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multiplying  by  2du,  and  integrating,  we  find 

from  which  we  get 

udu 
a  a  =  — 


the  negative  sign  being  taken,  because 

du         \r/  dr 


doL        da  .  f^da 

Placing  I C  —  }  (?•  under  the  radical,  we  may  write 

1  ^2udu 


{2S4y 


dassif. 


and  integrati|||( 

2  *  +  9)  =  co8.*-— ==!===; 

Vt        4c« 

in  which  9  is  the  constant  of  integrating. 

Taking  cosine  of  both  members,  replacing  u  by  its  value  and  solving 
with  respect  to  r,  we  find 

1 


r  = 


Denote  by  r^  the  radius  vector  which  is  normal  to  the  orbit ;  conre> 
sponding  to  this  value  we  have  l^ 

—-  =  0,  a  -1^ 
and|  by  Equation  (284), 


1    ,  h,.fn.r\ 
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Mid  because 

cos  2  (a  +  9)  =  cos*  (a  +  9)  —  sin'  (a  +  9), 

the  above  reduces  to 


r  = 


\Jjl  cos"  (a  +  9)  +    '  '^^  ^'  sin«  (a  +  9) 


.     .     (285) 


which  is  the  equation  of  an  ellipse  referred  to  its  centre  as  a  pole,  the 
aemi-aies  being 


/ 


« 


If  F|  denote  the  angular  velocity  of  a  body  about  a  centre,  then  will 
V=s  pViy  Bnd  Equation  (270)  becomes 

The  earth  revolves  about  its  axis  AA^  once  in  twenty-four  hours, 
and    the    circumferences   of  the    parallels   of  latitude  have   velocities' 

14 
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which  diminish  from  the  eqiator  to 
Uie  poles.     The  law  of  this  diminu- 
tion,  on   the   supposition    that    the    jr< 
planet  is  a  sphere,  is  given  by 

in  which  M  is  the  body's  mass,  F| 
the  earth's  angular  velocity,  and  R 
the  radius  of  one  of  its  parallels  of 
latitude. 

Denoting   the    equatorial   radius  CE^CP^  by  R^  and   the   angh 
C  P  C  :=^  P  C  Ey  which  is  the  latitude  of  the  place,  by  9,  we  have 


i2'  =  i2  cos  9 ; 
which  substituted  for  R'  above,  gives 

/;  =  if  r,«i2  cos  9 


(286)' 


The  only  variable  quantity  in  this  expression,  when  the  same  mass 
18  taken  from  one  latitude  to  another,  is  9 ;  ^  whence  we  conclude  that 
the  centrifugal  force  varies  as  the  cosine  of  the  latitude. 

The  centrifugal  force  is  exerted  in  the  direction  of  the  radius  R'  of 
the  parallel  of  latitude,  and  therefore  in  a  direction  oblique  to  the  ho- 
rizon T  T\    The  normal  and  tangential  components  are,  respectively, 

Z'/ .  cos  9  =  Jf  Vx  R  cos'  9, 
Fs.  sin 9  =  Jf  F|* -ft .  sin  9  cos  9  =  ^Jf  Fi*i2  sin  29 ; 

whence  we  conclude,  that  the  diminution  of  the  weights  of  bodies 
arising  from  the  centrifugal  force  at  the  earth's  surface,  varies  as  the 
square  of  the  cosine  of  the  latitude;  and  tJtat  all  bodies  are^  in  con- 
sequence of  the  centrifugal  force,  urged  towards  the  equator  by  a  force 
which  varies  as  the  sine  of  twice  the  latitude. 

At  the  equator  the  diminution  of  the  force  of  gravity  is  a  max- 
imum, and  equal  to  the  entire  centrifugal  force ;  at  the  poles  it  is  zero. 
The  earth  is  not  perfectly  spherical,  and  all  observations  agree  in  de- 
monstrating that  it  is  protuberant  at  the  equator  and  flattened  at  the 
poles,  the  difference  between  the  equatoriar  and  polar  diameters  being 
about  twenty*six  English  miles.    If  we  suppose  the  cartii  to  have*  been 
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at  ODO  time  in  a  state  of  flniditj,  or  even  approaching  to  it,  its  present 
figure  is  readily  accounted  for  by  the  foregoing  considerations. 

To  find  the  value  of  the  centrifugal  force  at  the  equator,  mako,  io 
Equation  (286)',  Mz=l  and  cos  9  =  1,  which  is  equivalent  to  suppo- 
sing a  unit  of  mass  on  the  equator,  and  we  have 


in  which,  if  the  known  radius  of  the  equator  and  angular  velocity  be 
substituted,  we  shall  find 

J?;  =  F,«.^  =  0^,1112.  y     I^K^ 

To  find  the  angular  velocity  with  which  the  earth  should  rotate,  to 
make  the  centrifugal  force  of  a  body  at  the  equator  equal  to  its 
weighty  make 

^  =  82,  1937=  V^^It\ 

in  which  32 ,  1937  is  the  force  of  gravity  at  the  equator. 
Dividing  the  second  by  the  first,  we  find 

32,1937       r,'*       ^^^  , 

-Mm  =  TV  =  ^«^'  "^^^'    L^^  ^  ^^i  ^.  ,U 

wheoce,  if/,  U    cLjuii^uucA^  Lti  Let  -Z 

F,'=:l7r,;  ^  "^^i 

that  is  to  say,  if  the  earth  were  to  revolve  seventeen  times  as  &st  at 
it  does,  bodies  would  possess  no  weight  at  the  equator. 


IMPACT   OF   BODIES. 

§  209. — When  a  body  in  motion  comes  into  collision  with  another, 
cither  at  rest  or  in  motion,  an  impact  is  said  to  arise. 

The  action  and  reaction  which  take  place  between  two  bodies,  when 
pressed  together,  are  exerted  along  the  same  right  line,  perpendicular  to 
the  surfaces  of  both,  at  their  common  point  of  contact,  fhis  arises  from 
the  symmetrical  disposition  of  the  molecular  springs  about  this  line. 

-    "When  the  motions  of  the  centres  of  inertia  of  the  two  bodies  are 
parallel  to  this  normal  before  collision,  the  impact  is  said  to  be  direct. 

When  this  normal  passes  through   the   centres   of  inertia  of  both 
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bodies,  and  the  motions  of  these  centres  are  along   that  line,    Um 
impact    is    said    to    be    direct    and 

central, 

* 

When  the  motion  of  the  centre 
of  inertia  of  one  of  the  bodies  is 
along  the  common  normal,  and  the 
normal  does  not  pass  through  the 
centre  of  inertia  of  the  other,  the 
impact  is  said  to  be  direct  and 
eccentric. 

When  the  path  described  hj  the 
centre  of  inertia  of  one  of  the  bodies, 
makes  an  angle  with  this  normal, 
the  impact  is  said  to  be  oblique. 

When  two  bodies  come  into  col- 
lision, eac'h  will  experience  a  pres- 
sure from  the  reaction  of  the  other*;  and  as  all  bodies  are  more  or 
less  compressible,  this  pressure  will  produce  a  change  in  the  figure 
of  both ;  the  change  of  figure  will  increase  till  the  instant  the  bodies 
cease  to  approach  each  other,  when  it  will  have  attained  its  maximum. 
The  molecular  spring  of  each  will  now  act  to  restore  the  former 
figures,  the  bodies  will  repel  each  other,  and  finally  separate. 

Three  periods  must,  therefore,  be  distinguished,  viz. :  1st.,  that 
occupied  by  the  process  of  compression;  2d.,  that  during  which  the 
greatest  compression  exists ;  3d.,  that  occupied  by  the  process,  as 
far  as  it  extends,  of  restoring  the  figures.  The  force  of  reetitutian 
must  also  be  distinguished  from  the  force  of  distortion;  the  latter 
denoting  the  reciprocal  action  exerted  between  the  bodies  in  the 
first,  and  the  former  in  the  third  period. 

The  greater  or  less  capacity  of  the  molecular,  springs  of  a  body 
to  restore  to  it  the  figure  of  which  it  has  been  deprived  by  the 
application  of  SQine  extraneous  force  when  the  latter  ceases  to  act, 
is  cjillcd  its  elasticity. 

The  ratio  of  the  force  of  restitution  to  that  of  distortion,  is  Che 
measure  of  a  body's  elasticity.  This  ratio  is  sometimes  called  the 
coefficient  of  elasticity.     When   these  two  forces  are  equal,  the  ratio 
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is  UDity,  and  the  body  is  said  to  be  perfectly  elastic ;  when  die 
ratio  is  zero,  the  body  is  said  to  be  non-elaatic.  There  are  no  bodies 
that  satisfy  these  extreme  conditions,  all  being  more  or  less  elastic, 
but  none  perfectly  so. 

Let  the  two  bodies  AB  and  A'  B\  the  former  moving  along  tha 
line  HT^  and  the  latter  along 
IT  Ty  come  into  collision  at  the 
point  0.  Through  0,  draw 
the  common  normal  NL,  De- 
note the  angle  HON  hj  9, 
and  H'  EN  by  9' — ^these  being 
the  angles  which  the  directions 
of  the  two  motions  make  with 
the  normal.  Also  denote  the 
velocity  and  mass  of  the  body 
AB  \>Y  V  and  M  respectively,  and  the  velocity  and  mass  of  A' B* 
by   7'  and  iT. 

Hie  components  of  the  quantity  of  motion  of  the  two  bodies  in 
the  direction  of  the  normi^l  and  of  the  perpendicular  to  the  normal, 
will  be 

« 

JkrFcos9,     iTF' cos  9'    and    ifrsinip,     iT  F  sin  9'. 

The  former  of  these  components  will  alone  be  involved  in  the 
impact;  for  if  the  bodies  were  only  animated  by  the  latter,  they 
would  not  collide,  but  would  simply  move  the  one  by  the  other. 
For  simplicity,  let  the  body  -4  jB  te  spherical ;  the  normal  will 
pass   through  its  centre  of  inertia. 

Denote  by  «,  the  velocity  of  the  body  A  B  in  the  direction  of 
the  normal  at  the  instant  of  greatest  compression,  and  by  u'  the 
velocity  of  the  body  A*  B'  at  the  same  instant  in  the  same  direction* 
Then  will 


ir 


r  cos  9  —  tt,    and     V  cos  9'  —  m'     •     •    •     (287) 
be  the  velocities  lost  and  gained  in  the  direction  of  the  normal,  and 

y 

Jf(Fco8  9  —  u),    and    if  (rcos9'  -  a')   ...  (288) 
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be  the  forces  lost  and  gained  at  the  instant  of  greatest  oompressioD  ; 
and  henoe, 

Jf(Foo8  9 -tt)  +  Jf' (F00S9' -fi')  =0;  .    .     (289) 

and  denoting  the  angular  velocity  of  the  body  ^'^   by  F,',  the    uij^a.^^ 
distance    O'  D    from   the  centre  of  inertia    of  A'  B*  to  the  normal 
by  tf,  and  the   principal  radius  of  gyration  of  A'  R^  with  reference 
to  the  instantaneous  axis  by  k^^  then  will 

^J^.;/  F/==^^^^.;r"^"  •    •    (290) 

and  since  the  velocity  u  must  be  equal  to  that  of  the  point  2>  ai 
tiie  end  of  the  lever  arm  tf,  we  have 

u^u'  +  e.V/ (291) 

Substituting  the  values  of  u  and  u'  from  this  equation  sucoessdvelj 
in  Equation  (289),  we  find 

^,^MV^,  +  M^y^<^,'-MeV;^    .    .    (298) 

After  the  instant  of  greatest  compre^ion,  the  molecular  springs 
of  the  bodies  will  be  exerted  to  restore  the  original  ligures,  and 
if  c  denote  the  coefficient  of  elasticity,  then  will  the  velocities  lost 
by  AB  and  gained  by  A' B^  during  the  process  of  restitution  be, 
respectively, 

c  ( F cos  9  —  v)    and    e{V'  cos  9'  —  u') ; 

and  the  entire  loss  of  A  B,  and  gain  of  A'  B^,  will  be,  respectively, 

Fcos9  —  «  +  c(Fcos9  —  «),    and    F'co8  9' —u' -fc(F' cos 9'— w*). 

Also   the    gain    of  angular  velocity   of  the   body  A'  B\  during    tlui 
process  of  restitution,  will  be 

_.,         (Fcos9  — «).«  if 
cV    =  c- — • 


\ 
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« 
«nd  the  whole  angular  velocity  produced  by  the  impact  and  denoted 

'by  F^,  will  be  given  by  the  equation, 

rr/    "xr^      rr       /t    .     xCFcos©  — «)e  li 

r/^-^,  ^v,  =  (i  +  cp — -^—^  "ir    •  •  •    (^^) 

Denoting  the  yelocities  of  A£  and   A'  B\  after  the  collision  by 
V  and   v\  and  the  angles  which    the  directions   of  these  velocities 

4 

make  with  the  normal  by  h  and  ^,  respectively,  then  will 

t;  cosd  =  Fcos^  —  Fcos^  +  tf— 0(^0089— w)=(l  +  c)tt  —  c  Fcos^, 

r'oos  «'=  Fcos  ^—  F'cos  (p'+i*'— c(  T  cos  9'— u') = (1  +c)tt'— c  F'  cos  9', 

and  replacing  the  values  of  u  and  u\  as  given  by  Equations  (292) 
and  (293), 

.     ,_^.  J/^Fcos^+JTFcos^'+ireF/         _.  ,^_ 

froo8d=(l+c)  jmr ^-cFoos(p,  (295) 

f       .r     /I.    ,i/^Fcos9+irF'cos9'-ifeF/         ^,         ,  ,^^, 

v'cos^'=(l+c) ^     ■  ,  ,    ,^  ^ 1  —  c  F'cos9'(29G) 

M  +  Jf 

Moreover,  because  the  effects  of  the  impact  arising  from  the  compo- 
nents  0/  the  quantities  of  motion  in  the  direction  of  the  normal  will 
be  wholly  in  that  direction,  the  components  of  the  quantities  of 
motion  before  and  after  the  impact  at  right  angles  to  the  normal  will 
be  the  same,  and  hence  ^ 

rslna=Fsin9, (297)     / 

»'8i^d'=  F8in9'.    ^. (298) 

Squaring  Equstionj^^  «jd   (20fo^«^^:    *o   BiH«Jon. 

reducing  by  the  relations 

oos*»  +  8in» «  =  1 ;    008»<'  +  sin**'  =  1 ;   <^ 

,^y^Kt+c)^^^^^ggg±-^;'y+"^''"-'^crco8,]»+r»sin«,.  (299) 


^-=>/[(l+>')'^^-^y;y'"''''^-<'^<^T+y^mV.(80b) 


21&        ELEMENTS    OF    ANALTTICAL    MEGHANIOS. 

■ 

Dividing  Equation  (2d7)  by  Equation  (295),  and  Equation  (298)  by 
Equation  (296),  we  have, 

.  _  F .  sin  9 

(1  +  c) M+M' ^-cFco89 

F\8in9^ 

*^     ~  ,,   ,     .Af  Fcoso  +  if'  Fco8(p'  -  Me  V/        Z        "•^^^^ 
(1+c) '      .M+M'  ^-cFco89' 

Equations  (290)  and  (292),  will  give  the  values  of  u  and  F/,  in 
known  terms,  and  these  in  Equations  (294),  (295)  and  (296)  will 
give  the  values  of  F^,  v,  and  v'y  and  all  the  circumstances  of  the 
collision  will  be  known. 

§  210. — If  the  bodies  be  both  spherical,  then  will  e  =  0,  and  Equlu 
tion  (294)  gives  F,  =  0 ;  and  Equations  (299)  and  (300),  (301)  and 
(302),  become 

/rT!      ^MVcos(p-\-M'V'  cos(p'      Z        r     ~~ 
i;=y^[(l+c) M+M' ^-<?^cos9?+F38in2q>  .  .  .  (30S) 


v' 


Vt(^+c)^^":^V'i^^^-cF'cos,y4:  V^^:^.  (804) 

Fsin*)  .  ^  . 

_  (i+«) STTS!^ '^'^'^ 

,                                  F'  sin  9'  /oAA\ 

0+0 ^+jP l-cFoos?' 

The  Equations  (303)  and  (304)  will  make  known  the  velocities, 
and  (305)  and  (306)  the  directions  in  which  the  bodies  will  more, 
after  the  impact. 

Now,  suppose  the  body  A^  B'  at  rest,  and  its  mass  so  great  that 
the  mass  of  ^^    is  insignificant   in   comparison,    then   will    V  be 

Af 

Eero,  JIT  may  be  written  for  M  •\-  M*  and  -j-^  will  be  a  fraction  bo 
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kmall  that  all  the  terms  into  which  it  enters  as  a  factor  may  be 
neglected)  and  Equation  (303)  becomes 

V  =  Fy^c*co8*9  +  sin?9  ; 

and  Equation  (305), 

tan<  =  -.^ii^. (SOT) 

The  tangent  of  4  being  negative,  shows  that  the  angle  NHK^ 
which  the  direction  of  AB^s  motion 
ina|tts  with  the  normal  NN'  after  the 
impact,  is  greater  than  W  degrees;  in 
other  words,  that  the  body  AB  is 
driven  back  or  reflected  from  A'  B\ 
This  explains  why  it  is  that  a  cannon- 
ball,  stone,  or  other  body  thrown  ob- 
liquely against  the  surface  of  the  earth, 
will  rebound  several  times  before  it 
comes  to  rest. 

If  the  bodies  be  non-elastic,  or,  which  is  the  same  thing,  if  e  be 
zero,  the  tangent  of  6  becomes  infinite ;  that  is  to  say,  the  body 
AB  will  move  along  the  tangent  plane,  or  if  the  body  A' B'  were 
reduced  at  the  place  of  impact  to  a  smooth  plane,  the  body  AB 
would  move  along  this  plane. 

If  the  body  were  perfectly  elastic,  or  if  c  were  equal  to  jmity, 
which  expresses  this  condition,  then  would  Equation  (307)  become 

tand=—  tan9 (308) 

which  means  that  the  angle  NHF  =  EHN'  becomes  equal  to 
KHN\  The  angle  EHN'  is  called  the  angle  ^  of  incidence,  the 
angle  KHN\  commonly,  the  angle  of  reflection.  "  Whence  we  see, 
that  when  a  perfectly  elastic  body  is  thrown  against  a  smooth,  hard, 
and  fixed  plane,  the  angle  of  incidence  will  be  equal  to  the  angle 
of  reflection. 

If  the  angles  9  and  9'  be  zero,  then  will    cos  9  =  1,  cos  9'  =  1, 


' 


# 
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Bin  9  =  0,   sin  9'  =  0 ;  the   impact  will  be  direct  and  central,  and 
Equations  (303)  and  (304)  become 

v'  =  il  +  c)      ^+^      -cF; 

and  passing  to  the  limits,  non-elasticity  on  the  one  hand  and  perfect 
elasticity  on  the  other,  we  have  in  the  first  case,  c  =  0,  and 

MV  +  IfV'     -  ,^^. 

•'■'"■    ""■''"■■      .-^^^i^ (»>•) 

and  in  the  second,  c  =  1,  consequently, 


A^-  •'  =  »^^^^^->" (»"») 

CONSTRAINED  MOTION. 

§211. — ^Thus  far  we  have  only  discussed  the  subject  of  free  motion. 
We  now  come  to  constrained  motion. 

Motion  is  said  to  be  constrained  when  by  the  interposition  of 
some  rigid  sur&ce  or  curve,  or  by  connection  with  some  one  or 
more  fixed  points,  a  body  is  compelled  to  pursue  a  path  different 
from   that  indicated  by  the  forces  which  impart  mX)tion. 

§212. — ^The  centre  of  inertia  of  a  body  may  be  made  to  con- 
tinue on  a  given  surface,  by  causing  it  to  slide  or  roll  upon  somo 
other  rigid  surface. 

§  213. — We  have  seen,  §  128,  that  the  motion  of  translation  of 
the  centre  of  inertia,  and  of  rotation   about   that  i>oint,  are  wholly 
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Independent  of  one  another,    and  the    generality  of   any  discussion 
relating  to  the  former  will  not,   therefore,  he  afiected    by  making,  i 

in  Equation  (40), 

S(^  =  0;    S^  =z  0;    Svf  =  0; 
vhich  will  reduce  that  equation  to 

(2  Pcos  a  —  j-j- .  2  m)  5  a?^ 


X  -    7C 


Making 

and  omitting  the  subscript  accents,  we  may  write 


Now,  assuming  the  movable  origin  at  the  centre  of  inertia,  and 
iiupposing  this  latter  point  constrained  to  move  on  the  surface  of 
which  the  equation  is 

L  =  F{xyz)  =  0, (314) 

the  virtual  velocity  must  lie  in  this  surface,  and  the  generality  of 
Equation  (313),  is  restricted  to  the  conditions  'imposed  by  this  cir 
cumstanoe. 

Supposing  the  variables  x  y  z^  in  the  above  equations,  to  receive 
the  increments  or  decrements  ^  or,  ^  y,  ^  2r,  respectively,  we  have,  firom 
the  principles  of  the  calculus, 


(315) 


dx  dy    '^    '     dz 

Multiplying  by  an  indeterminate  intensity  X,  and  adding  the  product 
to  Equation  (313),  there  will  result  ,X^   >u^c^/Co^  {^r)    (unu 


M.^  +  X    ^^ 


dfi 


dx 
dL 


)  Si  1   Z^'^*^ 


^(^-^•^  +  -^)^^ 


^  i 


V 


+  (Z_^.^H...^), 


z 


==0.    if) 
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The  quantity  X,  being  entirely  arbitrary,  let  its  value  be  such  as  to 
reduce  the  coefficient  of  one  of  the  variables  Sx,  Sy,  S  z,  say  that  of 
Sx^  to  zero;  and  there  will  result 


X  —  Jf  •  -rrzi  +  X  .  -r—  =  0, 


dfi 


d  X 


(816) 


and 


(r-jr.^»+..^)*,+  (z-jf.^+x.l£),.  =  «.  (3.7, 

Now  in  Equation  (315),  ^y  and  ^z  may  be  assumed  arbitrarily,  and 
Sx  will  result;  hence  ^y  and  ^2  in  Equation  (317)  may  be  regarded 
as  independent  of  each  other,  and  by  the  principle  of  indeterminate 
coefficients, 


F~ 


Z- 


,^  d^y  dL 

dt^  dz 


•     •     • 


(318) 


and  eliminating  X  by  means  of  Equation  (316),  we  find, 


(''-'•?^)H-('- 


d 
d^z 


(^-"■m-'-^-ir- 


dx 

dL_ 
dy 


M- 


\    dL 


€Pg\     dL 
U)  "d^ 


dfi/     dz 


=  0; 


>  • 


(810) 


which,  with  the  equation  of  the  surface,  will  determine  the  place  of 
the  centre  of  inertia  at  the  end  of  a  given  time. 


MOnON  ON  A  CUBVE  OF  DOUBLE  OUBVATUBE, 


§214. — If  the  centre  of  inertia  be  constrained  to  move  upou 
two  surfaces  at  the  same  time,  or,  which  is  the  same  thing,  upoa 
a  curve  of  double  curvature  resulting  from  their  intersection,  take 


L-F{xyz)  =  0,  1 
H:=zr(xyz)=z  0;J 


(320) 
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from  which,  by  the  process  of  differentiating  and  replacing  dx,  dy^  dt^ 
by  the  projections  of  the  virtual  Velocity, 


dL  ^     _^dL    ^     ^dL    .         . 

dH  ^         dH    ^         dH    ^ 

ox  +  -5—  •  oy  H — ;—  'Oz  =  0. 


dx 


dy 


dz 


(321) 


(322) 


Multiplying  the  first  of  these  by  X,  and  the  second  by  X',  adding  the 
products  to  Equation  (313),  and  collecting  the  coefficients  of  $Xj  Sy^ 
and  S  z^  we  have 


(X- 


dL  .    dH 

dx 

dL 
dy 

dL 
dz 


+  V 


+  V 


d 

dH 
dy 

dH 
dz 


x  / 


z 


=0    .  (323) 


Now  the  coefficients  of  two  of  the  three  variables  $x,  Sy  and  Sz^ 
say  those  of  Sx  and  Sy,  may  be  made  equal  to  zero  by  assigning 
proper  values  for  .that  purpose  to  the  indeterminate  intensities  X  and 
X',  in  which  case,  since  ^2;  is  not  equal  to  zero,  its  coefficient  must 
alM>  be  equal  to  zero;    whence 


A"- 


r- 


z- 


d^x 
if.-— -4-  X 
dH^  ^ 

d^z 


dL 
dx 

dL 
dy 

dL 
dz 


+  X' 


+  X' 


+  X' 


dH 

dx 

dH 

dy 

dH 

dz 


=  0, 


=  0, 


=  0. 


(324) 


and  eliminating  X  and  X',  there  will  result 


rfZ     dH        dL    dH 


dz 


d(^ 

d(^/     \dx 


dt^y     \dy 


dy 

dH^ 
dz 

dH 
dx 


dy     d 


-) 

z  / 


dL    dH 


dz 


dx 

dL    d^H\ 
dx      dy  ^ 


)     1  =  0.  (325) 
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vhich,  with  the  equations  of  the  sur&ces,  is  sufficient  to  determine 
the  co-ordinates  of  the  centre  of  inertia  when  the  time  is  given. 


§215. — If  the    given    surfaces    be   the   projecting  cylinders  of    a 
curve  of  double  curvature,  then  will  Equations  (320)  become 

L  =  F{xt)  =  0; 
H 


=  i?'(««)  =  0;) 
=  ^'(y^)  =  Oj 


(826) 


And  because  L  is  now  independent  of  y,  and  H  is  independent  of  a?, 
we  have 

—-  =  0;    -—-  =  0; 
dy  ^     d  X  ' 

which  reduce  Equations  (324)  to 


dfi 


dz 


r-if.^+X'.4^=0; 


dfi 


dy 


z-i^.^+x.^^  +  v''^ 


dt^ 


dz 


dz 


=  0; 


>  • 


(327) 


AE^  Equation  (325)  to 


i^-"-^)- 


d^x\     dL    dH\ 
dz     dy 


+(^-^?#) 


d 
d^y 


d(^ 
d:^z 


-i^-^-^) 


dL    dH 

— — —  •  ■ 

dx     dz 

dL    dS 

dx     dy  ^ 


y=o. 


•    •    • 


(828) 


This,   with  the  equations  of   the  curve,  will  give  the  place  of  the 
centre  of  inertia  at  the  end  of  a  given  time. 

§210. — If  the  curve  be  plane,  the  co-ordinate  plane  xz^  maj  be 
assumed  to  coincide  with  that  of  the  curve;  in  which  case  the 
second  of  Equations  (327),  becomes  independent  of  y,  that  varia> 
ble  reducing  to  zero,  and 

cPy  =  0,     and    -; —  =  0: 
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henoe  Equations  (327),  bcome 


F 
Z 


=  0; 


•        • 


.cP«  dL        '.dH 

dt^  dz  dz 


=  0; 


(329) 


and  becaase  the  £w:tor 


r-"^--'. 


dH 


Equation  (328)  beoomes,  on  dividing  out  the  common  factor  — 

=  0.  .  (330) 


('-'4^)4f-(^-^-??)-^ 


« 

g  217. — By  transposing  the  terms  involving  X,  in  Equations  (316) 
and   (318)  and  squaring  we  have 


p 

The  second  member  of  this  equation  is,  Equation  (50),  the  square  of 
the  intensity  of  the  resultant  of  the  extraneous  forces  and  the  forces 
oi  inertia.    Denoting  this  resultant  by  N^  we  may  write 


V(7l)"+0"+(^)  =  ^- 


rfy 

•od  dividirg  each  of  the  equations 

dL 


(881) 


H=-(^-^fj)' 


dL 


dfiJ 


dy  \ 

dz  \  dfi 
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obtained   by   the  transposition  just  referred  to,  by  Equation  (331), 
we  find, 


r  *^^-^   Cc^   T^^^tu. 


e/J 


dx 


X"  M- 


.A/v  ^t-eT    V   \dx)  "t  \dy)  "*"  \dz) 


N 


/<4. 


dL 

dy 


Y^  M' 


d^y 


y 

dL 


dz 


Z  — 


dt^ 


d^  2 
di^ 


sfW^  dl)'+  o 


N 


The  second  members  are  the  cosines  of  the  angles  which  the 
resultant  of  all  the  forces  including  those  of  inertia,  makes  with  the 
axes;  the  first  members  are  the  cosines  of  the  angles  which  the 
aormal  to  the  surface  at  the  body's  place  makes  with  the  same  axes. 
These  being  equal,  with  contrary  signs,  it  Allows  not  only  that  the 
forces  whose  intensities  are 


are  equal,  but  that  the^  are  both  normal  to  the  surface,  and  act  m 
opposite  directions.  The  second  is  the  direct  action  upon  the  surface  • 
the  first  is  the  reaction  of  the  surface. 

Equation  (331),  will,  therefore,  give  the  value  of  a  passive 
resistance  sufficient  to  neutralize  all  action  in  the  system  which  is 
inconsistent  with  the  arbitrary  condition  imposed  upon  the  body^s 
path.  If  the  body  be  constrained  to  move  on  a  rigid  surface  oi 
line,   this  resistance   will  arise   from   its  reaction. 

§218.— If  Equations   (332)   be   multiplied   by 
and  the  angles  which  the  nornuil  resistance  of  the  surface  makes  wiili 
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the  axes  x^  y,  0,    respectiyely,   be  denoted  by   h^  6^  and   4«,  those 
equations  will  take  the  form 


X- 


F- 


Z- 


Jf  •  j-j-  +  iV.  oosd^  =  0; 
if.^  +  iVr.oos^  =0; 
M'^  +ir.co8d.    =0. 


(383) 


g  210. — -To  impose  the  condition,  therefore,  that  a  bodj  in  motion 
shall  remain  on  a  rigid  sur&ce,  is  equivalent  to  introduoing  into 
the  system  an  additional  force,  which  shall  be  equal  and  directly 
opposed  to  the  pressure  upon  the  surface.  The  motion  may  then 
be  regarded  as  perfectly  free,  and  treated  accordingly.  The  same 
might  be  shown  from  Equations  (324)  to  be  equally  true  of  a 
rigid  curve,  but  the  principle  is  too  obvious  to  require  further 
elucidation. 

Equations  (333),  may,  therefore,  be   regarded  as  equally  -appli-' 
cable  to  a  'rigid  curve  of  any  curvature,  as  to  a  surface ;  the  nor- 
mal reaction  of  the  curve    being    denoted    by  N^  and    the    angles 
which  N  makes  with  the  axes  x^  y,  z,  by  6^  6^  and  6b» 

§  220. — ^To  find  the  value  of  i^,  eliminate  d  t  from  Equations 
(333),  by  the  relation 


2_ 

dt 


d8' 


in  which  V  and  s  are  the  velocity  and  the  space ;  then  by  tranqpo- 
fition  these  equations  may  be  written 

iV.cosd.  =  Jf-F«.^-  X; 


-y.cosd.  =M'  V^ 


i\r«oos^.    =  Jf.  F». 

15 


d9» 

ds^ 

£1 
d»» 


-  y; 


-  z. 
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Squaring,  adding  and  reducing  hj  the  relationa 

0M*4.  +  006*4,  +  ooa>  4.  =  I, 


and  we  find 


JV»  = 


BesolTing  B  into  two  components,  one  parallel  and  the  other  per* 
pendicular  to  the  path,  the  former  will  he  in  equilibrio  with  the 
inertia  it  develops  in  the  direction  of  the  curve;  and  denoting 
bj  9  the  inclination  of  iS  to  the  radius  of  curvature,   we   have 


or. 


0  =  i2.8in9-ilf .  F« 


d^s 


Squaring  and  subtracting  from   the  equation  above,  there  will  result 

1  /X  d^x      Y  d^v       Z    d^z  d^s\ 

X  dx       Y  dy      Z    dz        ,     ia^    i\ 


c  0014  Am 

niflLtfX 


i^= 


but 


multiplying  the  second    member  by   p  -r  p,  substituting  above,  and 
reducing  by  the  relations, 


dx 
d^ 


dy 


dM 


iftc     dxd^s     "ds  dhf     dycPt^   ds^         d^z    dzd^B^    ds^ 

d?^Jtd?^~dt''        d^'"dt  d?''^'        5i»""5S?'"   rft' 


dx 

X       di       Y 

eos9=;g-p-^  +  ^-p 


d'l 
di  .  Z 


dz  * 
di 


ds'^  R^   di' 


*8eo  Appendix  No.  2. 


-.4,     -ML  ^«  ^«    -Deo  iipp«naix  no.  ». 
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and 


d9^ 


P  = 


V((P«>»  +  (<Py)»  +  {dC'zY  -  (<^*)* 


in    vhich   p   denotes  the  radius  of  curvature,   we  have, 


jVr2  -  if2.^  -2=— ---BooBip  +  iPoos'ip; 
P  P 


and  taking  square  root, 


AT         ^^  9 


(884) 


The  first  term  of  the  second  member  is, 

§  195,  the  centrifugal  force   arising  from 

the  deflecting  action  of  the  curve,  and  the 

last  term  is  the  normal  component  of  the 

resultant  R,    As  the  equation  stands,  its 

signs  apply  to  the  case  in  which  the  body 

is  on  the  concave  iside  of  the  curve,  and 

the  resultant  acts  from  the  curve.    The  angle  9,  must  be  measured 

from  the  radius  of  curvature,  or  that  radius  produced,  according  as 

the  body  is   on  the  concave  or  convex  side  of  the  curve.     When 

the    body  is    moving  on    the  convex  side  of   the    curve,  the  first 

term    of    the    second  member    must   change   its  sign   and   become 

n^ative. 

§221.— Writing  Equations  (333)  under  the  form 

if-^  =  X+ircostf^ 

if-^=  F+iTcostf^ 
if~=Z  +  iV^oo8^.; 

multiplymg  the  first  by  2dx^  the  second  by  2dy,  the  third  by  2d9^ 
adding  and  reducing  by  the  relation 

J    /rf«         J,    ,   dy         A      ,   dg  ^  \  ^ 

d8  I-7-  •COS6.+  -~  -cos^,   +  -r-*cos  ^,  J  •  =  0, 
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'     the  second  factor  being  the  cosine  of  the  angl^/made  bj  the   nor 
mal  and  tangent  to  the  curye,  we  have 

integrating  and  reducing  by 

we  find 

Jf  F»  =  2  yt-2^<l«  +  Frf  y  +  Zdz)  +  C.     •    •    (885) 

This  being  independent  of  ^  X§SS$i^  ^f  ^^®  curve,  it  can  have  no 
effect  upon  the  velodty. 

If  thC'^cessant  forces  be  zero,  then  will 

X=0;    F=;0;   and   Z  =  0; 
,    nd 

^    -if' 

that  is,  a  bodj  moving  upon  a  rigid  sur&ce  or  curve,  and  not  acted 
upon  by  incessant  forces,  will  preserve  its  velocity  constant,  and  the 
motion  will  be  uniform. 

We  also  recognize,  in  Equation  (335),  the  general  theorem  of 
the  living  force  and  quantity  of  work;  and  from  which,  as  before, 
it  appears  that  the  velocity  is  wholly  independent  of  the  path  de- 
scribed. I    \ 

Example  1. — Let  the  body  be  required  to  move  upon  the  interior 
surface  of  a  spherical  bowl,  under  the  action  of  its  own  weight.  In 
this  case, 

i  =  «»  +  y»  +  «»-.aa  =  0;     •    •    .    •     (836) 
rfX        „        dL       ^        dL       ^ 
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and  the  axis  of  g  being  Tertical  and 
positive  downwards, 

X  =  0;     F=0;    Z  =  Jfy; 

which    values    in    Equations    (319), 
give 


17 


—  « 


=  0; 


^y 


<p«  .      rf*y 


z 

i___^| X 

Z 


and  differentiating  die  equation  of  the 
qphere  twice,  we  have 

dividing  by  ^ft*,  and  replacing  tiie  second  member  bj  its  value  V^j 
the  velodtj,  we  find, 


But,  Equation  (335), 


^,^  +  y,:5|.+,,?^=^P. 


rf^ 


ci/« 


r*  =  2y45  +  C 


1 


(388) 


and  denoting  bj  V  and  Jt,  Uie  initial  values  of  V  and  4i;,  respectively, 
we  have 

F»=:  pa +  2^(2-*), 


wh^di  substituted  above,  gives 


<[?^ 


ci/* 


<i<» 


(339) 


Eliminate  z^  y^  d^x^  d^y^  from  this  equation  by  means  of  Equ»> 
dons  (336)  and  (337). 

From  the  latter  we  find. 


<Py 
de 

d^x 
d(^ 


z  \di?^      V 


X   /d»«  \ 


1 
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which  sabstituted  in  Equation  (339),  and  reducing  bj  means  of 
Equation  (336),  we  get 

a«.  ^  =  g{a^  -  3«»  +  2kz)  -  F^i ; 

multiplying  by  2dz^  and  integrating,  we  find 

aa.j^  =  2i7(o««-«» +  !:««)-  F»«»  +  C; 

in  which  C  is  the  constant  of  integration,  and  to  determine  which, 
we  denote  the  component  of  the  velocity  V\  in  the  direction  of  the 
axis  s,  by  F/,  and  make  z  =:  k.    Thb  being. done,  we  get 


(7=a«.r,'»+  F2ifc»-2yo21r; 


whence, 


adding  and  subtracting  a'  F'^  in  the  second  member,  this  reduces  to 

in  which 

C,     =     (o«-A2)F'a-aaF,'». 

finding  the  value  of  dt,  and  integrating,  we  have 

I 

/adz 
J  (340) 

V(aa  -  z^)  [F'^-  2^(*  -«)]  -  C,  ^       ' 

Could  this  equation  be  integrated  in  finite  terms,  then  would  z 
become  known  for  a  •  given  value  of  t ;  and  this  value  of  s  in 
Equation  (336),  and  the  first  of  Equations  (337),  after  integration, 
would  make  known  the  values  of  x  and  y,  and  hence  the  position 
of  the  body;  its  velocity  would  be  known  from  Equation  (335). 
But  this  integration  is  not  possible. 
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§222.— We  ma^,  however,  approximate  to  the  result  when  the 
initial  impulse  is  small  and  in  a  horizontal  direction,  and  the  point 
of  departure  is  near  the  bottom  of  the  bowl.  Let  $  be  the  angle 
which  the  radius  drawn  to  the  variable  position  of  the  bodj  makes 
with  the  axis  of  z;  9,  the  angle  which  the  plane  of  the  angle  6 
makes  with  the  plane  through  the  axis  9  and  initial  place  of  the 
body,  supposed  in  the  plane  xz;  P  =  /3  V^roj  the  velodty  of  pro- 
jection in  a  horizontal  direction,  P  being  a  very  small  quantity; 
and  a  the  initial  value  of  6.    Then,  because 

2  =  a.co84  =  a(l  —  2  sin* ^6);    it=:aco8a  =  a(l  —  2  sin* ^ a) ; 

dz=z--a,&n6.d6]     7/=  0; 

C,  =  a* .  4  sin*  ^  a  .  cos'  J  a  .  )3* .  a  <7  =  a' .  /3' .  ^ir .  sin*  a  ; 

Equation  (340)  beconics 

<=-v/?  r       -     '>^°^'^^  . 

V  ^  '•/  \/j3^  (sin*  d  -  sin*  a)  -  4  sin*  B  (sin^'J  6  -  sin*  ^  a)  * 

and  making  6  and  a  very  smalf,  their   arcs   may  be   taken   for  their 
■ines,  and  the  above  becomes,  after  differentiating, 


dd  "■        V  g  '  ^(a*  -  6^)  (a*  -  /ga] 


•    • 


(wi) 


which  may  be  put  under  the  form 

2/=     /^  f  —46.d$ 

yg  7  y^(a»  -  /ga)*  -  [2  a*  -  (a*  +  jS^)]*' 

whence,  by  integration, 

making    /  =  0,  and    6  =  a,    we    have    (7  =  —  cos  1 .  y^a  -r  ^g,    or 
C=0;    and   solving  the  equaMon   with  reference  to  a,  we  get 
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From  which  it  appears  that  the  greatest  and  least  values  of  i 
will  occur  periodically,  and  at  equal  intervals  of  time.  The  Ibiliiet 
of  these  values  is  found  bjr  making 


and  60  on;    and  for  a  single  interval  between  two  oonsecutiTe  mazi> 
ma,  without  respect  to  sign, 

'  =  'vf''    •••••••    (844) 

the  maximum  being  a. 

The  least  value  occurs  when 


whence  for  a  single  interval  between  an^  maximum  and  the  succeed- 
ing minimum. 


=*'n/!> 


the  minimum  being  /3. 

The  movement  b^  which  these  recurring  values  are  brought  about| 
is  called  ogciUatory  motion;  that  between  any  two  equal  values  ia 
called  an  oseillation;  and  when  the  oscillations  are  performed  in 
equal  times,  they  are  said  to  be  Isoehronou9. 

Agam, 

dp 
Buostituting  for  --r-i  its  value  obtained  from  the  relation  y  =  a;  tan  9^ 

d  t 


we  find 


d(p  1  /      <^y  dx\     dt 

d6       ««+y*     V      dt        ^     dt/    d6 


r 

Integrating  the  first  of  Equations  (337),  we  get 
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dt 
substituting  tMs  above,  and  also  the  value  of  -rj  >  given  by  Equa* 

tion  (341),  we  find 


dividing  this  bj  Equation  (341), 


rf(p  fg    a.P 


9         •       •       • 


(84fl) 


dt     y  a    e* 

i  (««  +  j3»)  +  i  («»  -  i8«) .  C062  */-i- . « 


»  • 


a 


but 


whence 


dt    "V  a  [7  o         ,    /F       ' 

a«  .cos^y/— •  ^  +  iS* .  sin'y -^ .  < 


•  •  • 


(847) 


from  ▼hich  we  find 


^.., 


cf(p  = 


integrating,  and  taking  tangents  of  both  members, 

tan 9  =  —  .  tan  -i/—  • ' (348) 

finom  which  the  azimuth  of  the  plane  of  oscillation  may  be  found 
ftt  die  end  of  any  time. 

Making  tan  9  =  00,  we  have 

« 
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and  the  interyal  from  the  epoch  to  the  first  azimuth  of  90^,  is 

and  to  the  first  azimuth  of  270^, 


'"  =  T^-V7' 


and  the  interval  from  the  azimuth  of  90^  to  the  next  azimuth  of  270^ 


9 


^ 


equal  to  the  time  of  one  entire  oscillation. 

From  Equation   (348)   we  have,   after  substituting  for  tan  9    its 
value  in  the  relation  y  =  ;i;  tan  9, 


adding  unitj  to  both  members, 


^  =  t«.ay^..; 


also  from  y  z=  x.  tan  9, 


=  1  +  tan* 


«*  +  v' 

dividing  the  last  equation  by  this  one,  and  replacing  os^  +  y*  hy  its 
value  a?  -y  z',  from  the  equation  of  the  surface,  we  get 

1  +  tan2\/^.< 


1  +  tan*  9  ' 

but,  neglecting  the  term  involving  ^, 

substituting  this   above,  replacing    tan^9    hj  its   value   in   Equation 
(348),  and  6^  hj  its  value  in  Equation  (343),  after  making 


cos  2 

a 
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and  reducing  by  the  relation, 


£  .- 


we  have 


a 


aa   "^  «a 


tan>y  i.< 
a 

l+tan>y^.^ 


^ 


=  o^;  .     . 


•     •     • 


(349) 


which  shows  that  the  projection  of  the  path  of  the  body  on  the 
plane  «y,  is  an  ellipse  whose  centre  is  on  the  yertical  radius  of  the 
sphere,  and  that  the  line  connecting  the  body  with  the  centre  of 
the  sphere,  describes  a  conical  surface. 

If  a  =  j3,  then  will,  Equations  (843)  and  (348), 

and,  Equation  (349), 

«»  +  ya  =za^a^', (350) 

hence,  the  body  will  describe  a  horizontal  circle  with  a  uniform 
motion. 

The  pressure  upon  the  surface,  at  any  point  of  the  body's  path, 
la  given  by  the  value  of  N  in  Equation  (334).  jj^ 

§223. — Example  2. — Let  the  body,  still  reduced  to  its  centre  of 
inertia  and  acted  upon  by  its 
own  weight,  be  also  repelled 
from  the  bottom  point  A 
of  the  bowl,  by  a  force  which 
varies  inversely  as  the  square 
of  the  distance ;  required  the 
position  of  the  body  in  which 
it  would  remain  at  rest,  d  \iL(fAA>^ 

As  the  body  is  to  be  it  . 
rest,  there  will  be  no  inertia 
exerted,  and  we  have 


^-0-     ?-"-  =0-     ^-0- 
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and  assuming  the  axis  z  vertical,  positive  upwards,  and  the  origin 
at  the  lowest  point  A^ 

X  =.«a  +  y*  +  «*  -  2a«  =  0,    ....     (351) 
dL       ^        dL       „         dL       .,  . 

and  denoting  the  distance  of  the  body  from  the  lowest  point  bj  r, 
the  intensity  of  the  repelling  force  at  the  unit's  distance  by  jP,  and 
the  force  at  any   distance  by  P,  then  will 

P=:-^;    r  ==  VSHTyM^';  •    •    •    •    (352) 

a?  y  9 

for  the  force  P,  cos  a  =  — ;  cos  p  =  — ;  cos  y  =  —  ;  for  th« 
weight  Jf^,  cos  a'  =  0 ;     cos  ^'  =  0 ;     cos  y'  =  —  1 ;   and 

These  several  values  being  substituted  in  Equations  (319),  give 

Fyx  _  Fyx  _  ^ 

The  first  equation  establishes  no  relation  between  x  and  y,  ftftm^ 
^e  equilibrium,  which    depends    upon   the   distance  of  the  particle 
from  the  source  of   repulsion,  would    obviously   exist  at  any  point 
of   a  horizontal  drde  whose    circumference  is  at  the  proper  height 
from  the  bottom. 

From  the  second  equation  we  deduce. 

Fa        ^ 

-7r  =  ^^' 


■ = m'- 


F        r* 

(853) 


Mg 
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fit)m  which  r  becomes  known ;  and  to  determine  the  position  of  the 
circle  upon  which  the  body  must  be  placed,  we  have,  hy  making 
«  =  0  in  Equations  (352)  and  (351), 

y2  +  g2  ^  2az  =  0.  X  r   — 

Equation  (353)  makes  known  the  relation  between  the  weight 
of  the  body  and  the  repulsive  force  at  the  unit's  distance ;  the  in- 
tensity of  the  force  at  any  other  distance  may  therefore  be  deter- 
mined. 

If  there  be  substituted  a  repulsive  force  of  different  intensity, 
but  whose  law  of  variation  is  the  same,  we  should  have,  in  like 
manner, 

Mg  '^   a' 
her^ce, 

F'.F  \i  f^ir'^^ 

that  is,  the  forces  are  as  the  cubes  of  the  distances  at  which  the 
body  is  brought  to  rest 

If,  instead  of  being  supported  on  the  surface  of  a  sphere,  the 
J>pdy  had  been  connected  by  a  perfectly  light  and  inflexible  line 
with  the  centre  of  the  sphere  and  the  surface  removed,  the  result 
would  have  been  the  same.  In  this  form  of  the  proposition,  we 
nave  tl|e  common  £lectroscope. 

The  differential  coefficients  of  the  second  order,  or  the  terms  which 
measure  the  force  of  inertia,  being  equal  to  zero,  Equations  (332), 
show  that  the  resultant  of  the  extraneous  forces,  in  this  case  the 
weight  and  repulsion,  is  normal  to  the  surface,  which  should  be  the 
case;  for  then  there  is  no  reason  why  the  body  should  move  in 
one  direction  rather  than  another.  The  pressure  upon  the  sur&oe  is 
given  by  the  value  of  N,  in  Equation  (334). 

§  2».— JKramp^^  3.     Let  it  be  required  to  find  the  circumstance* 


^r 


^l^^-C-      •''^1711' 
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of  motion  of  a  body  acted  upon  by  its  own  weight  while  on  tlia 

arc  of  a  cycloid,  of  which 

the  plane  is  vertical,  and  „ 

directrix  horizontal. 

Taking  the  axis  of  n^ 
vertical;  the  plane  Z9^ixk 
the  plane  of  the  curve; 
and  the  origin  at  the  low- 
est point,  then  will 


fai  which  %  is  taken  positive  upwards. 


Z  =  «  ^-Kl^az  —  s»  — 


.      -1     «  g. 

a  versm    — =0; 
a        ' 


•    • 


(354) 


dL  dL 

dx  *"     *     dz 


*    and  Equation  (330)  becomes 


d^x       l%a 


—  +^  +  1^  =  0. 


•        • 


(856) 


and  by  transposition  and  division, 


dt^ 


d^z 


V 


2  a  — 2      dfi     /2o  — 


■     •     •     • 


z 


/2o  —  s 


From   the  equation  of  the  curve  we  find, 


2dx  =  2dz 


/2a  — a 
Y___;     .    .    .    . 


(857) 

n 

(8SS) 


^QJ9) 


»! 


mnltiplying  by  Equation   (357),  there  will  result 


2dx.d^x 
dfi 


=  — 2^rfa  — 


2dz.d^z 

~dir- 
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«nd  by  integration, 


2^       =F»=g~8g*; 


and  Bupposing  the  velocity  zero,  'when  c  =  A ;     aJ^  JBT".  (y^J 


which  subtracted  from  the  above  gives 


(869) 


txA  eliminating  da^  by  means  of  Equation  (858), 


dp       a  ^  ' 


whence^ 


di 


^     psr    dt^ 


H, 


the   negative  sign  *  being    taken  because  i  is  a  decreasing   function 
of  U 

By  integratioUi 

hyg»  /  ^ r  <=  —  \/— •/— 7==  =  —  v/— -versin    -r- +  C7. 

Making  s  =  A,  we  have 

0=  -.-y/^.ver8in"*2  +  (7;  scr£^^  C^(2u^i)w^\ 
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« 

whenoei 

t  =  yj—  yf  —  versin"*—) (360)    . 

When  the  body  has  reached  the  bottom,  then  will  j;  =^  0,  and 


=  '\/7' 


•i,-Q^*'UVf 


which  is  wholly  independent  of  A,  or  the  point  of  departure,  and 
we  hence  infer  that  the  time  of  descent  to  the  lowest  point  will  oe 
the  same  in  the  same  cycloid,  no  matter  from  what  point  the  body 
«itarts. 

Whenever  2  =  A,  the  body  will.   Equation   (359),  stop,   and  we 
shall  have  the  times  arranged  in  order  before  and  after  the  epocli,s  i-ffSi^Y 

the  difference  between  any  two  consecutive  values  being      ^*^'^-^^^»'>*'A-w^  -J-^  -  q 

V  g 

The  body  will,   therefore,   oscillate  back  and  forth,  in  equal  times. 

llie  cycloid  is  a  Tautockrane, 

The  pressure  upon  the  curve  is  given  by  Equation  (334).  JOi  ^^^-r^^^o/ 
The  time  being  given  and  substituted  in  Equation  (360),  the  value 

of  z  becomes  known,  and*  this,  in  Equations   (359)  and   (354),  will 

give  the  body's  velocity  and  place. 

§225. — Example  4. — Let  a  body  reduced  to  its  centre  of  inertia, 
and  whose  weight  is  denoted  by  PT,  be  supported  by  the  action 
of  a  constant  force  upon  the  branch  Bff  of  an  hyperbola,  of  which 
the  transverse  axis  is  vertical,  the  force  being  directed  to  the  centre 
of  the  curve.     Required   the  position  of  equilibrium. 
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Denote  the  constant  force  by  TP,  which  may  be  a  weight  at  the 
end  of  a  cord  passing  over  a  small  wheel 
at  C7,  and  attached  to  the  body  Jf.  De- 
note the  distance  CM  by  r,  and  the  axes 
of  the  curve  by  A  and  B.  Take  the  axis 
t  vertical,  and  the  curve  in  the  plane  xz. 
Make 

tlien  will 


and  as 


cos  y'  =  1,  cos  a'  =  0, 

9  X 

COS  y"  = ♦  cos  a"  =  —  — > 

'  r  r 


JT  =  P'  cos  a'  +  P"  cos  a"  =  - 


Z=:  F'cosy'  +  P"  cos  y"  =  TT  -  IP-  i-, 
the  question  relates  to  the  state  of  rest^ 


=  / 


Hie  Equation  of  the  curve  is 

L  ^A^^^-^E^^  +  A^H^  =  0; 
whence,  '  f^^^'^^X-J^T.^J^ 


^ 


h\  )^ 


iZ-ir% 


Avtl  = 


diy. 


dL 
dx 

dL 
dt 


=  2A^x, 


=  -2-B««; 


these  values  substituted  in  Equation  (330),  give 


whence, 


r  r 


(A^  +  ^)  TT .«  -  WA^r  =  0 

16 


•'    « 


(861) 
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But 


r*  =  «»  +  2^  =  «a  +  ^«»  -.  ^  =: «2 jdl+j?!  «  ^. 


whence,  denoting  the  eocentricity  by  e, 

and  this,  in  Equation  (361),  gives  after  reduction. 


•«■- 


z  = 


« ( 1^2  -  ir'2  «a)i ' 


which,  with  the  equation  of  the  curve,  will  give  the  position  of 
equilibrium. 

If  W*  €  be  greater  than  TF,  the  equilibrium  will  be  impousible- 
If  TPe  =  TT,  the  body  will  be  supported  upon  the  asymptx>t6. 

The  pressure  upon  the  curve  is  given  by  Equation  (334). 

§226. — Example  5. — Required  the  circumstances  of  motion  of  a 
body  moving  from  rest  under  the  action  of  its  own  weight  upon  an 
inclined  right  line. 

Take  the  axis  of  *  vertical, 
the  plane  z  x  X/o  contain  the 
line,  and  the  origin  at  the 
point  of  departure,  and  let  z 
be  reckoned  positive  down- 
wards.   Then  will 


L  :=z  z  ^  ax  z=i  0^ 


dL 

dz 


,      dL 

*'     dx  *' 


which  in  Equation   (330)  give,  after  omitting  the  common  factor  J/^ 


d^x   ,  d^z 

— +  a  ^  —  a =  0. 

dfi  ^^  dfi       "• 

From  the  equation  of  the  line  we  have 


•    •    •    •     • 


(862) 


d^x  = 


d^z 
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which  in  Equation  (362),  after  slight  reduction, 

dfi         1  +  «»  ^ 
Multiplying  by  2dz^  and  integrating, 

Che  constant  of  integration  being  zero. 
Whence 


dz 


«nd 


the  constant  of  integration  being  again  zero. 

The  body  being  supposed  at  B,  then  will  z  =  AD;  and   if  we 
draw  from  B  the  perpendicular  B  C  to  AB^  we  have  "  "^^ 

which  substituted  above,  -    *^]>  ^ 


y    z     g      y    g 


(364) 


in   which  c^  denotes  the  distance  AQ.         H^hd^hA^X 

But  the  second  member  is  the  time  of  falling  freely  through  the 
vertical  distance  d\  if,  therefore,  a  circle  be  described  upon  ^  (7  as 
a  diameter,  we  see  that  the  time  down  any  one  of  its  chords,  ter- 
minating at  the  upper  or  lower  point  of  this  diameter,  will  be  the 
same  as  that  through  the  vertical  diameter  itself.  This  is  called  the 
mechanical  property  of  the  circle.  /  =:  ^  ^'t  ^ 

ExampU  6. — A  spherical  body  placed  on  a  plane  inclined  to  tho 
horizon,  would,  in  the  absence  of  friction,  slide  under  the  action  of 
its  own  weight;  but,  owing  to  friction,  it  will  roll.'  Required  the 
eircumstances  of  the  motion.  .    ^  ^  j 


SM 
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If  the  sphere  move  from  rest  with  no  initial  impulsei  the  oentr» 
will  describe  a  straight  line 

parallel  to  the  element  of  ^  /^x*^  A /•.-«.) 

steepest  descent.    Take  the  /r  ^^^  k^^z  CT^  CH  /*\^  if  } 

plane  x%^  to  contain  this         y^^S-cj^  -  r.-f  ic^m.)^ 

element,  the  axis  z  yertical 
and  positive  upwards. 

Ihe  equation  of  the  path 
wlU  be, 


Xssa  +  ^tana  —  A  =  0; 


whence, 


(. 


--r— =  1;    -T— =  tana, 
dz  dz 


The  extraneoiis  forces  are  the  weight  of  the  sphere  and  the  fHo. 
'  tion.  Denote  the  first  bj  IF,  and  the  second  b/  F.  The  nature 
of  friction  and  its  mode  of  action  will  be  explained  in  the  proper 
place,  §d54;  it  will  be  sufficient  here  to  saj  that  for  the  same 
weight  of  the  sphere  and  inclination  of  the  plane,  it  will  be  a  cod- 
stant  force  acting  up  the  plane  and  opposed  to  the  motion.  We 
shall  therefore  have 


Z^  -^  Mg  '\'  F%m  a ;    JT  =  —  i^cos  a, 
which  values,  and  those  above  substituted  in  Equation  (330),  give 


But  from  the  equation  <^  the  path,  we  have 


u 


(^0  =  — (Pop*  tana;     d^'i^-^jr^^ 


and   eliminating  d^x  hj  means  of  this  relation,  there  will  result 


d^z         .       (F  .     \ 

--—  =2  sma  l-T?  —  ^sm  aj  • 

-    - .   -  y 


^-;^Y^i^i^'_A!l 


Gu^a^/^ 


r 
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Multiplying  by  2de^   integrating    and  making  the   velocity   xero 
when  t  =z  hj  we  have 

^  =  ^  =  28iaa  (J  -,8iD«)  .(z-h). 

This  gives 

dt  = = — ' ^^      .  ^     i4r^   Tt^r/- 


>^.^ 


</2  sin  a  Cj^  —  ^  sin  a)      v  ^  ""       J  ^^  t^  X  <^    ^  ^^^ 


wd  by  integration,  the  time  being  zero  when  «  =  ^       d^.^A.)  c^-   y^/iO^ 

A  —  «  =  tsin«(^-8ina  —  —  )*  ^'      *••(«).    ^i4.<LAM 

Agun,  all  axes  in  the  sphere  through  its  centre,  are  principal 
axes;  the  sphere  will  only  rotate  about  the  movable  axis  y,  in 
which  case  v«  and  v.  will  each  be  zero,  and  Equations  (202)  will  give 


B.^^M,, 


wherein. 


r  being  the  radius  of  the  sphere. 
Whence, 

Multiplying  by  2d\^  integrating,  and  maldng  the  angular  velooUif    Kd^^r-citji 
and  the  9i^  ^  vanish  together,  ^  >i4.^i 


tiriienoc^ 
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and  by  integration,  making  t  and  -4/  vanish  together, 

I         Also,   because  the  length  of  path  described  in  the  durection  of  ^bm 
j^        plane  is  r,-4/,  we  have,  in  addition,  (^/^^  /^^*'*^*'^'9 

&  ^  «  =  r  .^^.nna; 

and  eliminating  -^z  from  this  and  the  above  equation,  there  wfll 
result 

Dividing   Equation  (a)  by  Equation   (6),  and  solving  with  respect 
to   F, 

and  this  in   Equation    (b\  gives 

,  ,=w^5Efra+z. (^ 

V  ^  •  sin*  a  H  ^  ^ 

If  the   sphere  be  homogeneous^  then   will 

if  the   matter  be  all   concentrated   Into   the  surface,  then   will 
which  times  are  to  one  another  as    y^  to   y^5l 

,  .  OOHSTRAXBTED  HOUON  ABOUT  ▲  FIXED  POINT. 

y  ■'..       .      '        '  -  • 

^:  g  227.— If  a  bodj  be   retained  bj  a  ^a^  point,  the  fixed   and 

what  has  been  thus  far  regarded  as  a  movable  origin  maj  both  be 
taken  at  this  point;  in  which  case,  Sx^^  Sy^,  6z,y  in  Equation  (40), 
will  be  zero,  the  first  three  terms  of  that  general   equation  ^f  equi* 

A 


»T^    '       -         :  * 
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librium  will  reduce  to  zero  independently  of  the  forces,  and  the  equi- 
iibrinin  will  be  satisfied  hy  simply  making 


2P(a;cos/8  —  ycosa)  —  2  m 
2  P (jj  cos  a  —  0?  cosy)  ^  2  m ' 
2P(ycosy  —  «0O8j8)  —  2  m' 


z.d^x  —  xtPz 

y.€Pz--z,tPy 
J? 


=  0; 
=  0; 


=  0; 


» •  • 


(365) 


£**«. 


^  MM,"- 


&c.,   being 

)  discussed 
the  discus- 
»tion  about 


fixed  axis, 
axis  y  to 
)  and  ^cr, 
iditions  of 
fulfil  tiie 


(366) 


on,  let  trs 
>-ordinates« 


%         * 


«'  =  r"sin4.;     «'  =  r"cos4/.     .     .     .     .     (367) 

in  which  r"  denotes  the  distance  of  the  element  m  from  the  axis  y. 
Omitting  the  accents,  differentiating  and  dividing  by  (f /^  we  have 


dz  ,  d-L      dz  .     ,    d-L 

-r- =  r  cos  4* -~ ;     -r-  =  —  r  sm  4^  •  — r^ 
dt  ^  dt'    dt  ^    dt 


•     •     • 


(368) 
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Now, 

— ^-—  —  ~— -  =  —  •  d  iz  •  —  —  X'  —  I  : 

dfi  dfi         dt       \      dt  dt/  ' 

whence  \>j  substitutioii,  Equations  (367)  and  (368), 

and  since    -7-7   must  be  the  same  for  every  element,  we  have,  Eq^ 
tion  (366), 

:Lmf^'  -j^  ==  2P(2;cosa  —  jrcos/), 

and 

^+  _  2P.(zcostt  — aroosy) 

That  is  to  saj,  the  angular  acceleration  of  a  body  retained  by  a 
fixed  axis,  and  acted  upon  by  incessant  forces,  is  equal  to  the 
moment  of  tiie  impressed  forces  diyided  by  the  moment  of  inerti* 
with  reference  to  this  axis. 

Denoting  the  angular  Telocity  by  Fj,  and  the  moment  of  inertSa 
by  I^  we  find,  by  multiplying  Equation  (369)  by  2d-\f  and  integrating, 

IVi^  =  2flP{zcosa  —  xcoBy)d'^  +  C, 

and  supposing  the  initial  angular  velocity  to  be  F/,  we  have 

/(7j*  _  r,"^)  =  2f2P{zcoaa  -  «cosy)rf4.. 

But  the  second  member  is,  g  107,  twice  the  quantity  of  work 
about  the  fixed  axis;  whence  the  quantity  of  work  performed  be- 
tween the  two  instants  at  which  the  body  has  any  two  angular 
velocities,  is  equal  to  half  the  difference  of  the  squares  of  these 
velocities  into  the  moment  of  inertia,  or  to  half  the  LVing  force^ 
^        ,  gained  or  lost  in  the  interval.  -i.     ,  «  J 


/  —  ^z  #■*.  r-yv.    ^nr-  ^r  i^^ 
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Now,  /=  Mk^  =  i/"^.  (1)'  =  i/"^;  80  that,  the  moment  of  inertia 
measures  that  mass  which  would,  if  concentrated  on  the  arc  \^  have 
a  living  force  equal  to  that  of  the  body  which  actually  rotates. 


OOMFOUND    PENDULUH. 

§230. — Any  body  suspended  from  a  horizontal  axis  AB^  about 
which  It  may   swing  with  freedom  under  the 
action  of  its  own  weight,  is  called  a  compound 
pendulum. 

The  elements  of  the  pendulum  being  acted 
upon  only  by  their  own  weights,  we  have 

P  =z  mg\    P*  =  m'g^  &c. ; 

the  axis  of  t  being  taken  vertical  and  positive 
downwards, 

cos  a  =z  cos  a'  =  &a  =  0 ; 
cosy  =  cosy'  =  &c.  =  1, 


d^'\f  ^mx 

"^r-z-  =  — ^• 


/fVt9*U^ 


dfi 


Smr^ 


and  Equation  (369)  becomes 

Denote  by  e,  the  distance  A  G,  of  the  centre  of  gravity  fronauie  77^^ 
axis;   by  4.,   the  angle  ffAGy  which  ^- 

A  G  makes  with  the  plane  y«;  by  o?^,  X  '  '^ 

the  distance  of  the  centre  of  gravity  X  "r-W: 3C 

from  this  plane;    then  will 

«^  =  e .  sin  4/  ;  . 

and  from  the  prmciples  of  the  centre 
of  gravity, 

Zmx  =,  Mx^  =  if. «. sin 4/; 

which  substituted  above,  gives 

c^  \»  M.  e ,  sin  X 

-T^  =  —g. — = — —^ 


d(^ 


Imr^ 


(871) 
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Multiplying  by  2(^4/,  and  integrating, 

Denoting  the  initial  value  of  -4^  by  oc,  we  have 

2i  iwr* 


whence, 


si  =^^'  2^ri^'^'+^'^*>'    •    •    •     -(372) 


but 
\ 

008  4/  =  1  '-  ■         +  ^- —  &c 

^  1.2  ^  1.2.8.4 


a*  a* 


COS  a  =  1  — 4-  —  4bo. 

1.2  ^  1.2. 3.4 

and  taking  the  value  of  4')  ^  small  that  its  fourth  power  may  be 
neglected  in  comparison  with  radius,  we  have 

a*  —  ^* 
cos  4*  —  cos  a  = s""^  > 

which  substituted  above,  gives,  after  a  slight  reduction,  and  replacing 

2 mr»  by  its  value  given  in  Equation  (216),  ^^r^sJgr^=  jr(A'/^  ^^ 

V      e.g  /      la 


vA^ 


the  negative  sign  being  taken   because  4^  is  a  decreasing  function  of 
the  time. 

Integrating,  we  have 


t  =  \J— — cos     X..  ,    ,    .    ,    ,    .    (878) 

The  constant  of  integration  is  zero,  because  when  >|^  =  a,  we   have 
<  =  0. 


^  -  -■/ 


■  / 
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^  /3^ /^Making  +  =  —  a,  we  have 


yi^^  ZJ^   J^^^XriiU      t=*^J^^^-±-^',    ......    .(874) 

which  gives   the    time  of  one  entire  oscillation,  and  from  which  we 
conclude  that  the  oscillations  of  the  same  pendulum  will  be  isochro- 
nal, no  matter  what  the  lengths  of  the  arcs  of  vibration,  provided         ^ 
they  be  small.       iU>^*^  .  K  tA    Ia^la^^^^Z4  ^oc-^  Lm  Tajl.   6ytrM..d^^^*'<r*^  CAaJT  u 

If  the  number  of  oscillattons  performed  in  a  given  interval,  say  -^^^* 
ten  or  twenty  minutes^  be  counted,  the  duration  of  a  single  oscillation 
will  be  found  by  dividing  the  whole  interval  by  this  number. 

Thus,  let  4  denote  the  time  of  observation,  and  N  the  number  of 
oscillations,  then  will 


,  =  1  =  ^..  AHZ. 

N  \      e.g     ' 


and  if  the  same  pendulum  be  made  to  oscillate  at  some  other  location 
during  the  same  interval,  d,  the  force  of  gravity  being  different,  the 
number  y  of  oscillations  will  be  different;  but  we  shall  have,  aa 
before,  g'  being  the  new  force  of  gravity, 


9' 


Squaring  and  dividing  the  first  by  the  second,  we  find 


m 


(374)' 


that  is  to  say,  the  intensities  of  the  force  of  gravity,  at  different 
places,  are  to  each  other  as  the  squares  of  the  number  of  oscilla- 
tions performed  in  the  same  time,  by  the  same  pendulum.  Hence, 
if  the  intensity  of  gravity  at  one  station  be  known,  it  will  be  easy 
to  find  it  at  others. 

§  281.— From  Equation  (372),  we  have 

•j^  .2mr2  =  2Jf.^.«(oos4/ —  cosa);     •     •     (375) 
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and  making 

-^  =  Fj;    2mr*  =  /;    e(oos4' —  oosa)  s=  jBT; 

\ 
we  have 

I.V?  ^^M.g.H\ (376) 

in  which  jET,  denotes  the  vertical  height  passed  over  bj  the  centre 
of  gravity;  anotrom  which  it  appeiursthat  we  pSndulum  willoome 
to  rest  whenever  \  becomes  equal  to  a,  on  either  side  of  the  ver- 
tical plane  through  the  axis.  i 


\ 


§  232. — If  the  whole  mass  of  the  pendulum  be  conceived  to  be 
concentrated  into  a  single  point,  the  centre  of  gravity  must  go 
there  also,  and  if  this  point  be  connected  with  the  axis  by  a  medium 
without  wei^t  and  inertia,  it  becomes  a  simple  pendulum.  Deno- 
ting the  distance  of  the  point  of  concentration  from  the  axis  by  l^ 
wc  have  • 

At,  =  0;    e  =  ^  /| 

which  reduces  Equation  (374)  to  vilU^ 


t 


=  *yT i^'^^ 


If  the  point  be  so  chosen  that 


\/j-=V'^7^' 


(nv' 


or, 


l==^-^i (878) 

the  simple  and  compound  pendulum  will  perform  their  oscillations  in 
the  same  time.  The  former  is  then  called  the  equivalent  simple  pen^ 
dulum;  and  the  point  of  the  compound  pendulum  into  which  the 
mass  may  be  concentrated  to  satisfy  this  condition  of  equal  duration^ 
is  called  the  centre  of  oscillation.  A  line  through  the  centre  of 
oscillation  and  parallel  to  the  axis  of  suspension,  is  called  an  axis  of 
csciliation. 
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g233. — ^The  axes  of  oscillation  and  of  suspension  are  reciprocal. 
Denote  the  length  of  the  equivalent  simple  pendulum  when  the  com- 
pound  pendulum  is  inverted  and  suspended  from  its  axis  of  oscillation, 
by  V  y  and  the  distance  of  this  latter  axis  from  the  centre  of  gravity 
by  Sy  then  will 

I  =z  $  +  e'    or    «'  =  /  —  «; 
and,  Equation  (378), 


y  ,  ^/  +  e^   _  V  +  (/-e)V 


and  replacing  /,  by  its  value  in  Equation  (378),  we  find 


That  is,  if  the  old  axis  of  oscillation  be  taken  as  a  new  axis  of  sus 
pension,  the  old  axis  of  suspension  becomes  the  new  axis  of  oscilla- 
tion. This  furnishes  an  easy  method  for  finding  the  length  of  an 
equivalent  simple  pendulum. 

Differentiating  Equation  (378),  regarding  /  and  e  as  variable,  we 
have 

de"         «a       ' 
and  if  ^  be  a  minimum, 

dl  e^  "  k* 

whence, 

Bat  when  Ms  a  minimum,  then  will  <  be  a  minimum.  Equa- 
tion (377).  That  is  to  say,  the  time  of  oscillation  will  be  a 
minimum  when  the  axb  of  suspension  passes  through  the  principal 
centre  of  gyration^  and  the  time  will  be  longer  in  proportion  as  the 
axis  recedes  from  that  centre.  iJ*^?  j 


254: 
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Let  A  and  A^  be  two  acute  parallel  prismatic  axes  firmly  ocm-- 
nected  with  the  pendulum,  the  acute  edges 
being  turned  towards  each  other.  The 
oscillation  may  be  made  to  take  place 
about  either  axis  by  simply  inverting  the 
pendulum.  Also,  let  i/'  be  a  sliding  mass 
capable  of  being  retained  In  any  position 
by  the  clamp-screw  If.  For  any  assumed 
position  of  if,  let  the  principal  radius  of 
gyration  be  GC;  with  (?  as  a  centre, 
G  C  AS  radius,  describe  the  circumference 
CSS\  From  what  has  been  explained, 
the  time  of  oscillation  about  either  axis 
will   be   shortened    as    it    approaches,   and 

lengthened  as  it  recedes  from  this  circumference,  being  a  minimum^ 
or  least  possible,  when  on  it.  By  moving  the  mass  Jf,  the  centre 
of  gravity,  and  therefore  the  gyratory  circle  of  which  it  is  the 
centre,  may  be  thrown  towards  either  axis.  The  pendulum  bob  being 
made  heavy,  the  centre  of  gravity  may  be  brought  so  near  one  of 
the  axes,  say  A'^  as  to  place  the  latter  within  the  gyratory  cir- 
cumference, keeping  the  centre  of  this  circumference  between  the 
axes,  as  indicated  in  the  figure.  In  this  position,  it  is  obvious  that 
any  motion  in  the  mass  M  would  at  the  same  time  either  shorten 
or  lengthen  the  duration  of  the  oscillation  about  both  axes,  but 
unequally,  in  consequence  of  their  unequal  distances  from  the  gyratory 
circumference. 

Tlie  pendulum  thus  arranged,  is  made  to  vibrate  about  each  axis 
in  succession  during  equal  intervals,  say  an  hour  or  a  day,  and  the 
number  of  oscillations  carefully  noted;  if  these  numbers  be  the 
same,  the  distance  between  the  axes  is  the  length  ^  of  the  equiva- 
lent simple  pendulum ;  if  not,  then  the  weight  M  must  be  moved 
towards  that  axis  whose  number  is  the  least,  and  the  trial  repeated 
till  the  numbers  are  made  equal.  The  distance  between  the  axes 
may  be  measured  by  a  scale  of  equal  parts. 

§  234. — From  this  value  of  /,  we  may  easily  find  that  of  the  simple 
ieconcTg  pendulum;    that  is- to  say,  the  sin: pie  pendulum  which  wii) 
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perform  its  yibratton  in  one  second.  Let  JV,  be  the  number  of 
vibrations  performed  in  one  hour  by  the  compound  pendulum  whose 
equivalent  simple  pendulum  is  /;  the  number  performed  in  the 
same  time  hy  the  second's  pendulum,  whose  length  we  will  d^ote 
bj  /',  is  of  course  3600,  being  the  number  of  seconds  in  1  hour, 
and  hence. 


500'"  ^  "'^VJ' 


3600 

and  because  the  force  of  gravitj  at  the  same  station  is  constant, 
we  find,  after  squaring  and  dividing  the  second  equation  by  the  first, 

V  If"  ,       I'lP 

i '  fi'"  ''  =   (3600*)^ ^^^^^ 

Such  is,  in  outline,  the  beautiful  process  by  which  Katsr  determined 
the  length  of  the  simple  second's  pendulum  at  the  Tower  of  London 
to  be  39,13908  inches,  or  3,26159  feet. 

As  the  force  of  gravity  at  the  same  place  is  not  supposed  to 
change  its  intensity,  this  length  of  the  simple  second's  pendulum 
must  remain  forever  invariable;  and,  on  this  account,  the  English 
have  adopted  it  as  the  basis  of  their  system  of  weights  and  measures. 
For  this  purpose,  it  was  simply  necessary  to  say  that  the  y,a  jno*^ 
part  of  the  simple  second's  pendulum  at  the  Tower  of  London  shall 
be  one  English  foot^  and  all  linear  dimensions  at  once  result  from 
the  relation  they  bear  to  the  foot;  that  the  gallon  shall  contain 
iW^^  of  a  cubic  foot,  and  all  measures  of  volume  are  fixed  by  the 
relations  which  other  volumes  bear  to  the  gallon;  and  finally,  that 
a  cubic  foot  of  distill^  water  at  the  temperature  of  sixty  degrees 
Fahr.  shall  weigh  one  thousand  ounces,  and  all  weights  are  fixed  by 
the  relation  they  bear  to  the  ounce. 

§235.— It  is  now  easy  to  find  the  apparent  force  of  gravity  at 
London;  that  is  to  say,  the  force  of  gravity  as  affected  by  the  cen- 
trifugal force  and  the  oblateness  of  the  earth.    The  time  of  oscillation 
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being  one  second,  and  the  length  of  the  simple  pendulum   3,26^59 
feet,  Equation  (377)  gives 


=V 


3^6159 


9       ' 
whence, 

g^*^  (3,26159)  =  (3,1416)* .  (3,26159)  =  32,1908  feet. 
From  Equation  (377),  we  also  find,  bjr  making  t  one  second, 

and  assuming 

;  =  jT  4-  ycos2>|^, 
we  have 

-^  =  « +  yoos24/ (380) 


^r* 


Now  starting  with  the  value  for  g  at  London,  and  causing  the 
same  pendulum  to  vibrate  at  places  whose  latitudes  are  known,  we 
obtain,  from  the  relation  given  in  Equation  (374)',  the  corresponding 
values  of  g^  or  the  force  of  gravity  at  these  places;  and  these 
values  and  the  corresponding  latitudes  being  substituted  successively 
in  Equation  (380),  give  a  series  of  Equations  involving  but  two  un- 
known quantities,  which  may  easily  be  found  by  the  method  of 
least  squares. 

In  this  way  it  has  be^i  ascertained  that 

«'».«  =  32,1808    and    «'>.y  =  -  0,0821 ; 

whence,  generally, 

g  =  32,1808  -  0,0821  cos  2  4/ ;     •    •    •    •    (381) 

and  substiWting  this  value  in  Equation   (377),  and   making  <  =:  1^ 
we  find 

I  =  3,26058  —  0,008318  cos  2  4/    •    •    •    •    (382) 

Such  is  the  length  of  the  simple  second's   pendulum  at  any  pUuy) 
of  which  the  latitude  is  4^. 
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If  we   make  4^  =  40<>  42'  40",  the  latitude  of  the  Gtj  Hall  of 
New  York,  we  shall  find 


A 


Ml. 


^ 


I  =  3,25938  =  39,11256. 

§236. — ^The  principles  which  have  just  been  explained,  enable  us 
to  find  the  moment  of  inertia  of  any  body  turning  about  a  fixed 
axis,  with  great  accuracy,  no  matter  what  its  figure,  density,  or  the 
distribution  of  its  matter.  If  the  axis  do  not  pass  through  its  centre 
of  gravity,  the  body  will,  when  deflected  firom  its  position  of  equi- 
librium, oscillate,  and  become,  in  fact,  a  compound  pendulum ;  and 
denoting  the  length  of  its  equivalent  simple  pendulum  by  2,  we  have, 
after  multiplying  Equation  (378)  by  if, 

Jf./.e  =  if(V  +  «»)  =  2wr«;     ....     (383) 


or  smoe 


9 
9 


(384) 


in  which  W  denotes  the  weight  of  the  body. 

Knowing  the  latitude  of  the  place,  the  length  /'  of  the  simple 
second's  pendulum  is  known  from  Equation  (382) ;  and  counting  the 
number  N  of  oscillations  performed  by  the  body  in  one  hour 
Equation  (379)  gives 

/^(3600)» 

To  find  the  value  of  e,  which  is 
the  distance  of  the  centre  of  gravity 
firom  the  axis,  attach  a  spring  or 
other  balance  to  any  point  of  the 
body,  say  its  lower  end,  and  bring 
the  centre  of  gravity  to  a  horizontal 
plane  through  the  axis,  which  posi- 
tion will  be  indicated  by  the  max- 
imum reading  of  the   balance.     De- 

noting  by  a,  the  distance  from  the  axis  C7  to  the  pomt  of  support  B, 

17 
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iMid  hy   6,  the  maximum  indication  oi  the  balance,  we  have,  from 
the  principle  of  moments,    ^ .     v  *    ^^ 

ba  =z  We.  c^  = 


J* 


The  distance  a,  maj  be  measured  bj  a  scale  of  equal  parts.  Sub- 
stituting the  values  of  Wj  e  and  Z  in  the  expression  for  the  moment 
of  inertia,  Equation  (384),  we  get 

— FTP — -^- <^*> 

If  the  axis  pass  through  the  centre  of  gravity,  as,  for  example, 
in  the  fly-wheel^  it  will  not  oscillate;  in  which  case,  take  Equation 
(383),  from  which  we  have 

Mk,^  =:M.l.e  -  j!fe«. 

Mount  the  body  upon  a  parallel  axis  Aj  not  passmg  through  the  cen- 
tre of  gravity,  and  cause  it  to  vibrate 
for  an  hour  as  before;  from  the  num- 
ber of  these  vibrations  and  the  length 
of  the  simple  second's  pendulum,  the 
value  of  I  maybe  found;  I£  is  known, 
being  the  weight  W  divided  by  g ;  and 
e  may  be  found  by  direct  measure- 
ment, or  by  the  aid  of  the  spring 
balance,  as  already  indicated;  whence  k^  becomes  known. 


MOnON    OF  A  BODY  ABOUT  AN    AXIS  ITNDEB  THE  ACTION    OF    |MFUI»* 

BIVE    FORCES. 

§  237. — If  the  forces  be  impulsive,  we  may,  §  170,  replace  in 
Equation  (366)  the  second  differential  co-efficients  of  x,  y,  z,  by  the 
first  differential  co-efiicients  of  the  same  variables,  which  will  reduce 
it  to 

..  •*/  \       —       zdx  —  xdz       - 

2F(zco^a  —  a:  cosy)  —  2m« y- =  0: 

at 
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and  replacing  dx  and  dt^  ^  their  values  in  Equations  (368),  we 
find 


i  tfi;,    Dv  toeir  vaiues 

diff        2  P  (2?  COS  a  — a?  cosy) 
"irfT  "■  2w»r«  ~ 


(386), 


That  is,  ih»  angular  velocity  of  a  body  retained  hy  a  fixed  axiSj  and  , 
subjected  to  the  simultaneous  action  of  impulsive  forces^  is  equal  to  the  : 
sum  of  the  moments  of  the  impressed  forces  divided  by  the  moment  of 
imertia  with  reference  to  this  axis. 


BALUSTIO   PSNDULUM. 

§^288. — In  artiUery,  the  initial  velocity  of  projectiles  is  ascertained 
by  means  of  the  ballistic  pendulumy 
which  consists  of  a  mass  of  matter 
tmspended  from  a  horizontal  axis 
in  the  shape  of  a  knifo-edge,  after 
the  manner  of  the  compound  pen- 
dulum. The  bob  is  either  made 
of  some  unelastic  substance,  as 
wood,  or  of  metal  provided  with 
a  large  cavity  filled  with  some 
sofb  matter,  as  dirt,  which  re* 
ceives  the  projectile  and  retains 
the  shape  impre^ed  upon  it  by  the 
blow 

Denote  by   V  and  iti,  the  initial  velocity  and  mass  of  the  ball; 

Vi  the  angular  velocity  of  the  ballistic  pendulum  the  instant   afler 

the  blow,  /  and  M  its   moment  of  inertia  and  mass.      Also  let   I 

represent  the  distance  of  the  centre  of  oscillation  of  the  pendulum 

from  the  axis  A.    That  no  motion  may  be  lost  by  the  resistance  <  ij^L.  ■*•• 

H  h-  "Lie 
of  the  axis  arising  from  a  shock,  the  ball  must  be  received  in  the  |  |  1* 

direction  of  a  line  passing  through  this  centre  and  perpendicular  to  the 

plane  of  the  axis  and  line  A  0.     With  this  condition,  Eq.  (386)  gives 

AiL  ffit.r.Z      X 

~  =  Ki  = 


dt 


404. 


X 


uniz  W: -Ti 


f  ^/ 


A  <rt  ^»* 
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whence 

m 

and  suppoBing  the  angular  velocitj  commanicated  to  the  pendulatii  tc 
be  equal  to  that  acquired  by  falling  from  rest  through  the  initial  arc 
c%  in  Equation  (372),  we  have,  from  that  equation  and  Equation  (216), 
by  writing  e  for  dy 


and  Eq.  (3t4),  0/»-)  T^^f.f^.Xs   Zf  M^'^     r 


^'C/iMtLX 


which  substituted  above  gives  '*         '  ""      *  V/IuI!\/7\«e^) 


*t 


^ 


Fj4=  2  J  •  sin  i  a ; 

and  ibis  in  the  value  for  V  gives,  after  substitnting  for  the  ratio  of  the 
masses  that  of  their  weights, 

v..  r=2^?^^t^-^-e-wni« (887). 

\^  From  this  equation   we  may  find   the   initial  velocity  F;    and   for 

this*  purpose,  it  will  only  be  necessary  to  have  the  duration  of  a  single 


v> 


1 


.   „     oscillation,  and  the  amplitude  of  the  arc  described   by  the  centre   of 

^       V    gravity  of  the  pendulum.     The  process  for  findijig  the  time  has  been 

^     explained.      To  find   the  arc,  it  will    be    sufficient  to   attach    to    the 

h      lower  extremity  of  the  pendulum  a  pointer,  and  to  fix,  on  a  permanent 

stand  below^  a  circular  .graduated  groove,  whose  centre  of  curvature  ia 

at  A\  the  groove  bemg  filled  with  some  soft  substance,  as  tallow,  the 

pointer  will  mark  on  it  the  extent  of  the  oscillation.     Knowing  thus 

tl|e  arc  a,  and  the  ralne  of  ty  found  as  already  deicribed,  §  2S6,  we 

•  3:S;^#J^H  ^fiu  ikw  /L  [;^ti a^c.  iUa  Urt  ^.  re^/^c.  /&/*. 
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THE    GUN    PENDULUH. 

This  consists  of  a  gun  suspended  from  a  horizontal  axis.  The  shot 
IS  fired  from  the  gnn,  and  its  velocity  is  inferred  from  the  recoil,  as 
in  the  Ballistic  Pendulom.  The  forces  measured  by  the  quantities  of 
motion  developed  by  the  expansive  action  of  the  exploded  powder, 
must  be  in  equilibrio.    Make 

V  =  velocity  of  the  ball  on  leaving  the  gun, 
nV=z  average  velocity  of  the  inflamed  powder, 

F  =  angular  velocity  of  pendulum  on  parting  from  shoti 
W^  =  weight  of  gun  pendulum, 
H;  =       "  ball  and  wad, 

R^  =       ^  the  charge  of  powder  and  bag, 

W^  =       **  **  •*        of  powder  alone, 

6  =  diameter  of  bore, 

d  =  diameter  of  ball, 

t 

e  =  distance  of  axis  of  bore  from  axis  of  suspenoon. 

The  quantity  of  motion  in   ball  and^wad,  on  leaving  the  gun,  will  be 

—  F;  the  corresponding  pressure  on  the  bottom  of  the  g^n  is  to 

that  which  generates  this  motion,  as  the  area  of  a  cross-section  of  the 
bore  is  to  that  6f  a  great  circle  of  the  ball.  Again,  the  blast  of  the 
powder  will  continue  its  action  on  the  gun  after  the  ball  leaves  it. 
Let  this  action  be  proportional  to  the  charge  of  powder.  The  moment 
of  the  force  impressed  upon  the  pendulum,  in  reference  to  the  axis  of 
suspension,  will  be  given  by  Eqs.  (384)  and  (229);  and  taking  the 
moments  of  the  other  forces  in  reference  to  the  same  axis,  we  have 

W  W  %%      W  W 

•^  ^m  which  n',  like  n,  is  a  constant  to  be   determined  by  experiment; 

and  from  which  we  find 

W,V,A,€ 

9        ' 


.&^; 


t» 
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The   living  force  with  which  the  pendalam  separateft  from    the    ball.  iuu.f'p«pka4|| 

must  equal  twice  the  work  performed  by  the  weight  while  the  centre   

of  gravity  is  moving  to  the  highest  point ;  whence  1  J.  T(  a  Jfl' 

,-..•..,       IT 

Y}' — =•/•«  =  2}r_.tf.  rerwne  a  =  4ir-.«.  sin«l«, 

»      . 

in   which,  a    denotes   the    greatest   iikclination    of  «   to    the   verticaL 

Whence 

which  sabstitated  above  fpTts, 


V^ rr •sin  iff      .     .     •     •     (888)u 


The  methods  for  finding  e  and  a  are  the  same  as  in  the.  ballistic 
pendulum.  To  find  n  and  i/y  fire  the  ball  from  the  gun  into  the 
ballistic  pendulum;  the  effect  upon  the  latter  will  give  the  initial 
velocity  F.  Jtepeat  as  often  as  may  be  thought  desirable,  and  with 
different  charges.  The  corresponding  initial  velocities  substituted  in 
<Eq.  (988),  will  give  as  many  equations  as  trials.  These  equations  wrOI 
^utain  only  n  and  n'  as  unknown  quantities,  which  may  be  found 
by  the  method  of  least  squares.  For  full  and  valuable  information 
on  this  subject,  consult  Mordecai's  ^Experiments  on  Gunpowder.^ 


PART    II 


MECHANICS    OF    FLUIDS. 


INTRODUOTORY     REMARKS. 

§239. — The  physical  condition  of  every  body  depends  upon  the 
relation  subsisting  among  its  molecular  forces.  When  the  attrac* 
lions  prevail  greatly  over  the  repulsions,  the  particles  are  held  firmly 
tx^ether,  and  the  body  is  solid.  In  proportion  as  the  difference  be- 
tween these  two  sets  of  forces  becomes  less,  the  body  is  softer,  and 
its  figure  yields  more  readily  to  external  pressure.  When  these 
forces  are  equal,  the  particles  will  yield  to  the  slightest  force,  the 
body  will,  under  the  action  of  its  own  weight,  and  the  resistance 
of  the  sides  of  a  vessel  into  which  it  is  placed,  readily  take  the 
figure  of  the  latter,  and  is  liquid.  Finally,  when  the  repulsive  ex* 
ceed  the  attractive  forces,  the  elements  of  the  body  tend  to  separate 
from  each  other,  and  require  either  the  applicatioq^  of  some  extra- 
neous  force  or  to  be  confined  in  a  closed  vessel  to  keep  them 
together;  the  body  is  then  a  gas.  In  the  vast  range  of  relation 
among  the  molecular  forces,  from  that  which  distinguishes  a  solid  to 
that  which  determines  a  gas  or  vapor,  bodies  are  found  in  all  possible 
conditions — solids  run  imperceptibly  into  liquids,  and  liquids  into 
gases.  Hence  all  classification  of  bodies  founded  on  their  physical 
properties   alone,  must,  of  necessity,  be  arbitrary. 

§240. — Any    body    whose   elementary   particles   admit  of   motion 
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among  each  other,  is  called  a  fluid — such  as  water,  wine,  mercurj, 
the  air,  and,  in  general,  liquids  and  gases ;  all  of  which  are  distin* 
guished  from  solids  by  the  great  mobility  of  their  particles  among 
themselves.  This  distinguishing  property  exists  in  different  degrees 
in  different  liquids— it  is  greatest  in  the  ethers  and  alcohol ;  it  is 
less  in  water  and  wine;  it  is  still  less  in  the  oils,  the  sirups, 
greases,  and  melted  metals,  that  flow  with  difficulty,  and  rope  when 
poured  into  the  air.  Such  fluids  are  said  to  be  viscoui^  or  to  possess 
viscosity.  Finally,  a  body  may  approach  so  closely  both  a  solid  and 
liquid,  as  to  make  it  difficult  to  assign  it  a  place  among  either 
clasA,  as  pasUy  putty ^  and  the  like. 

§241. — Fluids  are  divided  in  mechanics  into  two  classes,  viz.: 
compressible  and  incompressible.  The  term  incompressible  cannot,  in 
strictness  of  propriety,  be  applied  to  any  body  in  nature,  all  being 
more  or  less  compressible;  but  the  enormous  power  required  to 
change,  in  any  sensible  degree,  the  volumes  of  liquids,  seems  to 
justify  the  term,  when  applied  to  them  in  a  restricted  sense.  The 
gases  are  highly  compressible.  All  liquids  will,  therefore,  be  regarded 
as  incompressible ;   the  gases  as   compressible.  / 

§  242. — ^The  most  important  and  remarkable  of  the  gaseous  bodies 
is  the  atmosphere.  It  envelops  the  entire  earth,  reaches  far  beyond 
the  tops  of  our  highest  mountains,  and  pervades  every  depth  from 
which  it  is  not  excluded  by  the  presence  of  solids  or  liquids.*  It 
is  even  found  in  the  pores  of  these  latter  bodies.  It  plays  a  most 
important  part  in  all  natural  phenomena,  and  is  ever  at  work  to 
influence  the  motions  within  it  It  is  essentially  composed  of  oxygen 
and  nitrogen,  in  ^a  state  of  mechanical  mixture.  The  former  is  a 
supporter  of  combustion,  and,  with  the  various  forms  of  carbon,  is 
one  of  the  principal  agents  employed  in  the  development  of  mechan- 
ical power. 

The  existence  of  gases  is  proved  by  a  multitude  of  facts.  Con« 
tained  in  an  inflexible  and  impermeable  envelope,  they  resist  pressure 
like  solid  todies.  Gas,  in  an  inverted  glass  vessel  plunged  into 
water,  will  not  yield  its  place  to  the  liquid,  unless  some  avenue  of 
escape   be  provided  for   it.    Tornadoes  which  uproot   trees,  overtuto 
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houses,  and  devastate  entire  districts,  are  but  air  in  motion.  Air 
opposes,  by  its  inertia,  the  motion  of  other  bodies  through  it,  and 
this  opposition  is  called  its  resistance.  Finally,  we  know  that  wind 
is  employed  as  a  motor  to  turn  mills  and  to  give  motion  to  ships 
of  the  largest  kind. 

§243. — In  the  discussions  which  are  to  follow,  fluids  will  be  con- 
sidered as  without  viscosity;  that  is  to  say,  the  particles  will  be 
supposed  to  have  the  utmost  freedom  of  motion  among  each  other. 
Such  fluids  are  said  to  be  perftcU  Hie  results  deduced  upon  the 
hypothesis  of  perfect  fluidity  will,  of  course,  require  modification 
wheA  applied  to  fluids  possessing  sensible  viscosity.  The  nature  and 
extent  of  these  modifications  can  be   known  only  from  experiments. 


habioite's  law. 

§244. — Gases  readily  contract  into  smaller  volumes  when  pressed 
externally ;  they  as  readily  expand  and  regain  their  former  diiiien- 
sions  when  the  pressure  is  removed.  They  are  therefi)re  both  com- 
pressihU  and  elasUe. 

It  is  found  by  experiment,  that  the  change  in  volume  is,  for  a 
nn^a±Ar)^  temperature,  always  directly  proportional  to  the  change  of 
pressure.  The  density  of  the  same  body  is  inversely  proportional  to 
the  volume  it  occupies.  If,  therefore,  P  denote  the  pressure  upon 
a  unit  of  surface  which  will  produce,  at  ^  given  temperature,  say 
0°  Centr.,  a  density  equal  to  unity,  and  D  any  other  density,  and 
p  the  pressure  upon  a  unit  of  surface  which  will,  at  the  same  tern* 
pcrature  of  the  gas,  produce  this  density,  then,  according  to  the  ex- 
periments above   referred  to,  will 

p=z  F.D (389) 

This  law  was  investigated  by  Boyle  and  Mariotte,  and  is  known 
as  Mctriottis  Law.  By  experiments  made  at  Paris,  it  was  found  that 
this  law  obtains,  when  air,  in  its  ordinary  condition,  is  condensed  27 


and  rarefied  112  times.     ^\  ///  ^=127/ J7^ 
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LAW    OF    THE    PRESSURE,     DENSITY,     AND     TEMPERATURE. 

§  245. — Under  a  constant  pressure,  all  *« bodies  are  expanded  by 
heat ;  under  a  constant  volume,  their  elas'tic  force  is  increased  by  the 
same  agent.  Experiment  has  shown  that  the  laws  of  these  changes 
for  gases  are   expressed   by  ^    ,o^  ^  p^  ^  y 

•;     ,  p  =  P .  i> .  (1  4-  a^) ; {^90) 

in  which  p  denotes  the  pressure  upon  a  unit  of  surface,  D  the 
density  of  the  gak,  6  fne  difference  between  the  actual  and  some 
standard  temperature,  and  a  a  constant  which  is  equal  to  ^^—0,003665 
when  the  stiindard  is  0°  centr.,  and  6  is  expressed  in  units  of  that  scale. 

First  supposing  D  and  6  variable  and  p  constant;    then  p  and  6 
variable  and   i>  constant,   Equation   (390)  gives 

dD  a,D  dp  ap 


dB  1-fa^'       d6''l+a6 


(«) 


The  quantity  of  heat,  denoted  by  q,  necessary  to  change  the  tem- 
perature a  degrees  from  the  assumed  standard,  will  be  a  functiiin 
of  p,  D,  ^  \    but   because  of  Equation   (390,)   we   may  write 

9=f{^^P)  •  •  •.  •  -(b) 
The  increment  of  heat  which  will  raise  a  body's  temperature  one 
degree,  is  called  its  specijic  heat.  The  specific  heat  being  the  in- 
crement of  q  for  each  unit  of  6,  if  c  denote  the  specific  heat  when 
the   pressure   is  constant,  and   e^  that   when   the  density  is  constant, 

then  will 

rfjr^^y    rfZ>  .        __dq  _dq  dp  /^l 

d6^dD'd6'       '"dB"  dp'dB'  ^^ 

or,   Equations   (a), 

d q      a.  D  ^ 9      ^  'P    ,  i 

and  by   division,   making  e^y.c^, 

■^     da    ,  da 

in  which  y,  denotes  the  ratio  of  the  specific  heat  of  the  gas  at  a 
constant  pressure  to  that  at  a  Cfinstaijt  density.  This  n^tio  is 
known  from  experiment  to  l||  constant  fr  atmospheric  air,  and  is 
probably    so    for    all    gnses.       The    txpiTimen^s   of    Desormes    and 


i^.  {A.J 


I/-  f/lui^ 


Jl 


m 


/-j-m-i      ,  2>^     /-(r^jij/ 


J3' 


J!?' 


1 
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Clements  make  its  value  1,3482;  those  of  Gay-Lussac  and  Walter 
1,3748;  and  those  of  Dulong  on  perfectly  dry  air  1,421.  Regard- 
ing /  as  constant,   the   integration   of   the  foregoing   equation   gives 

1^ 


=/© 


(SMAppndbilf*.!.) 


in  which  /,  denotes  any  arbitrary  function  of  the  quantity  within 
the  parenthesis,  and  from  ;M'hich,  denoting  the  inverse  functions  by 
Fj  we  may   write 

p  =  j/.F(q) (c) 

From   Equation    (300)^  we  have 

a.F.D      a      a.F  ^^^       a  ^' 

Sudden  compression  increases,  and  a  sudden  expansion  decreases  the 
temperature  of  bodies,  and  if  q  remain  the  same,  while  suddenly 
p,  i>,  d,  become  p\  !>',  ^',   we  have 

p'=iyy.F{g%    .    .     (e)  «'  =  -l^i)'y-'./'(j)_i.     .     .     (g) 

Eliminating  F  (g)  first  from  Equations  (c)  and  (e),  and  tht;n  from  Equa- 
tions (d)  and  (g),  we  have,  replacing  y  and  a  by  their  numerical  values, 


^)  ....       (391) 


^ 


(  ^'=  (273  +  B)  {^J  -  273     .        .        .      .  (392)  Li^  Aw^- 

These  equations  give  the  relation  between  the  densities,  elastic 
forces,  and  the  temperatures  of  a  gas  suddenly  compressed  or  dila- 
ted,  and   retaining   the   quantity   of  its  heat  unchanged. 

jr. The  pressure  being  constant,  make, in  Eq.  (300),  tf  =  0,  2>  =  Z>^,  and 
divide  same  equation  by  the  result ;  wo  find  D  =z  D^-^  (1  -f-atf).      Make 
'    ..  -  p=,D^-h^^  >  g*  =  weight  of  a  column  of  meivriry  at  stivndtird  temperature 
J       1\  and  resting  on  a  base  iniily,  in  Lot.  4.5°,  wluro  «:ravity  is  ff\     These 

in  Eq.  (389)  give,  wftor  writing  0.0:'t>04  r..r  a,  nnd  /°  —  32°  fur  d,      (X  ^-^-^  rp 


F  =  ^"-l^''-^  .  [1  4  (^  ^  r,2°) .  0,C0204] ...     (893) 


tjx 


If  the    teinTt''«tiin'    of  the    ni«  n  iiry    vary    from    the    ^tsl  ^'  *'    T. 
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and  become  7*  then  will  D^  also  vary  and  become  D'„  and  to  exert 
.  tbe  ftime  pressure .  /t„  must  have  a  new  value  h,  and  Bucb  t^t 
D..k„.g'  =  D'..k.9\ 
Mercury  expands  or  contracts  0,0001001*''  part  of  its  entire  vol 
ume  for  each  degree  of  Fahr.  hy  which  it  increases  or  dnninishea 
its  temperature.  And  as  the  density  of  tbe  same  body  varies 
invereely   as   its  volume,   we   have 

D'.  =  D^{\  +(7'-r) -0,0001001] 
which  substituted  above  gives 

A„  =  A[l  +  (r- r). 0,0001001] (394) 

EQUAL    TBANBUSBION    OB    PBBSnTKE.  ^ 

§246. — Let  EHL,  represent  a  closed  vessel  of  any  shape,  with 
which  two  piston  tubes  AB'  and 
I>  C  communicate,  each  tube  be- 
ing provided  with  a  piston  that 
(its  it  accurately  and  which  may 
move  within  it  with  the  utmost 
freedom.  The  vessel  being  filled 
with  any  fluid,  let  forces  P  and 
P\  be  applied,  the  former  per- 
pendicularly to  the  piston  A  B, 
and  the  latter  in  like  direction 
to   the  piston   CD,  and   suppose  "^  -^ 

these  forces  in  equilibrio,  which 

they  inay  be,  since  the  fluid  cannot  escape.  Now  let  the  piston 
^  £  be  moved  to  the  position  A' B' ;  the  piston  CD  will  take 
some  new  position,  as  CD'.  And  denoting  by  t  and  t\  tJie  dia* 
tances  A  A'  and  0  (7,  respectively,  we  have,  from  the  principle  of 
virtual  velocities, 

Pt  =  P't'. 

Denote  the  area  of  the  piston  AB  }iy  a,  and  that  of  the  piston 
Ci>  by  a',  then  will  tbe  volume  of  the  fluid  which  was  thrust  from 
tbe  tube  Aff,\M  measured  by  a .  t,  and  that  which  entered  the  tut>« 
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t>  (T^  will  be  measured  by  a* »'.  But  the  pressure  upon  the  pistons 
and  thet  temperature  remaining  the  same,  the  entire  volume  of  the 
fluid  in  the  vessel  and  tubes  will  be  unchanged.      Hence, 

a  »  =  a'  i'\ 

dividing  the  equation  above  by  this  one,  we  have 

P        P' 


J 


(396) 


That  is  to  saj,  two  forces  applied  to  pistons  which  communicaU  freely 
toith  0ich  other  through  the  intervention  of  some  confined  fluid^  will 
he  in  eguilibrio  when  their  intensities  are  directly  proportional  to  the 
^  areas  of  the  pistons  upon  which  they  act.  ^  f^  :*r,  t[  li^i..  ^ruLZ^ 
This  result  is  wholly  independent  of  the  relative  ^in^^nsions  and 
positions  of  the  pistons;  and  hence  we  conclude  that  any  pressure 
communicated  to  one  or  more  elements  of  a  fluid  mass  in  eguilibrio^  is 
equally  transmitted  throughout  the  whole  fluid  in  every  direction.  This 
law  which  is  fully  confirmed  by  experiment,  is  known  as  the  prin« 
ciple  of  eqttal  transmission  of  pressure, 

§247. — ^Let  a  become  the  superficial  unit,  say  a  square  inch  or 
square  foot,  then  will  P  be  the  pressure  applied  to  a  unit  of  sur- 
face, and,  Equation  (306), 

P'  z=  Pa'. (397) 

That  is,  the  pressure  transmitted  to  any  portion  of  the  surface  of 
the  containing  vessel,  will  be  equal  to  that  applied  to  the  unit  of 
mirfikce  multiplied  by  the  area  of*  the  surface  to  which  the  transnus- 
9ion  is  made. 

• 

§  248* — Since  the  elements  of  the  fluid  are  supposed  in  equilibrio, 
the  pressure  transmitted  to  the  surface  through  the  elements  in  con- 
tact  with  it,  must,  §217  and  Equations  (332),  be  normal  to  the  sur 
fiwse.  That  is,  the  pressure  of  a  fluid  against  any  surface^  acts  always 
in   the  direction  of  the  normal. 


•  0 
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MOnON  OF  THE  FLUID  PABTICLES, 

§249. — ^The  particles  of  a  fluid  having  the  utmost  freedom  of 
motion  among  one  another,  all  the  forces  applied  at  each  partiole 
must  be  in  equilibrio.  Regarding  the  general  Equation  (40)  as  ap- 
plicable  to  a  single  particle,  whose  co-ordinates  are  x^  y,  z^  we  shall 
have 

«  =  «/»   y  =  y/>   «  =  «/> 

and  supposing  the  particle  to  have  simply  a  motion  of  translation, 
we  also  have 

S(p  =  0;    ^4^  =  ^9    ^*  =  0; 


and  that  equation  becomes 


1 P  cos  a  —  m 


( 

+   (sPooay —m--j^J  S z 


=  0; 


whence,  upon  the  principle  of  indeterminate  co-efficients, 


cPx 
2  P  cos  a  —  m  •  -j-r-  =  0  : 

at* 


iPcoaP  —  ni'-j-^  =  0; 


dfi 


^Tow  {hi 


(Pz 
2  P  cos  y  —  »» •  -TT5-  =  0, 
'  of* 


(398) 


Now  the  terms  2  P  cos  a,  IP  cos  jS  and  2  P  cos  y,  are  each  composed 
of  two  distinct  parts,  viz. :  1st.,  the  component  of  the  resultant  of 
the  forces  applied  directly  to  the  particle;  and  2d.,  the  component 
of  the  pressure  transmitted  to  it  from  a  distance,  arising  from  the 
forces  impressed  upon  other  particles. 

Denote  by  X,  IT  and  Z,  the  accelerations,  in  the  directions  of  the 
axes  x^  y,  sr,   respectively,   due  to  the  forces  applied  directly  to   the 
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particle;  then  m,  being  the  mass  of  the  partide,  the  components  of 
the  forces  directly  impressed  will  be 

The  pressure  transmitted  will  depend  upon  the  particle's  place, 
and  will  be  a  function  of  its  co-ordinates  of  position.  Denote  by  p^ 
the  pressure  upon  a  unit  of  surface,  on  the  supposition  that  every 
point  of  the  unit  sustains  a  pressure  equal  to  that  communicated  to 
the   particle  from  a  distance ;   then,  for  a  given  time,  will 

p=:F{x,y,z). 

Conceive  each  particle  of  the  fluid  to  consist  of  a  small  rectan^ 
gular  parallelopipedon  whose 
faces  are  parallel  to  the  co- 
ordinate planes,  and  whose  con- 
tiguous edges  at  the  time  <, 
are  dx^  dy  and  dz'y  and  let 
dr,  y,  z^  be  the  co-ordinates  of 
the  molecule  in  the  solid  an- 
gle nearest  the  origin  of  co- 
ordinates. Then  would  the 
difference  of  pressure  on  the 
opposite  faces,  which  are  paral- 
lel to  the  plane  zy^  were  these  faces  equal  to  unity,  be 

dp 


F{z  -f  dx,  y,«,)  -  F{x,  y,  «,)  =j| .  dx\ 

and  upon  the  actual  faces  whose  dimensions  are  each  dz.dy^  this 
difference  becomes,  Equation  (397), 


dp 
dx 


dx^dy'dz. 


In  like  manner  will  the  difference  of  the  pressures  transmitted 
to  the  opposite  faces  parallel  to  the  planes  zx  and  xy^  be,  vesper 
lively, 

—"dy-di'dx,     and     —-  *dz*dx-dy. 
dy       ^  ^  dt 
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These  pressures  being  normal  to  the  surfiices  to  which  they  are 
respectively  applied,  they  will  act,  the  first  in  the  direction  of  x^ 
the  second  in  the  direction  of  y,  and  the.  third  in  the  direction 
of  z.  And  as  these  differences  alone  determine  that  portion  of  the 
motion  due  to  the  transmitted  pressures,  we  have 


2  F  COS  a  =:  m  X  — 


dp 
dx 

dp 


dx  ,df/  ,dz; 


2Pcos/3  =  *»jr —  -^  •dy  ,dx.  dz\ 

dy 


2P  cos  7  =  mZ  — 


dp 
Tz 


dz .dx .dy,  : 


Denote  by  D  the  density  of  the  mass  m,  then  will,  Equation  (1)', 

m  =  D  .dx  .dy  .dz^ 


and  by  substitution,  Ei^uations  (398)  become 

1      ^P   ^  X  _  ^^  . 


D 

dx 

1 
D 

dp 

dy 

1 

dp 

^.-^=  Y 


=  Z 


D     dz 


d^y 

d^z 

dt^   ' 


(399) 


Denote  by  u,  v  and  «?,  the  velocities  of  the  molecule  whose  co- 
ordinates are  xyz,  parallel  to  the  axes  ar,  y,  «,  respectively,  at  the 
time  t  Each  of  these  will  be  a  function  of  the  time  and  the  co- 
ordinates of  the  molecule's  place;  and,  reciprocally,  each  co-ordinato 


will  be  a  function  of  /,  «,  v  and  to  j  whence.  Equations  (12)  and  ,(13). 

UZifl^f  *f,X.,i  )      difft^cULVuliA^    V  dc4A</*ly   turn 

d^x  ^du  ^  /du\    dt      du    dx      du     dy      du     dz 

HF^Ti"  \Ti/  ' Tt"^ dH' Tt  "^ 7^  '  Tt"^  dz  '  Tt' 


dx    dy    dz 
and  replacing  —  i   —  i  j->    by  their  values  «,  v,  w,  respectively,  we 


have 


d^x 


=(^)^ 


du  du  du 

u  -H  -; —  •  V  H z—'WX 


dx 


dy 


dz 
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in  the  same  waj, 


=(4^)+ 


dv         ,    dv  dv 

dx  dy  dz 


d:^z 
d 


'«        /dv)\    ,    dw         ,    dto  dw 

— -  =r  I  —  I  4-     .      •  u  +  ■         •  V  -f*  -— —  •  iff 


dx     ^   '    dy 
which,  substituted  in  Equations  (899),  give 


dz 


JD  *  dx  "         \dty 


1 

2> 

dp 
dx 

1 

1          < 

JD 

dp 

dy 

1 

J) 

dp 

dz 

D'  dz  "■  Vrf^/ 


dTtt 
dx 

dv 
dx 

dto 
dx 


u  — 


•  t*  — 


tt  — 


du 
dy 

dv 
dy 

dw 


•  V  — 


V  — 


V  — 


du 


dv 
Tz 

dw 
l[z 


•  w\ 


•  w. 


^  •     • 


(400) 


Here  are  three  equations  involving  five  unknown  quantities,  viz. ; 
u,  tf,  Wj,p  and  2>,  which  are  to  be  found  in  terms  of  d?,  y,  «  and  t 

Two  other  equations  may  be  found  from  diese  considerations,  viz : 
the  velocity  in  the  direction  of  d?,  of  the  molecule  whose  co-ordinates 
are  xyz^  is  u;  the  velocity  of  the  molecule  in  the  angle  of  the 
parallelopipedon  at  the  opposite  end  of  the  side  dxy  at  the  same  time, 

18 

u  +  ^.rf^; 
and  hence  the  relative  velocity  of  the  two  molecules  is 


ad?  ad? 


At  the  time  <,  the  length  of  the  edge    joining  these  molecules  b 
dXf  and  at  the  end  of  the  time  t  +  dt^  this  length  will  be   /f  ^  /^ 

dx  +  ^>dx.dtz=:dx(l  +  —  »dt); 

dx  ^         dx        " 


tbd    second  term   being    the    distance   by  which    the   molecules   bi 

question    approach   toward    or    recede    firom    one    another   in   the 

time  dt 

18 
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In  tbe  same  way  the  edges  of  the  parallelopipedon  wUdi  at  ihm 
time  tf  were  dy  and  dz^  become  respectively, 

dy  +  '^'dy.dt     =  dtf  {I  +' ^.dt); 

dg  +  ^'dg.dt    =rf«(l  +  4^.rfrt: 
dz  ^  dz        " 

and  the  volume  of  the  parallelopipedon,  which  at  the  time  f,  was 

dx.dff.dzy  becomes  at  the  time  t  +  dt^ 

» 

dx.dy.dz{l  +^.dt)-{l  +  ^-dt)'{l  +^.d{). 

The  density,  which  was  2>,  at  the  time  /,  being  a  /unction  o{  xym 
and  t,  becomes  at  the  time  t  +  dt, 

D+-jj-dt+  —  .dx  +  -j^.dy+-^.dt', 

which  may  be  put  under  the  form, 

^   ,    /dD        dD  dx    .    dD   dy    .    dD    dz\,^ 
J)  JL  i J-  • L  .—2-  4-  . —  \  di\ 

^  \dt   ^   di^    dt  ^   dy    dt   ^  dz     dt/       ' 

and  replacing 

dx       dy        dz 

It'   77'   TT' 

by  their  values  ti^v,  19,  respectively, 

\dt  dx  dy  dz      / 

Multiplying  this  by  the  volume  above,  we  have  for  the  mass  of   tli» 
parallelopipedon,  which  was 

D.dx.dy.dt, 

at  the  time  t;  tbe  value, 

r„,    /rfi>   ,rfi>       ^dD         dD      \,1 

X  dx.dy.d.  (i +47-«'0  •  0 +^"'0  •  0  +S-'"  ) 

at  the  time  t  +  dt. 
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But  these  masses  must  be  equal,  since  the  quantitj  oi  matter 
is  unchanged.  Equating  them,  striking  out  the  common,  factors,  per- 
forming the  multiplication,  and  neglecting  the  second  powers  of  the 
differentials,  we  have 

^/du    .    dv     ,  dto\       dD       dD      \  dD       ,  dD  ^,.^,x 

This  is  called  the  Equation  of  continuity  of  the  fLuid.  It  expres- 
ses the  relation  between  the  velocity  of  the  molecules  and  the  den- 
sity  of  the  fluid,^ which  are  necessarily  dependent  upon  each  othen 
This  is  a  fourth  equation. 

§250.— If  the  fluid  be  compressible,  then  will  the  flfth  equation 
be  given  by  the  relation, 

F(D,p)=:0,.    .......  (402) 

as  is  illustrated  in  the  particular  instance  of  Mariotte's  law,  Equa- 
tion (389).  The  form  of  the  function  designated  by  the  letter!^ 
will  depend  upon  the  nature  of  the  fluid. 

§  251. — If  the  fluid  be  incompressible,  the  total  diflerential  of  D 
will  be  zero,  and 

dD        db  dD  dD  ^  ,^^^, 

Tr+77-'*  +  77-^+77-^  =  ^5   •   •    (403) 

and  consequently,  the  equation  of  continuity.  Equation  (401),  becomes, 

ai:d  we  have  for  the  determination  of  «,  v,  to,  D  and  p^  the  five 
Equations  (400),  (403),  (404). 

§252. — ^These  equations  admit  of  great  simplification  in  the  case 
of  an  incompressible  homogeneous  Jluid  when  u»dx  +  v*dy  -f-  to,dg^ 
is  a  perfect  differential.     For  if  we  make 

udm  +  vdy  +  wdz  =  d(^ 


J 
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tiien  from  the  partial  differentials  will 

d^  c?9  d^  /-^^v^v 

•=d^5    "^TF'    "  =  17'  •    •    •    •     (405) 


«      • 


wfaichf  in  Equation  (404),  gives  for  the  equation  of  oontinuify,  y  ,^^^T 

dx^  ^  dy^  ^  dz^       ^'  <^^> 

bj  the  integration  of  which  the  function  9  maj  be  found. 
Differentiating  the  yalues  of  m,  v  and  u  above,  we  have 

ao;  ay  aa; 

Eliminating  «,  v,  ur,  du,  dv  and  </  w,  from  Equation  (400),  by  means 
of  the  values  of  these  quantities  above,  we  have 

1      dp  rf*9  d^    €p^        dip       <P9      .    d(p       d*(p 

:ss  ^  — 


2/     dx  dx'dt        dx    dx^       dy    dx.dy       dz    dx.dz  * 

1     dp        ^  d^(p  dip       d*^         d^  d^0       dtp    •  d^<p 

D    dy  dy,di       dx    dy.dx      dy  dy^       dz    dy,dg  ' 

I     dp   ^   -  d^^         d(p       cf*9  df      d^(p  d<p    d^p 

J)     dz  "^  dz.dt       dx    dz.dx       dy    dz,dy       dz    d^ 

Multiplying  the  first  by  dx^  the  second  by  dy^  the  third  by  dz^^xA 
adding,  we  find, 

From  which,  by  integration,  may  be  found  the  pressure  at  any  point 
of  an  incompressible  fluid  mass  in  motion^  when  Equation  (406)  Is 
the  equation  of  continuity.  j^  ^#ju*c«,    ic    r    V  «>   a^^^^    "^^-^  xt^^H^ 


§253. — When  the  excursions  of  the  molecules  are  small,  the 
second  powers  <^  the  velocities  may  be  neglected,  which  will  reduce 
Equation  (407)  to 

^'dp=Xdx  +  rdy  +  Zdz--  d^.    .    .     (408) 
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§254. — ^If  the  oonditlon  expressed  by  Equation  (406)  be  not  ful- 
filled, then  we  must  have  recourse  to  Equation  (404)  to  find  the 
pressure. 

lt>i4A>^  §255. — Resuming  Equation  (401),  which  appertains  to  a  comprea- 
Btble  fluid,  retaining  the  condition  that 

udx  +  vdy  +  wdz  -=.  d^ 


is  m  perfect  differential,  and  from  which,  therefore, 


dp  d(D 

u  sz  — —  :     V  =  — ^: 

dx  '  rfy  ' 


W  =z 


dp 


(409) 


I      we  obtain  by  substitution, 


H4J 


+ 


dv 

dy 


lw\       dD      dD  dp 


d. 


.    dD  dp    ,  dD  dp 


dt       dx   dx        dy  dy        dz  dz 


If  the  excursions  of  the  molecules  from  tiieir  places  of  rest  be 
very  small,  both  tne  change  of  density  and  velocity  will  be  so 
small  that  the  products  which  constitute  the  last  three  terms  of 
this  equation  may  be  neglected,  and  the  equation  of  continmity  be- 
comes 


i,.( 


du         dv 

"T 


dx 


dw 
dy  dz 


and  replacing  du,  dv  and  d w,  by  their  values  from  Equations  (409)| 
and  dividing  by  2>,  we  find 


dlosD       d^p        d^p 

+  -7-T  +  T-i-  + 


di 


dtx* 


dy' 


dz^ 


=  0, 


(410) 


from  which,  and  Eq.  (408),  the  equation  connecting  the  extraneous 
forces  with  the  co-Ordinates  xyz,  and  that  expressive  of  Mariotte^s 
law,  the  function  p  may  be  found,  then  the  value  of  D,  and  finally 
that  of  p. 

The  excursions  being  small,   if  we  impose  the  additional  condi- 
tion that  the  molecules  of  the  fluid  are  not  acted  up<in  by   extra- 
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J— 


tiMcs  forces,  in  wluch  case  the  motions  can  onljr  arise  from   soin* 
arbitrary  initial  disturbance;  then,  Equation  (408), 


dt 


and  by  Mariotte's  law, 


p=iP.D=:a^.D 


•    ••••• 


from  which 


dp  =  a^dD 


(411) 


(412) 


and  the  aboTe  may  be  written,  after  diridingl^  dt. 


«•   '^^^^t   dlogP  _      d'<p 


which,  in  Equation  (410),  gives 


<P9 

7^ 


ydx'   ^  dv^  ^  dz^/ 


(414) 


I  From  this  Equation  the  function  9  is  to  be  determined,  then  the 

I     value  of  2>,  from  Equation  (410),  and  that  of  j»,  from  either  of  tha 
!     Equations  (411)  or  (413). 

\§iutJlj§  256. — Conceive  a  homogeneous  elastic  fluid  to  be  disturbed  at  one 
of  its  points  by  the  sudden  expansion  or  contraction  of  the  element 
there  situated.  This  >viU  break  up  the  equilibrium  of  the  surrounding 
molecular  forces  at  that  point,  the  particles  adjacent  >%'ill  move  to  re- 
store the  uniformity  of  density,  and  an  cxpnndin<^  di!»turbsince  will  pro- 

;     ceed  ontwavd  from  this  as  a  centre.     Take  llie  origin  at  the  point,  hihI 

I     denote  tlte  distance  of  any  particle  involved  in  the  disturbance,  at  uny 

:     time  /,  subsequent  to  the  disturbance  by  i\  tlieu  will 


{ 


«'  +  y*  -r  z*  =  '•'. 

Denote  the  velocity  of  the  particle,  supposed  in  the  directfcm  of  r,  by 
(;  then  will 


r  '   V 


r 
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Differeiitiuting  the  first  of  the  above  equations,  we  have  ] 

Sabfitituting  the  valaes  of  r^  y,  and  z  from  the  second,  third,  and  fourth, 
there  will  result 

udx-^'vdy'\-tDdz  =  ^,dr; 

8o  that  this  satisfies  the  condition  of  the  first  member  being  an  exact 
differential ;  and,  therelbre,  Gf(p  =  ^.<£r;or      ^ 


^"dr' 


And  hence 


dp      d(p    X  dq>      dp    y  d(p      dp    z 

^  dx^  dr     r'        '^  dy"  dr'  r^        '^  dz^lTr'r^ 


differentiating. 

• 

d\  d'p  X*  do  y'-f  «•. 
dx'-dr*    r*  ^  dr        r'      • 

cT  (p  rf*  (D  y*  ^  dp  e'  -f-  ar'  ^ 
dy*"  di^    r'  ^  dr        r»      ' 

d*  p  d*p  t*  ^  dp  «'  +  y'  ^ 
dz*  "  dr*    r*  ^    dr         r'      ' 

•'•f^ 


and  these  values,  substituted  in  Equation  (414),  give 


d*p 
d 


9_  •/^  .  ?  i±\. 

!•  """   Wr'^r    drj' 


which  may  be  written, 


dt'        ""  '  df^ ^*"^ 


of  which  the  integral  is,  Appendix  No.  IV^ 

and  in  which   F  and  /  denote  any  arbitrary  ftlnc.tions  whatever.    From 
thi«  wo  have 
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9=:i[/'(r  +  aO+/(r-aO]     ....     (415) 

Taking  the  first  difTerential  coefficient  of  9  with  respect  to  r,  and. re- 
placing its  value  by  ^, 

^=-'[F'{r  +  al)+f(r-at)]-l[F{r  +  ai)+/(r-ai)l 

■ 

For  any  considerable  distance  from  tlie  origin,  the  second  term  may  be 
omitted  in  comparison  with  the  first ;  and  there  will  result^  after  squaring 
and  multiplying  by  m,  the  mass  of  the  moving  particle, 

Tlie  first  member  is  the  living  force  of  the  moving  particle,  or  double 
the  quantity  of  work  it  may  impress  upon  the  organs  of  sense  exposed 
to  its  action.  The  effect  it  may  produce  will,  therefore,  all  other  things 
I  being  equal,  vary  inversely  as  the  square  of  its  distance  from  the  place 
of  primitive  disturbance.  Equations  (415)  and  (416)  are  employed  in 
discussing  the  theory  of  Bound.      ^^  /T*^^/  ^^  ^^T" ^^^'^'^^^  y 

BQUHJEBIUM   OF    BXXJIDS.^^*^  ^  "^^^  J^  ^K^ 

'  g  267.— If  the  fluid  be  at  rest,  then  will    ' ^oulaa^    oU^tx^  l^  Ifh^  i^t 

??=''••??=»>  7? = <"  l^^uA-  lU 

and  Equations  (899)  become  ^^ff    ^'"^  ^ 


dy  -"'> 


(417) 


dt 

§258. — Multiplying  the  first  by  dx^  the  second  bj  ify,  the  third 
by  dt^  and  adding  we  find, 

rfl?  =  2>(Xiar -f  Fcfv  4.  Zrfz);  •    .     .    .    (418) 


HSOHANICS    OF    FLUIDS.  281 

and  by  integration, 

p=fD.(Xdx+Tdy  +  Zdg}^C.    .    .(419) 

whence,  in  order  that  the  value  of  p  may  be  possible  for  any 
point  of  the  fluid  mass,  the  product  of  the  density  by  the  function 
Xdx  +  Tdy  +  Zdz^  must  be  an  axact  differential  of  a  Amctioft  of 
the  three  independent  variables  x^y^  z.  Reciprocally,  when  this  condi- 
tion is  fulfilled,  not  only  Will  the  pressure  at  any  point  become  known 
by  subsUtuting  its  co-ordinates,  but  the  Equations  (417),  will  be  sat- 
isfied, and  the  fluid  will  be  in  equllibrio. 

§  259. — Conceiving  tliose  points  of  the  fluid  which  experience  equal 
pressures  to  be  connected  by,  indeed^  to  form  a  surface,  then  in 
passing  from  one  point  to  another  of  this  surfdbe,  we  shall  have 
dp  =  0,  and 

Xdx+  Ydy  '\-^2dz=^0,    .....   (420) 

which  is  obviously  the  differential  equation  of  the  sur&ce. 

Dividing  this  by  Rds^  in  which  mj?,  denotes  the  resultant  of  the 

N^  forces  which  act    upon    any   particle,   and  dsy   the  element   of  any 

"  f  .^    curve  upon  the  surface  passing  through  the  particle,  we  have 


f^ 


hX   dx     ^    Y  dy     ,    Z    dz        ^  ,^^.k 

whence  the  resultant  of  the  forces  acting  upon  any  one  of  the 
elements  of  a  surface  of  equal  pressure,  is  normal  to  that  surface. 
This  is  the  characteristic  of  what  is  called  a  level  surface,  which 
may  be  defined  to  be  any  surface  which  cuts  at  right  angles  the 
direction  of  the  resultant  of  the  forces  which  act  upon  its  particles. 

§260.--If  Equation  (420)  be  integrated,  we  have 

/{Xdx  +  Tdy  +  Zdz)  =  C,      ....  (422) 

in  which  C  is  the  constant  of  integration.  The  'magnitudes  of  this 
constant  must  result  from  the  dimensions  of  the  surface,  or  from 
the  volume  of  the  fluid    it  envelops.      By  giving   it    difierent  and 
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suitable  values,  we  may  start  from  a  single  particle  and  proceed  ont» 
wards  to  the  boundary  of  the  fluid,  and  if  the  successive  values 
differ  by  a  small  quantity,  we  shall  have  a  series  of  level  concentric 
strata. 

The  last  possible  value  for  C  will  determine  the  exterior  or  bounding 
snrfiaee  of  the  fluid ;  because  this  surface  being  free,  the  pressure  upon  it 
will  be  zero ;  the  differential  of  the  pressure  from  one  point  to  another 
will,  therefore,  be  zero,  and  the  differential  equation  will  be  that  num- 
bered (420),  or  that  of  equal  pressure.  Every  free  8ur£Eu:e  of  a  fluid  in 
equilibrio  is,  therefore,  a  level  sur&ce. 

§261.— Putting  Equation  (418)  under  the  form 

^:=z  Xdx  +  Tdy  +  Zdz, (428) 

t 
we  see  that  whenever  the  second  member  is   an  exact  difierential, 

p  must  be  a  function  of  22,  since  the  first  member  must  also  be  an 

exact  difierential.    Making,  therefore, 

P^F{D), (424) 

in  which  F  denotes  any  function  whatever,  the  above  equation  be- 
comes 


^-^^^  =z  Xdx  +  Tdy  +  Zdz\     .    .    . 


2>       .    -^.    .   -^^,  (425) 

but  for  a  level  surface  or  stratum,  the  second  member  reduces  to 
lero;  whence, 

and  by  integration, 

F{D)  =  C\ 

whence,  not  only  will  each  level  stratuin  be  subjected  to  an  equal 
pressure  over  its  entire  surface,  but  it  will  also  have  the  same 
density  throughout 

§262. — If  the  fluid  be  homogeneous  and  of  the  same  temperature 
throughout,  then  will  D  be  constant,  and  the  condition  of  equilibrium 
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ftimpljr  requires  that  the  function  Xdx  +  Ydy  +  Zdz^  Equation 
(419),  shall  be  an  exact  differential  of  the  three  independent 
variables  x,  y,  Zy  and  when  this  is  not  the  case,  the  equilibrium 
will  be  impossible,  no  matter  what  the  shape  of  the  fluid  mass, 
and  though  it  were  contained  in  a  closed  yessel. 

But  the  function  above  referred  to  Is,  §  133,  always  an  exact 
differential  for  the  forces  of  nature,  which  are  either  attractions  or 
repulsions,  whose  intensities  are  functions  of  the  distances  from  the 
centres  through  which  they  are  exerted.  And  to  insure  the  equi- 
librium, it  will  only  be  necessary  to  give  the  exterior  sur&ce  such 
shape  as  to  cut  perpendicularly  the  resultants  6f  the  forces  which  act 
.  upon  the  surface  particles.  This  is  illustrated  in  the  simple  example 
of  a  tumbler  of  water,  or,  on  a  larger  scale,  by  ponds  and  lakes 
which  only  come  to  rest  when  their  upper  surfaces  are  normal  to 
the  resultant  of  the  force  of  gravity  and  the  centrifugal  force  arising 
irom  the  earth's  rotation  on  its  axis. 

In  the  case  of  a  heterogeneous  fluid  subjected  to  the  action  of  a 
central  force,  its  equilibrium  requires  that  it  be  arranged  in  concentric 
level  strata,  each  stratum  having  the  same  density  throughout  And 
the  equilibrium  will  be  stable  when  the  centre  of  gravity  of  the 
whole  is  the  lowest  possible,  §  138,  and  hence  the  denser  strata  should 
be  the  lowest. 

When  the  fluid  is  incompressible,  the  density  may  be  any  function 
whatever  of  the  co-ordinates  of  place.  It  may  be  continuous  or  dis- 
continuous. When  it  is  given,  the  value  of  the  pressure  Is  found  from 
Equation  (419). 

§263. — In  compressible  fluids  the  density  and  pressure  are  con- 
nected by  law,  and  the  former 'is  no  longer  arbitrary. 
Dividing  Equation  (418)  by  Equation  (389),  we  have 

dp^  _  Xdx  +  Tdy  +  Zd%      ....     (426)' 

Integrating, 

PXdx+  Ydy  +  Zdt   ,    ,       ^,  ,^^^^ 

.   ^ogp  =  y P         +  ^""^  ^5  •    •    •  (426) 
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denoting  the  base  of  the  Naperian  system  by  e,  we  have 

« 

and  this  iSubstituted  in  Equation  (389),  gives 

I^Jdt^)-:^        /  2>=5^f _! (428) 

These  equations  determine  the  pressure  and  density.  \^ 

For  any  surface  of  constant  pressure,  the  exponent  of  e,  in  Equa- 
tion (427),  must  be  constant,  its  differential  must,  therefore,  be  zero, 
and  all  the  consequences  deduced  from  Equation  (420)  will  follow; 
that  is,  when  the  fluid  is  at  rest,  it  must  be  arranged  in  level  strata, 
each  stratum  having  the  same  density  throughout,  with  the  addition 
that  the  law  of  the  varying  density  must  be  continuous  by  the  re- 
quirements of  Mariotte's  law. 
•  If   the   temperature  vary,   then  will   P  vary,  and   in   order   that 

Equation  (425)^  may  be  an  exact  difierential,  P  must  be  a  function 
of  xyz,  and  hence.  Equations  (427)  and  (428),  when  p  is  constant, 
D  will  be  constant ;  that  is,  each  level  stratum  must  be  of  uniform 
temperature  throughout 

It  is  obvious  that  the  atmosphere  can  never  be  in  equilibrio ;  for 
the  sun  heating  unequally  its  different  portions  as  the  earth  turns 
upon  its  axis,  the  layers  of  equal  pressure,  density  and  temperature 
can  never  coincide.  Hence,  those  perpetual  currents  of  air  known  as 
the  trade  winds^  and  the  periodical  monsoons;    also,  the  sea  and  land 

breezes,  variable  winds,  dec,  dec. 

X 

§264. — Rest  is  a  relative  term;  when  applied  to  a  particle  of  a 
fluid  mass,  it  means  that  that  particle  preserves  unaltered  its  place  in 
regard  to  the  other  particles;  a  condition  consistent  with  a  bodily 
movement  of  the  entire  mass. 

If  a  liquid  mass  turn  uniformly  about  an  axis,  the  preceding 
equations  will  make  known  its  permanent  figure.  For  this  purpose 
it  will  be  sufficient  to  join  to  the  forces  X^  F,  Z,  the  centrifugal  forca* 
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Take  the  axis  z  as  the  axis  of  rotation ;   denote  the  angular  velocitj 
by  9,  and   the  distance  of 
the  particle  M  from  the 
axis  «  by  r;  then  will 

r»  =  ar»  +  y«; 

the  centrifugal  force  of  Jli 

regarded  as  a  nnit  of  masfl.         ^         ^         ^ 

wiUbe  4M(^^'JJ         y 

and  its  components  in  the 
direction  of  x  and  y,  respectively, 

and  these  in  Equation  (418),  give 

dp  =  D.{Xdx  +  Ydy  +  Zdz  +  (p«.a?rfa?  +  9«y.«ry)-- (429) 

When  the  second  member  is  an  exact  differential,  the  permanent  form 
will  be  possible. 

For  the  free  sur&ce  d'p  =:  0,  and  we  have 

Xdx  +  Ydy  +  Zdz  +  <p2.«.cfa:  +  (p»ycfy  =  0-  •  -(430) 

Example  1. — Let  it  be  required  to  find  the  figure  assumed  by 
the  free  surface  of  a  heavy  and  homogeneous  fluid  contained  in  an 
open  vessel  and  rotating  about  a  vertical  axis. 

Here, 

jr  =  0;     r=0;    Z=  -^; 
and   Equation  (430)  becomes 

gdz  =  (f!^{xdx  +  ydy). 
Integrating, 


^-^ 


«  =  ^(**  +  y»)+  C; 


(481) 


which  4s  the  equation  of  a  paraboloid  whose  axb  is  that  of  rotati<m. 
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To  find  the  consUnt  C,  let  the  vessel  be  a  right  cylinder,  vith 
drcular  base,  whose  radius  is  a,  and  denote  by  A  the  height  due  to 
the   velocity  of  the  fluid  at  the  circumference,  th^ 


s=2?A,=r»- 


(432) 


Denote  by  b  the  hi 
volume  will  be  ra'.J.  Conceive 
the  whole  body  of  the  liquid  to 
be  divided  into  concentric  cylin- 
drical layers,  having  for  a  common 
axis  the  axis  of  rotation.  The  base 
of  any  one  of  these  layers  will 
have  for  its  area,  neglecting  rfr^, 
2*r  .dr,  and  for  its  volume,  taking 
the  origin  of  co-ordinates  in  the 
bottom  of  the  vessel,  2*r.dr.x, 
which  being  integrated  between  the 
limits  r  =  0  and  r  =  a,  will  give 
the  whole  volume  of  the  fluid,  and 
hence. 


the  liquid  before  the  rotation  j    ita 


^r- 


replacing  r.drhj  its  value  from  Equation  (432),  and  integrating 
between  the  limits  z  =  C  and  t  =  k  +  C,  which  are  the  values 
giwen   by  Equation  (432)  for  r  =  0   and  r  =  a,  we  find 

and   the  equation  of  the  upper  surface  becomea 


The  least  and  greatest  values  for  g,  are  b  ~  ^k  and   (  +  ^ A, 
obtftined  by  making  r  =  0  and  r  =  a,  so  that  the  depression  of  the 


'   4/ 


*^5?S 
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liquid  at  the  axis  is  equal  to  its  elevation  at  the  surface  of  iJie 
cylindrical  vessel,  and  is  equal  to  half  Ae  height  due  to  the 
velocity  of  the  latter. 

§  265.—JKxample  2.— Let 
the  fluid  elements  be  attract- 
ed to  the  centre  of  the  mass 
by  a  force  varying  inversely 
as  the  square  of  the  distance. 
Take  the  origin  at  the  cen- 
tre ;  denote  the  distance  to 
the  particle  m  from  that  point 
by  r,  and  the  intensity  of  the 
attractive  force  at  the  unit's 
distance  by  k.    Then  will 

P  =  m  —;     oosa=- ;     cos  p  =z ^  ;     cos  y  = 


and 


X=  - 


kx 


r=:  - 


r3'  r»  ' 


which  in  Equation  (430),  give 
k 


(xdx  +  ydy  +  zdz)  '-  (f!^{xdx  +  ydy)  •=  0, 


or 


*^'_^^(^  +  y,)=0. 


and  by  integration, 


y  +  |(«»  +  y')  =  C; 


making 

««  +  y»  =  r*C08«^, 

in  which  4  denotes  the  angle  made  by  r,  with  the  plane  «y. 


r         2 
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and    denoting   the  distance  from  the  origin    to  the  point  in  which 
^  free  sur&ce  cuts  the  axis  z  bj  unity,  we  have,  hj  making  h  =  90^, 

k 

which  substituted  above,  and  solving  with  respect  to  cos*  4,  gives 

^(pg-cos*^  =  ^^''^  ^^ (434) 

and  making  r  =  1  +  ^)  we  have 

ku 


\  9*  •  cos^  4  = 


(1  +  uY 

if  the  angular  velocity  be  small,  then  will  u  be  very  small. 
Developing  the  second  member  with  this  supposition,  and  limiting 
the  terms  to  the  first  power  of  u,  we  find 

J  (|)«  .  cos«4  =  A:  (tt  —  3  «»). (434)' 

Neglecting  Su*'',   and  replacing  u  by  its  value,  viz.:   r —  1, 
have  for  a  first  approximation, 

r  =  1  +  5^ '  <508*  d. 

From  Equation  (434)',  we  find 

©2.cos*d     .   ^   , 
2k       ^*''*» 

and  this  in  the  equation 

r  =  1  +  «, 
gives 

r  =  1  +  ~-<»**^  +  3**'5 

m4  ,  AOS^  ^ 

and  replacing  ti^  by  its  approximate  value  ■ — >   above,  by 

lecting  3tt',  we  have 

11^         2i   1   39*.cos*tf 
r=l  +  -.cosU+     ^^       . 

for  the  polar  equ^on  of  the  meridian  section. 
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Comparing  thia  vith  the  equation 

f  _  -- —  1  +  ie^coa'S  +  l-e*  ■  cob* a  +  tec, 

y  1  —  e^coa*fl 

they  become  ideDticol    b;   neglecting   the  higher  powers   and  making 


The  free  surface  of  the  fluid  approximates  therefore  very  closely 
to  an  ellipsoid  of  revolution  of  which  the  eccentricity  of  its  meridian 
Notion  is  equal  to  the  square  root  of  the  quotient  arising  from 
dividing  the  centrifugal  force  at  the  unit's  distance  from  the  axis 
■  of  rotation,  by  the  force  of  attraction  at  an  equal  distance  from  the 
centre. 

PBESSimE   OF   HEAVY  FLUIDS. 


equilibrio,  be 


|36S. — When  a  fluid  contained  in  any  vessel  is  acted  upon  bjr 
ita  own  weight,  if   the   axis  a  be   taken  vertical 
and  positive  downwards,  then  will  '     ;  '  <'• 

^=0;     r=  0;     Z  =  g; 

and   Equation  (.416)  becomes,  after  integrating, 

and   assuming    the  plan*  xy  to    coincide  with 
the  upper  surface   of  the  fluid,  which  must,   when    : 
horizontal,  we  have,  by  making  z  =  0, 

in  which  p'  denotes   the  pressure  exerted  upon  the   unit  of  the  free 
mr&ce.    Whence, 

p-p'  =  D.g.t. (435) 

The  first  member    is  the  pressure    exerted    upon  a   unit   of  surface, 
every  point  of  which  unit  having  a   pressure  equal   to  that  sustained 
by   the  element  whose  co-ordinate  is  t. 
19 
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If  p'  =  0,  then  will 

P^.Dgz'y -(436) 

and  denoting  by  h  the  area  of  the  surface  pressed,  and  by  «?  6,  the 
clement  of  this  surface,  whose  co-ordinate  is  2,  we  have,  Equati<m 
(397),  for  the  pressure  upon  this  element  denoted  by  p,^ 

p^  =:  Dg.z.dhy 

and  the  same  for  any  other  element  of  the  surface ;  whence,  deno- 
ting  the  entire  pressure  by  P,  we  shall  have 

P  =zlp,  ^  Dff.Zz.db. (437) 

But  if  g,  denote  the  co-ordinate  of  the  centre  of  gravity  of  the 
entire  surface  fr,  then  will.  Equations  (91), 


Iz.dh  =  hz 


/> 


and 


P  zzzBrg.h.z,. (438) 

Now  hz^  is  the  volume  of  a  right  cylinder  or  prism,  whose  base 
is  6,  and  altitude  z^\  Dg.h.z^  is  the  weight  of  this  volume  of 
the  pressing  fluid.  Whence  we  conclude,  that  ikt  pressure  exerted 
upon  any  surface  by  a  heavy  fluid  is  equal  to  the  weight  of  a  cyUn" 
drical  or  prismatic  column  of  the  fluid  whose  base  is  equal  to  the 
surface  pressed^  and  whose  altitude  is  equal  to  ike  distance  of  the  cen- 
tre of  gravity  of  the  surface  below  the  upper  surface  of  the  fluid. 

When  the  surface  pressed  is  horizontal,  its  centre  of  gravity  will 
be  at  a  distance  from  the  upper  surface  equal  to  the  depth  of  the 
fluid. 

This  result  is  wholly  independent  of  the  quantity  of  th^  pressing 
fluid,  and  depends  solely  upon  the  density  of  the  fluid,  its  height,  and 
the  extent  of  the  surface  pressed. 


HxampU  1.  —  Required  the  pressure 
agQinst  the  inner  surface  of  a  cubical  ves- 
sel filled  with  water,  one  of  its  faces  being 
horizontal.  Gall  the  edge  of  the  cube  a, 
the  area  of  each  face  will  be  a^,  the  dis- 
tance   of  the    centre  of   gravity   of    each 


JX 


~i 


face  below  the  upper  surface  will  bo  \a^  and  that  of  the 


« 
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lower    &ce  «;     whence,    the    princ^Ie    of    the    centre    of    gjanty 
gives, 

4«2xja  +  a2xa       ^ 

^'= 6^^ =?«• 

Again, 

and  these,  substituted  in  Equation  (438),  give 

Now  2>^  X  1*  =  i>^,  is  the  weight  of  a  cubic  foot  of  water  =  62,5 
Ibtf.,  whence, 

/to. 
P  =  62,5  X  3a» 

Make  «  =  7  feet,  then  will 

P  =  62,5  X  3  X  (7)»  =  «4312[5. 

The  weight  of  the  water  in  the  vessel  is  62,5  a',  yet  the  pressure 
is  62,5  X  3a3,  whence  we  see  that  the  outward  pressure  to  breiA 
the  vessel,  is  three  times  the  weight  of  the   fluid. 

Example  2, — Let  the  vessel  be  a  sphere  filled  with  mercury,  and 
let  its  radius  be  E,  Its  centre  of  gravity  is 
at  the  centre,  and  therefore  below  the  upper 
surface  at  the  distance  IL  The  surface  of  the 
sphere  being  equal  to  that  of  four  of  its 
great  circles,  we  have 

whence, 

and.  Equation  (438), 

P  =  4«'.i).^.i2«. 

The  quantity  2>^  x  1*  =  Z>i7,  is  the  weight  of  a  cubic  foot  of 
mercury  =  843,75  lbs.,  and  therefore,  substituting  the  value  of 
r  =  3,1416, 

P  =  4  X  8,1416  X  843,75 .  JR^. 


2»3 
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Now  suppdse  the  radius  of  the  sphere  to  be  two  feet,  then  wiii 
B^  =  8,  and 

P  =z4.  X  3,1416  X  843,75  X  8  =  84822,4. 

The  volume  of  the  sphere  is  ^<tli^;  and  the  weight  of  the  cod. 
tained  mercury  will  therefore  be  ^^rH^gD  =  W.  Dividing  tiie 
whole  pressure  by  this,  we  find 

whence  the  outward  pressure  is  three  times  the  weight  of  the  fluid. 

Example  3. — ^Let  the  vessel  be  a  cylinder,  of   which    the    radius 
r  of  the  base  is  2,  and  altitude  ^,  6  feet.    Then   will 

h.z,-^rl{r  +  0  =  3,1416  X  2  X  6  X  8; 

which,  substituted  in  Equation  (438), 

P  =  301,5936  X  Bg, 


And 


whence, 


W  =  3,1416  X  2*  X  6  X  i>p  =  75,398  X  Bg-, 


W 


301,5936  X  Dg 


=  4; 


75,3984.  D^ 

that  is,  the  pressure  against  this  particular  vessel   is  four  times   the 
weiglit '  of  the  fluid, 

§  267.  —The  point  through  which  the  resultant  of  the  pressure 
upon  all  the  elements  of  the  surface 
passes,  is  called  the  centre  of  pressure. 
Let  JEIF  he  any  plane,  and  MIf 
the  intersection  of  this  plane  produced 
with  the  upper  surface  of  the  fluid 
which  presses  against  it.  Denote  the 
area  of  any  elementary  portion  n  of 
the  plane  FIF  by  rf  5 ;  and  let  m  be 
the  projection  of  its  place  upon  the 
upper  surface  of  the  fluid;  draw  mM 
perpendicular  to  JIfiV,  and  join  n  with  Jf  by  the  right  line  n  M^  the 
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•  fatter  will  also  be  perpendicular  to  MN^  and  the  angle  nMni  will 
measure  the   inclination  of  the  plane  EIF  to  the   surface  of  the 
fluid.     Denote  this  angle  hj  9,  the  distance  m  n  by  h\  and  Mn  by  r' 
then  will 

h'  =  r'sin9; 
the  pressure  upon  the-  elemei^t  dh^ 

2? ^.r' sin 9  rffi;  ' 

its   moment  with  reference  to  the  line  MN^ 

and  for   the  entire  surface,  the  moment  becomes 

D  g.  sin  df.^r^^db^  ..  * 

Denote  by  r  the  distance  of  the  centre  of  gravity  of  the  surface 
pressed  from  the  line  M  N^  its  distance  below  the  upper  surface  of 
the  fluid  will  be  r.  siji9;  and  the  pressure  upon  this  surface  will  be 

2)^.  r  sin 9. 6; 

and  if  i  denote  the  distance  of  the  centre  of  pressure  from  the 
line  if  iV,  then  will       '..1^.     "^         ^  ^  l'. 

Dg.rsin^k  b^l  =z  I)g^sia(p.lr^.db, 
from  which  we  have,  (^/^^     ^  ^  /j^\^i,) 

whence,  Equation  (238),  the  centre  of  pressure  is  found  at  the  centre 
^^  -  MA.^     of  percussion  of  the  surface  pressed. 

^s  X>^*  ^M  §268. — The  principles   which    have    just    been    explained,   are  of 


^1^4^'-"  X  g*^t  practical  importance.  It  is  oflen  necessary  to  know  the  pre- 
ft^t/'^N^/''^  amount  of  pressure  exerted  by  fluids  against  the  sides  of  y^'^ 
s  t'm  (i^t'*'^>»els  and  obstacles   exposed   to  their  action,  to  enable  us  so  to  adjust 

the  dimensions  of  the  latter  as  to  give  them  sufficient  strength  to 
resist.  Reservoirs  in  which  considerable  quantities  of  water  are  col- 
lected  and  retained  till  needed  for  purposes  of  irrigation,  the  supply 
of  cilie?  and  towns,  or  to   drive  machinery ;   dykes  to  keep  the  seil 
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and  lakes  from  inundating  low  districts;  artificial  embankments  oon- 
Htrueted  along  the  shores  of  rivers  to  protect  the  adjaoent  eountpy 
in  times  of  freshets ;  boilers  in  which  elastLe  vapors  are  pent  up  in 
a  high  state  of  tension  to  propel  boats  and  cars,  and  to  give  moUon 
to  machinery,  are  examples^ 

§269. — As  a  single  instance,  let  it  be  required  to  find  1^  thiok 
ness  of  a  pipe  of  any  material  necessary  to  resist  a  given   pres*- 
Bure. 

Let  ^  ^  C7  be  a  section  of  pipe  perpen- 
dicular to  the  axis,  the  inner  surface  of 
which  is  subjected  to  a  pressure  of  p  pounds 
on  each  superficial  unit  Denote  by  JR  the 
radiud  of  the  interior  circle,  and  by  I  the 
length  of  the  pipe  parallel  to  the  axis; 
then  will  the  surface  pressed  be  measured 
by  2*R.l;    and   the  whole    pressure    by 

By  virtue   of  the  pressure,  the  pipe  will  stretch;  its  radius   will 
become  E  +  dE,  the  path  described  by  the  pressure  will  he  dJR 
and  its  quantity  of  work 

^nrH.l.pdB. 

The  interior  circumference  before  the  pressure  was  2itJR,  aflerwards 
2€(R  +  rfi2),  and  the  path  described  by  resistance,  2<tdB.  And 
if  B  denote  the  resistance  which  the  material  of  the  pipe  is  capable 
of  opposing,  to  a  stretching  force,  without  losing  its  elasticity  over 
each  unit  of  section,  t  the  thickness  of  the  p^,  then,  by  the  prin- 
ciple  of  the  transmission  of  work,  must 

2if.B.l.dB.t=z29rB.2.p.dIi^y 
whence, 

£ 

The  value  of  p  is  estimated  in  the  case  of  water  pressure  bw 
the  rules  just  given.    That  in  the  case  of  steam  or  condensed 
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by  rules  to  be  giyen  presently.  The  value  of  B  is  readily  obtained 
from  Taole  I,  giving  the  results  of  experiments  on  the  strength  ci 
materials. 


BQtJlLIBBnTK  AND  STABILnT  OF  FLOATINa  BODIES. 

§270. — When  a  body  is  immersed  in  a  fluid  it  is  not  only 
acted  upon  by  its  own  weight,  but  also  by  the  pressure  arising  from 
the  weight  of  the  fluid,  and  the  circumstances  of  its  rest  or  motion 
will  be  made  known  by  Equations  {A)  and  (B). 

Let  ED  be  the  body ;  take  the  plane  « y  in  the  plane  of  the  up- 
per sur&ce  of  the  fluid, 
supposed  at  rest,  and 
the  axis  oi  z  therefore 
vertical.  Denote  by 
b  the  entire  surface 
of  the  body,  and  by 
d  b,  one  of  its  elements, 
whose  co-ordinates  of 
position  are  xyz.  The 
pressure  upon  this  ele- 
Bheat  will  be 

D.^,z,dh^ 

in  which  D  is  the  density  of  the  fluid,  and  ^  the  force  of  gravity. 

This  pressure  is,  §  248,  normal  to  the  surface,  and  denoting  by 
a,  P  and  7,  the  angles  which  this  normal  makes  with  the  axes  xyz^ 
respectively,  the  dbmponents  of  the  pressure  in  .the  direction  of  these 
axes  will  be 

2>-y.2«(i?6.cosa;     D,  ^  .z  .db. cos  Pi    D  .g  .z,db  ,eosy. 

Similar  expressions  being  found  for  the  components  of  the  pressure  on     ' 
other  elements,  we  have,  by  taking  their  sum, 

«/)^.2:£.(^i.cosa;'    Dg ,2z .db .oosfi ;     D g.  ^  z.db  .oosy. 

But  db, cos ti,  db.cos^^   and   db.cosy^   are   the  projecticns   of  the 
area  db  on  the  co-ordinate  planes  zy^  zx  and  xy,  respectively;    and 

tilt  a^xijlc  j±.  fcvo    iicuU4   Ilcvuu    U,u.vJi  ti     itU     fi^L  vf^X^u^  of^l^i^ 
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P^p  2.c?i  .  cosa,  2  2.(f  6.cosi8, 2«.rf6  .  cos/,  are  volumes  of  rig^^^^^^^l 
p/isnris  whose  bases  are  projections  of  the  entire  surface  pressed^  ^  J^jI^^kjl 
upon  the  same  co-ordinate  planes,  and  of  which  the  altitude  of  each  '^itOudif^ 
is. the  depth  of  the  common /centre  of  gravity  of  the  elements  of  its  ^Us  t^rriA 
base  .submerged  to  the  depthi  of  dMir  correspondmg  surface  elementt.  >9>c^W^lui 
Whence  we  conclude,  that  the  component  of  the  pressure  on  anf  jia.^X^Ji.;Wi 
surface^  estimated  in  <my  direction^  is  equal  to  the  pressure  on  so  much  €i^n%.c£*AA^ 
of  that  surface  as  is  equal  to  its  \  projection  on  a  plane  at  right  angles  r*^'^^^'^'^^ 
to   the  given  direction,  "T^/^ 

The   cylinder  or   prism  which  projects  an  element  on  one  side  of 


the  body  will  also  project  an  element  situated  on  the  opppsite  side ; -^^  i_ /.'•// ^ 


4' 


thesp   projections    will,   therefore,  be   equal   in   extent,  but  will  have  \ir ^^^  i}^ 

contrary   signs,  for  the  normal   to   the  one  will   make  an  acute,  and  ' 

to  the  other  an  obtuse  angle  with  the  axis  of  the  plane  of  projection. 

When   these  projections  are  made  upon  any  vertical  plane,  the  value 

of  z  will   be   the  same  in  both,  and  hence,  for'  each  positive  product, 

z,dh,  cos  a  and  z.db. cos jS,  there  will  be  an  equal  negative  product ; 

therefore, 

Dg  .Iz.db.  cosa=:  IF  cosa=iO',  2>^.2ar.fl?6.cos/3=2Pcos^=0. 

That  is,  the   sum  of    the  horizontal  pressures   in    the   directions   of 
X  and  y,  and  therefore  in  all  horizontal  directions^  will  be  zero;   and 
•  the  first  and  second  of  Equations  (120),  give 

or,  which   is  the  same  thing,  there  can  be  no    horizontal   motion  of 
,  translation  from  the  fluid  pressure. 

When  the  projections  of  opposite  elements  are  made  upon  a 
horizontal  plane,  they  will  still  be  equal  with  contrary  signs,  tho 
normal  to  the  elements  on  the  lower  side  making  obtuse,  while  tho 
normals  to  the  elements  above  make  acute  angles  with  the  axis  «; 
but  the  corresponding  values  of  z  will  differ,  and  by  a  length  equal 
to  that  of  the  vertical  filament  of  the  body  of  which  these  elements 
form    the  opposite  bases,  and   hence 

Dg.lz.db.cosyz^  Dg.^{z'—z^)db  cosy  =  —  2)^2  ccfficos/- -(440) 


m  which  z*  denotes  the  ordinate  for  the  upper,  and  z^  that  for  the 
lower  element  in  the  same  vertical  ^line,  and  c  the  distance  between 
the  elements;  and  the   third  of  Equations  (120)  becomes 


(cr  z\  Crz 

P cos y  —  m*  -j-j)  =  ^9  ~~  ^9'^C'dh* cos y  —  2 wi •  -7-^  =  0. 

But  2c^i£.4.  CQS^  is  the  volume  of  the  immersed  body  which  is 
obviously  equal  to  that  of  the  displaced  fluid;  also  Dg .^cdb  ,cosy 
is  the  weight  of  the  displaced  fluid;  and  Mg  that  of  the  body. 
Denoting  the  volume,  of  the  body  by  F',  its  density  by  D\  the 
above  may  be  written 


V'J)\g  —  V'JDg  —  Xm 


<Pz 
dlfl 


=  0. 


•    • 


(441) 


Now,  when. 


or 


then  will 


TD'g  "  V'Dgz^O, 


D  =  D\ 


d^z 

^-77^  =  0' 


and  there  can  be  no  vertical  motion  of  translation   fi»om   the   fluid 
pressure  and  the  body's  weight. 
When  JD'  >  2),  then  will 


Im 


d^z 


=  (Z)'-2>)F'.i^; 


h 

and   the  body  will    sink  with  an  accelerated  motion.    cia^^L'  p-m^t^  y  ^  i^m 
When  B'  <  J),  then  will  I  Ctr^c^Uu^A^ 


and   the  body  will  rise  with  an  accelerated  motion  till 

d^z 


2  m 


dl^ 


=  V'D'g  -  VJ)g  =  0; 


rzCHf^. 


i 


dJijU. 


•    •         4142) 


s»s 
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in  Yshlch   V  denotes  the  volume  A  B  C^  of  the 
fluid  displaced.     At  this  instant-  we  have 


'      '^— ugh/ 1< 


(443) 


and  if  the  body  be  brough/to  rest,  it  will 
remain  so.  That  is,  the  body  will  float  at  the 
surface  when  the  weight  of  the  fluid  it  dis- 
places is  equal  to  its  own  weight. 

The  action  of  a  heavy  fluid  to  support  a  body  wholly  or  partly 
immersed  in   it,  is  called  the  buoyant  effort.      The  intensity   of   the  »    » 
pbuoyant  effi)rt  is  equal   to  Jjie  weight  of  the  fluid  dUplaeed.  /%     , 

Substitunng  tne  Values  of  the  horizontal  and  vertical  compone: 
9f  the  pressures  in  Equations  (118),  and  redudng  by  the  relations,      if-  L,     k 

•    (444) 
Dg  ,1c  ,dh  .cosy     •        ^^       «-        * 


Dg ,1c  ,dh ,  cos y , «'  = 


.x'  =  Dg,  F.J;} 


in  which  x  and  y  are  the  co-ordinates  of  the  centre  of  gravity  of  the 


Off) 


displaced  fluid  referred  to  the  centre  of  gravity  of  the  body,  we  find 
JEPc^rf^Mjm  Zlln.c.d.yc^%.  xA»(;'c^^.^'c^ir;=yt-  ; 

-XiM.4^^  x'   d?v''^v'    d^te  ^XPO.'«^lK-  x'ai<nr;rik,  C 


=  Dg*V*x\ 


i 


^-y 


y*  *d^z*  —  z'-d^y' 
dfl 


^-^Dg^r-y. 


(445) 


Equtttlbns  (444)  show  that  the  line  of  direction  of  the  buoyant  )  « 
eflbrt  passes  through  the  centre  of  gravity  of  the  displaced  fluid.  J^ 
This  point  is  called  the  centre  of  buoyancy.  And  from  Equations 
(445),  we  see  that  as  long  as  x  and  y  are  not  zero,  there  will  be 
an  angular  acceleration  about  tiie  centre  of  gravity.  At  the  instant 
«  =  0  and  y  =  0,  that  is  to  say,  when  the  centres  of  gravity  of 
the  body  and  displaced  fluid  are  on  the  same  vertical  line,  thin 
acceleration  will  cease,  and  if  the  body  were  brought  to  rest,  it 
would  ha\©  no   tendency  to   rotate.  • 

To  recapitulate,  we  lind,  ^  ^     ^ . 
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2  St.  That  the  pressures  upon  the  surface  of  a  body  immersed  in 
a  heavy  fluid  have  a  single  resultant,  called  the  huayant  effort  of  the 
Jiuid,  and  that  this  resultant  is  directed  vertically  upwards. 

2d.  That  the  buoyant  effort  is  equal  in  intensify  ■  to  the  wsfght  of 
ihe  Jluid  displaced.  W=W'.-.    M^  =  M^^     ^rr    U^lA' 

3d.  That  the  line  of  direction  of  the  buoyant  effort  passes  through 
the  centre  of  gravity  of  the  displaced  fluid, 

4th.  That  the  horizontal  pressures  destroy  one  another. 


/ 

§^71. — Having  discussed  the   equilibrium,   oonsider,  next  the  sta 

bility  of  a  floating  body.  The  density  of  the  body  may  be  homo* 
geneous  or  heterogeneous. 
Let  A  B  CD  be  a  section 
of  the  body  by  the  upper 
surface  of  the  fluid  when 
the  body  is  at  rest,  G 
its  centre  of  gravity,  and 
H  that  of  the  fluid  dis- 
placed. Denote  by  Fthe 
volume  of  the  displaced 
fluid,  and  by  M  the  mass 
of  the  entire  body.    The 

body  being  in  equilibrio,  the  line  G  H  will  be  vertical,  and  denoting 
the  density  of  the  fluid  by  2),  we  shall  have 


M^D.  V. 


(446) 


Suppose  the  section  ABCD  either  raised  above  or  depressed 
below  the  surface  of  the  fluid,  and  at  the  same  time  slightly  careened ; 
also  suppose,  when  the  body  is  abandoned,  that  the  elements  have 
a  slight  velocity  denoted  by  ei,  t<',  dzc.  Now  the  question  of  sta- 
bility will  consist  in  ascertaining  whether  the  body  will  return  to  its 
former  position,  or  will   depart  more  and  more  from   it. 

The  free  surface  of  the  fluid  is  called  the  plane  of  floatation^ 
and  during  the  motion  of  the  body  this  plane  will  cut  from  it  a 
variable  section. 

(^et  A'  B'  C  D'  be  one  of  these  sections  at  any  given  instant  of 


i 
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time ;  AB^'  0J)'\  another  variable  section  of  the  body  by  a  hori. 
zontal  plane  through  the  centre  of  gravity  of  tlie  primitive  section 
AMCD^  and  A  C  the  intersection  of  the  two.  Denote  by  6  the 
inclination  of  these  two  sections,  and  by  ^  the  vertical  distance  of 
A  B"  C D*\  from  the  plane  of  floatation,  which  now  coincides  with 
A'  B'  C  D\  this  distance  being  regarded  as  negative  or  positive,  ac- 
cording as  A  B"  C  2>"  is  below  or  above  the  plane  of  floatation. 
The  variable  quantities  d  and  ^  w^ill  be  supposed  very  small  at  the 
instant  the  body  is  abandoned*  Will  they  continue  so  during  the 
whole  time  oft  motion  1 
(UnyJP^  From  the  principles  of  living  force  and  quantity  of  work,  we  have, 
Equation  (121), 

f%i^.dM:=z2j{Xdx  +  Tdy  4-  Zdz)  +  t. 

The  forces  acting  are  the  weights  of  the  elements  dM  and  the  verti- 
cal pressures,  the  horizontal  pressures  destroying  one  another ;  whence, 
X  =  O;    r  =  0,   and 

fu^dMz=2fzdz+C=i2:LZz+C.    .    .    -{447) 

The  force  which  a^ts  upon  an  element  above  the  plane  of  floata- 
tion is  its  own  weight,  and  the  force  which  acts  upon  any  element 
below  that  plane  is  the  dificrence  between  its  o\vn  weight  and  that 
of  the  fluid  it  displaces;  the  first  of  these  latter  will  be  g ,dM^  and  the 
second,  g,D  .dV^  in  which  d  V  \^  the  volume  of  dM\  whence, 

7.Zzz=fg,z.dM^jgD.z.dV.  •     •     (448) 

But,  drawing  from  the  centre  of  gravity  G^  of  the  body,  the  perpen- 
dicular O  E,  to  the  plane  of  floatation  A'  B'  C  B\  and  denoting  G  B 
by  z^^  we  have 

J  g  .z  ,dM  =  g  Mz^, 

The  mtegrsAjgJD.z.dV,  will  be  divided  into  two  parts,  viz:  one 
relating  to  the  volume  of  the  body  below  A  BCD,  or  the  volume 
immersed  in  a  state  of  rest,  and  the  other    that    comprised   between 


* 
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A  BCD  and  the  plane  of  floatation  A' B'  C* D\  when  the  body  is  in 
motion.  Denote  hj  g  D  Vz\  the  value  of  the  first,  in  which  z' 
denotes  the  variable  distance  HF^  of  the  centre  of  gravity  H^  of 
the  volume  F,  from  the  plane  of  floatation  A'  B'  C'  D',  And  repre- 
senting for  the  instant  by  h  t»ie  value  of  the  integral  J  zdV^  com- 
prehended between  the  planes  ABC B  and  A* B^  C D\  g Dh  will 
be  the  second   part;  and  Equation  (447)  becomes 

fu^dM=  2g.Mz,  -  2gJDVz'  -  2gDh  +  C.  -  -  (449) 

The  line  GIT,  being  perpendicular  to  the  plane  A  BCD,  the  angle 
which  it  makes  with  the  line  G  E  \s  equal  to  d,  and  denoting  thf'  dis^ 
tance  G  IT  hy  a,  we  have 

z^  =  z^  do  a  cos  ^  ; 

the  upper  sign  being  ttfken  when  the  point  G  is  below  the  point 
jy,  and  the  lower  when  it  is  above.  This  value  reduces  Equation 
(449)   to 

fu^dM  =zzt2gDVaco3A-'2gDh+C.   •   •   .  (450) 

Let  us  now  find  the  integral  k.  For  this  purpose,  conceive  the 
area  A  B  CD  to  be  divided  into  indefinitely  small  elements  denoted 
by  d\  and  let  these  be  projected  upon  the  plane  of  floatation, 
A' B'  CD',  The  projecting  surfaces  will  divide  the  volume  com- 
prised between  these  two  sections  into  an  indefinite  number  of 
vertical  elementary  prisms,  and  these  being  cut  by  a  series  of  hori- 
zontal planes  indefinitely  near  each  other,  will  give  a  series  of  ele- 
mentary volumes,  each  of  which  will  be  denoted  by  d  F,  and  we 
shall  have 

rf  F  =  c?2 .  rfX ,  cos  ^  ; 

•whence,  for  a   single  elementary  vertical   prism, 

J  tfdV  =  J  zdz,d\,  cos  6  =  J(2)2.cosd.fl?X; 
in  which  {z)  denotes  the  mean  altitude  of  the  prism,  and  consequently 

A  =  J  cos  4  .  J{zy .  c?  X, 
•which  must  be  extended  to   embrace   the   entire   surface  A  BCD, 
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The  value  of  (z)  is  composed  c  f  two  parts,  viz. :  one  comprised 
between  the  parallel  sections  A' £^  C  D'  and  AB^'Ciy,  and  which 
has  been  denoted  by  ^;  the  other  comprised  between  the  base'cfX 
and  the  second  of  these  planes,  and  which  is  equal  to  / .  sin  ^,  da» 
noting  bj  /  the  distance  of  d\  from  the  intersection  A  C\  whence, 

in  which  /  will  be  positive  or  negative  according  as  c^X  happens  to 
be  below  or  above  the  plane  A£"CD'\  Substituting  this  in  the 
value  of  h^  and  recollecting  that  ^  and  4  are  constant  in  the  inte- 
gration, we  find 

h  =z^^^.coa6.fd\+^6inAcosAfldX+\s\n^6.Q036fpd\. 

Denote  by   b  the  area  of  ABCD^  or  the  value  of  yrfX.    The 
line  A  C  passing  through  the  centre  of  gravity  of  ABCDy  we  have 
fldX  =  0.     And  denoting  by   k^  the   principal  radius  of  gyration 
of  the  surface  6,  in  reference  to  the  axis  A  C7, 

in  which  the  value  of  k^  is  dependent  upon  the  figure  and  extent 
of  the  surface  ABCDy  and  upon  the  position  of  the  line  A  C. 
Whence, 

A  =  i6.cos«(^  +  Vsin»4).      ....     (451) 
Taking 

sin  tf  =  4  —  ^  +  &c;    costf  =  1  —  —  +  &c.  ^ 

Neglecting  all  the  terms  of  the  third  and  higher  orders,  substitat- 
ing  in  the  value  of  A,  and  then  in  Equation  (450)  we  find,  after  trans- 
posing  and   including  the  term   dt2gl)  Fa,  in  the  constant  C7, 

fu^.dM+gD^b^^  +  (6  V  ±  Va)  4«]  =  C.  •  •  .(452) 

* 
Now  the  value  of  the  constant    C  depends  upon  the  initial   values 

of  ti,  6   and  ^ ;    but  these   by  hypothesis  are  very   small ;   hence  C^ 

must  also  be  very  small.     As  long  as  the  second  term  of  the  first 
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member  is  'positive,  f  u^  d  Jf  must  remain  very  small,  since  it  is  essen- 
tially positive  itself,  and  being  increased  by  a  positive  quantity, 
the  sum  is  very  small.  Hence  ^  and  6  must  remain  very  small. 
But  vhen   the  second  term  is    negative,   which    can    only   be  when 

bk/^  ±  Va,  is  negative  and  greater  than   6^3,   the  value  ofj  u^dM 

may  increase  indefinitely;  for,  being  diminished  by  a  quantity  that 
increases  as  fast  as  itself,  the  difference  may  be  constant  and  very 
small.  Hence,  ^  .and  6  may  increase  more  and  more  after  4|ie 
body  is  abandoned  to  itself,  and  finally  it  may  overturn. 

The  stability  of  the  equilibrium  depends,  therefore,  upon  the  sign 
of  bk,'^  dtz  Va\  the  equilibrium  is  always  stable  when  this  quantity  is 
positive;   it  is  unstable  when   it  is  negative  and  greater   than  6  £^ 

Pd'K,  must  always  be  positive,  since  all  its 

elements  are  positive ;  the  value  of  =fc  Va  becomes  negative  when 
the  centre  of  gravity  of  the  body  is  above  that,  of  the  displao^d 
fluid,  in   which  case  the  stability  requires  that 

bk,'^>Va,    or,  V>'^- 

When  the  centre  of  gravity  of  the  body  is  below  that  of  the  dis- 
placed  fluid,  the  sign  of    Fa  is  positive. 

Whence  we  conclude  that  the  equilibrium  of  a  body  floating  at 
thq  surfac^  of  a  heavy  fluid,  will  be  stable  as  long  as  the  centre 
of  gravity  of  the  body  is  below  that  of  the  displaced  fluid;  that 
it  will  also  be  stable  about  all  lines  A  (7,  with  reference  to  which 
the  principal  radius  of  gyration  of  the  section  of  the  body  by  the 
^ane  of  floatation  squared,  is  greater  than  the  volume  of  the  dis- 
placed  fluid  multiplied  by  the  distance  between  the  centres  of 
gravity  of  the  displaced  fluid  and  that  of  the  body,  when  the  latter 
is  in  equilibrio,  divided  by  the  area  of  the  section  of  the  body 
by  the  plane  of  floatation.  When  this  condition  is  not  fulfilled,  the 
equilibrium  may -be  unstable.  A  ship  whose  centre  of  gravity  is 
above  that  of  the  water  she  displaces,  may  overturn  about  her  longer, 
but  not  about  her  shorter  axis. 

§272.— A  line  BK  through  the  centre  of  gravity  G  of  the  body 
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and  yrhich  is  vertical  when  the  body  is  in  equilibrio,  is  called  a  line 
of  rest.  A  vertical  line  jET  M 
through  the  centre  of  gravity 
U'  of  the  displaced  fluid,  is 
called  a  line  of  svpport  The 
point  M^  in  which  the  line  of 
support  cuts  the  line  of  rest, 
is  called  the  metacentre.  The 
body    will     be     in    equilibrio 

when   the  line  of  rest   and  of  '^^  ~ 

support   coincide.      The    equi- 
librium  Vvill   be  stable   if   the   metacentre   fall  above  the  centre   of 
gravity  ;   it  may  be  unstable  if  below. 

§273. — "When  the  equilibrium  is  stable,  and  the  body  is  disturbed 
and  then  abandoned  to  the  action  of  its  own  weight  and  that  of 
the  fluid  pressure,  it  will,  in  its  efforts  to  regain  its  place  of  rest, 
oscillate  about  this  position,  and  fmally  come  to   rest. 

The   circumstances  of  those  oscillations  about  the  centre  of  gravity 
of  the  body  will   readily  result  from  Equations  (445). 


/ 


BPECmO    GRAVITT. 


§274. — ^The  specific  gravity  of  a  body,  is  the  weight  of  so  muoh 
of  the  body,  as  would  be  contained  under  a  unit   of  volume. 

It  is  measured  by  the  quotient  arising  from  dividing  the  weight 
of  the  body  by  the  weight  of  an  equal  volume  of  some  other  sub- 
stance, assumed  as  a  standard ;  for  the  ratio  of  the  weights  of  equal 
volumes  of  two  bodies  being  always  the  same,  if  the  unit  of  volume 
of  each  be  taken,  and  one  of  the  bodies  become  the  standard,  its 
weight  will  become   the  unit  of  weight. 

The  term  density  denotes  the  degree  of  proximity  among  the 
particles  of  a  body.  Thus,  of  two  bodies,  that  will  have  the  greater 
density  which  contains,  under  an  equal  volume,  the  greater  number 
of  particles.  The  force  of  gravity  acts,  within  moderate  limits, 
equally   upon   all   elements  of   matter.      The   weight  of  a  substance 
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18,  therefore,  directly  proportional  to  its  density,  and  the  ratio  of 
the  weights  of  equal  volumes  of  two  bodies  is  equal  to  the  ratio 
of  their  densities.  Denote  the  weight  of  the  first  by  TF,  its  density 
by  i>,  its  volume  by   F,  and  the  force  of  gravity  by  ^,  then  will 

and  denoting  the  like  elements  of  the  other  body  by  W^^  D^  and 
F^ ,  we  have 

Dividing  the  first  by  the  second, 

and  making  the  volumes  equal, 

W        J) 


•    >    •  .  •    •     •    • 


Now  suppose  the  body  whose  weight  is  W^  to  be  assumed  as  the 
standard  both  for  specifio  gravity  and  density,  then  will  D,  be  unity* 
and 

S  =  ^  =  D (454) 

in  which  8  denotes  the  specific  gravity  of  the  body  whose  density 
is  D\  and  from  which  we  see,  that  when  specific  gravities  and 
densities  are  referred  to  the  same  substance  as  a  standard,  the 
numbers  which .  express  the  one  will   also  express  the  other. 

§275. — Bodies  present  themselves  under  every  variety  of  condi- 
tion— gaseous,  liquid,  and  solid;  and  in  every  kind  of  shape  and  of 
all  sizes.  The  determination  of  their  specific  gravity,  in  every  in- 
stance, depends  upon  our  ability  to  find  the  weight  of  an  equal 
volume  of  the  standard.  When  a  solid  is  immersed  in  a  fluid,  it 
loses  a  portion  of  its  weight  equal  to  that  of  the  displaced  fluid. 
Hie  volume  of  the  body  and  that  of  the  displaced  fluid  are  equal. 
Hence  the  weight  of  the  body  in  vacuo,  divided  by ^  its  loss  of 
weight  when  immersed,  will   give   the  ratio  of  the  weights  of  equal 

volumes  of  the  body  and  fluid;  and  if  the  latter  be  taken  as  the 

20 
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Standard,  and  the  loss  of  weight  be  made  to  occupy  the  denomi* 
nator,  this  ratio  beoomes  the  measure  of  the  specific  gravity  of  the 
body  immersed.  For  this  reason,  and  in  view  of  the  consideration 
that  it  may  be  obtained  pure  at  all  times  and  places,  water  is 
assumed  as  the  general  standard  of  specific  gravities  and  densities 
for  all  bodies.  Sometimes  the  gases  and  vapors  are  referred  to 
atmospheric  air,  but  the  specific  gravity  of  ,the  latter  being  known 
as  referred  to  water,  it  is  very  easy,  as  we  shall  presently  see,  to 
pass  from  the  numbers  which  relate  to  one  standard  to  those  that 
refer  to   the  other. 

§  276. — But  water,  like  all  other  substances,  changes  its  density  with 
its  temperature,  and,  in  consequence,  is  not  an  invariable  standard. 
It  is  hence  necessary  either  to  employ  it  at  a  coDstant  temperature,' 
or  to  have  the  means  of  reducing  the  apparent  specific  gravities,  as 
determined  by  means  of  it  at  different  temperatures,  to  what  they 
would  have  been  if  the  water  had  been  at  tBe  standard  temperature. 
The  former  is  generally  impracticable;   the  latter  is  easy. 

Let  D  denote  the- density  of  any  solid,  and  S  its  specific  gravity, 
as  determined  at  a  standard  temperature  oorresponding  to  which  the 
density  of  the  water  is  2>^.    Then,  Equation  (453), 

Again,  if  S'  denote  the  specific  gravity  of  the  same  body,  as  indi* 
cated  by  the  water  when  at  a  temperature  different  from  the  stan- 
dard, and  corresponding  to  which  it  has  a  density  2)^^,  then  will 

Dividing  the  first  of  these  equations  by  the  second,  we  have 

S'~  J)/ 
whence, 

8=  S'-^; (455) 


/ 


and  if  the  density  D^ ,  be  taken  as  unity, 

5=5'.2>,,. (456) 
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That  is  to  say,  t!u  tpeeifie  graeity  of  a  body  as  dtlermined  al  tJu 
ttandard  temperature  of  the  tealer,  it  equal  to  its  ^eeijic  gravity  deter- 
mined  at  any  other  temperature,  ntnltiplied  by  the  dentity  of  Ikt 
teater  corretprmding  to  this  temperature,  ike  deniily  at  the  ttandard 
lempei-alvre  being  regarded  as  unity. 

To  make  this  rule  practicable,  it  becomes  necessary  to  find  tho 
reUtive  densities  of  water  at  different  temperatures.  For  this  pur- 
pose, take  any  metal,  say  silver,  that  easily  resists  the  oheniicat 
kctioQ  of  water,  and  whose  rate  of  expansion  for  each  degree  of 
Fohr.  therttiometer  is  accurately  known  from  experiment;  give  it 
the  form  of  a  slender  cylinder,  that  It  may  readily  conform  to  the 
temperature  of  the  water  when  immersed.  Let  the  length  of  the 
cylinder  at  the  temperature  of  32°  Fahr.  be  denoted  by  t,  and  the 
radius  of  its   base   by   ml;    its  volume  at   this  temperature  will  be, 

rm'P  X  I  =  mm*P- 

Let  nl  be  tiie  amount  of   expansion  in  length   for  each  d^ree  of 

the   thermometer  above  32°.      Then,  fur  a   temperature  denoted  bj 

t,  will    the  whole  expansion   in  length  be 

« i  X  (f  -  32°), 

and  the   entire  length  of  the  cylin- 
der will   become 

/+»i((-32")=41+n((-32°)]; 

which,  substituted  for  /  in  the  first 
expression,  will  give  the  volume 
for  the  temperature  I,  equal  to 
«m»P[l  +  n((-32°)]'. 
The  cylinder  is  now  weighed  in 
vacuo  and  in  the  water,  at  differ- 
ent temperatures,  varying  from  32° 
upward,  through  any  desirable  range, 
say  to  one  hundred  degrees.  The 
temperature  at  each  process  being 
substituted  above,  gives  the  volume 
of  the   displaced   fluid ;    tlie   we!«ht  of 


vcA  fluid  is  known 


SOS 
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from  the  loss  of  weight  of  the  cylinder.  Dividing  this  weight  bj 
the  volume,  gives  the  weight  of  the  unit  of  volume  of  the  water  at 
the  temperature  t  It  was  found  by  Stamjpfery  that  the  weight  of 
the  unit  of  volume  is  greatest  when  the  temperature  is  38^.75  Fah- 
renheit's scale.  Taking  the  density  of  the  water  at  this  temperature 
as  unity,  and  dividing  the  weight  of  the  unit  of  volume  at  each  of 
the  other  temperatures  by  the  weight  of  the  unit  of  volume  at  this^ 
38<>.75,  Tkble  II  will  result. 

The  column  under  the  head  F,  will  enable  us  to  determine  how 
much  the  volume  of  any  mass  of  water,  at  a  temperature  /,  exceeds 
that  of  the  same  mass  at  its  maximum  density.  For  this  purpose, 
we  have  but  to  multiply  the  volume  at  the  maximum  density  by 
the  tabular  number  corresponding  to  the  given  temperature. 


§277. — Before  proceeding  to  the  practical  methods  of  finding  the 
specific  gravity  of  bodies,  and  to  the  variations  in  the  processes 
rendered  necessary  by  the  peculiarities  of  the  different  substances, 
it  will  be  necessary  to  give  some  idea  of  the  best  instruments  em- 
ployed for  this  purpose.  These  are  the  hydrostatic  Balance  and 
Nicholson's  Hydrometer, 

The  first  is  similar  in  prindple  and  form  to  the  common  balanoei 
It  is  provided  with  numerous 
weights,  extending  through  a 
wide    range,    from    a    small 
fraction  of  a  grain  to  several  * 
ounces.     Attached  to  the  un* 
der    surface    of   one    of  the 
basins  is  a  small  hook,  from 
which     may     be    suspended 
any    body    by    means    of  a 
thin     platinum    wire,    horse- 
hair,  or    any   other    delicate 
tliread  that  will  neither  absorb 
nor  yield  to  the  -chemical  ac- 
tion of  the  fluid  in   which   it  may  be  desirable  to  immerse  it. 

Nicholson^ s  Hydrometer  consists  of  a  hollow  metalic  ball  Ay  through 


MECHANICS    OF    FLUIDS.  809. 

tfae  centre  of  which  passes  a  metallic  wire,  prolonged  in  both  di- 
rections beyond  the  surface,  uid  supporting 
at  either  end  a  basin  £  and  B'.  The 
concavities  of  these  basins  are  turned  in 
the  same  direction,  and  the  basin  B'  is 
made  so  heavy  that  when  the  instrument 
is  placed  in  water  the  stem  C  C*  shall  be 
vertical,  and  a  weight  of  500  grains  being 
placed  in  the  basin  B^  the  whole  instrument 
will  sink  till  the  upper  surface  of  distilled 
water,  at  the  standard  temperature,  comes  to 
a  point  C  marked  on  the  upper  stem  near 

its  middle.    This  instrument  is   provided    with    weights    similar   (o 
those  of  the  Hydrostatic  Balance. 

§278. — (1).  If  the  body  be  solid,  insoluble  in  water y  and  will  sink 
in  that  fluid,  attach  it,  by  means  of  a  hair,  to  the  hook  of  the 
basin  of  the  hydrostatic  balance  ;  counterpoise  it  by  placing  weights 
in  the  opposite  scale ;  now  immerse  the  body  in  water,  and  restore 
the  equilibrium  by  placing  weights  in  the  basin  above  the  body, 
and  note  the  temperature  of  the  water.  Divide  the  weights  in  the 
basin  to  which  the  body  is  not  attached  by  those  in  the  basin  to 
wluch  it  is,  and  multiply  the  quotient  by  the  density  corresponding 
to  the  temperature  of  the  water,  as  given  by  the  table;  the  result 
will   be  the  specific  gravity. 

Thus  denote  the  specific  gravity  by  5,  the  density  of  the  water 
by  2>^^,  the  weight  in  the  first  case  by  W,  and  that  in  the  scale 
alK)ve   the  solid  by  w^  then  will 

'        w 

(2).  ijT  the  body  be  insoluble,  but  will  not  sink  in  water,  as  would 
be  the  case  with  most  varieties  of  wood,  wax,  and  the  like,  attach 
to  it  some  body,  as  a  metal,  whose  weight  in  the  air  and  loss  of 
weight  in  the  water  are  previously  found.  Then  proceed,  as  in  the 
case  before^  to  find  the  weights  which  will  counterpoise  the  com- 
pound in  air  and  restore  the  equilibrium  of  tlie  balance  when  it  19 
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immersed  in  the  water.  From  the  weight  of  the  compound  in  air 
subtract  that  of  the  denser  body  in  air;  from  the  loss  of  weight 
of  the  compound  in  water,  subtract  that  of  the  denser  body ; 
divide  the  first  difiTerence  by  the  second,  and  multiply  by  the  density 
of  the  water  answering  to  its  temperature,  and  the  result  will  b« 
the  specific  gravity  sought. 

McctmpU, 

A  piece  of  wax  and  copper  in  air  =  438     =  Tr+  IP, 
Lost  on   immersion  in  water  -    •     =    95,8  =  10  -f  v'. 

Copper  in  air =  388     =  TP, 

Loss  of  copper  in  water     -    •    -     =    44,2  =  w\ 

Then 

IT  +  TF'  -  TF'  =  438  -  388  =  50,    =  TT, 
V  +  w'  -  tr'  =  95,8  -  44,2  =  51,6  =  w. 

Temperature  of  water  43^,25, 

D,,  =  0,999952, 

S  =  D,,x—  =  0,999952  X    ^  =  0,968. 
"        w  51,6 

(3).  If'tht  body  readily  disiolve  in  water,  as  many  of  the  salts, 
sugar,  &c.,  find  its  apparent  specific  gravity  in  some  liquid  in  which 
it  is  insoluble,  and  multiply  this  apparent  specific  gravity  by  the 
density  or  specific  gravity  of  the  liquid  referred  to  water  at  its 
maximum  density  as  a  standard ;  the  product  will  be  the  true  specific 
gravity. 

If  it  be  inconvenient  to  provide  a  liquid  in  which  the  solid  is 
insoluble,  saturate  the  water  with  the  substance,  and  find  the  appa- 
rent specific  gravity  with  the  water  thus  saturated.  Multiply  this 
apparent  specific  gravity  by  the  density  of  the  saturated  fluid,  and 
the  product  will  be  the  specific  gravity  referred  to  the  standard. 
This  is  a  common  method  of  finding  the  specific  gravity  of  gunpow- 
der, the  water  being  saturated  with  nitre. 

(4).  If  the  body  he  a  liquid,  select  some  solid  that  will  resist  its 
chemical   action,    as  a  massive   piece   of  glass   suspended  from   fin« 


MEOHANICS    OF    FLITIDS.  311 

platinum  wire ;  weigh  it  in  air,  then  in  water,  and  finally  in  the 
liquid;  the  differences  between  the  first  weight  and  each  of  the 
latter,  will  give  the  weights  of  equal  volumes  of  water  and  the 
liquid.  Divide  the  weight  of  the  liquid  by  that  of  the  water,  and 
the  quotient  will  be  the  specific  gravity  of  the  liquid,  provided  the 
temperature  of  water  be  at  the  standard.  If  the  water  have  not 
the  standard  temperature,  multiply  this  apparent  speoifio  gravity  by 
the  tabular  density  of  the  water  corresponding  to  the  actual  tem- 
perature. 

£!xainple. 

grt. 

Loss  of  glass  in  water  at  41®,  150     =  10', 
**  "         sulphuric  acid,  277,5  =  w, 

277  5 
S  =  — ^  X  0,990988  =  1,85. 

(5).  If  the  body  be  a  gas  or  vapor,  provide  a  large  glass  flask- 
shaped  vessel,  weigh  it  when  filled  with  the  gas ;  withdraw  the  gas, 
which  may  be  llone  by  means  to  be  explained  presently,  fill  with 
water,  and  weigh  again ;  finally,  withdraw  the  water  and  exclude  the 
air,  and  weigh  again.  This  last  weight  subtracted  from  the  first, 
will  give  the  weight  of  the  gas  that  filled  the  vessel,  and  subtracted 
from  the  second  will  give  the  weight  of  an  equal  volume  of  water ; 
divide  the  weight  of  the  gas  by  that  of  the  water,  and  multiply 
by  the  nibular  density  of  the  water  answering  to  the  actual  tem- 
peratun^  of  the  latter ; '  the  result  will  be  the  specific  gravity  of 
the  gas. 

The  atmosphere  in  which  all  these  operations  must  be  performed, 
varies  at  different  times,  even  during  the  same  day,  in  respect  to 
temperature,  the  weight  of  its  column  which  presses  upon  the  earth, 
and  the  quantity  of  moisture  or  aqueous  vapor  it  contains.  That  is 
to  say,  its  density  depends  upon  the  state  of  the  thermometer,  barom- 
eter, and  hygrometer.  On  all  these  accounts  corrections  must  be 
made,  before  the  specific  gravity  of  atmospheric  air,  or  that  of  any 
gas  exposed  to  its  pressure,  can  be  accurately  determined.  The  prin- 
ciples according  to  which  these  corrections  are  made,  will  be  discussed 
when  we  00m e  to  treat  of  the  properties  of  elastic  fluids. 


S12 
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To  find  the  specifio  gravity  of  a  solid  by  means  of  Nicholson's 
Hydrometer, place  the  instrument  in  water,  and  add  weights  to  the 
upper  basin  until  it  sinks  to  the  mark  on  the  upper  stem;  remove 
the  weights  and  place  the  solid  in  the  upper  basin,  and  add  weights 
till  the  hydrometer  sinks  to  the  same  point;  the  difference  between 
the  first  weights  and  those  added  with  the  body,  will  give  the 
weight  of  the  .latter  in  air.  Take  the  body  from  the  upper  basin, 
leaving  the  weights  behind,  and  place  it  in  the  lower  basin ;  '  add 
weights  to  the  upper  basin  till  the  instrument  sinks  to  the  same  point 
as  before,  the  last  added  weights  will  be  the  weight  of  the  water 
displaced  by  the  body ;  divide  the  weight  in  air  by  the  weight  of 
the  displaced  water,  and  multiply  the  quotient  by  the  tabular  density 
of  the  water  answering  to  its  actual  temperature ;  the  result  will  be 
the  specific  gravity  of  the  solid. 

To  find  the  specific  gravity  of  a  fluid  by  this  instrument,  immerse 
it  in  water  as  before,  and  by  weights  in  the  upper  basin  sink  it  to 
the  mark  on  the  upper  stem ;  add  the  weights  in  the  basin  to  the 
weight  of  the  instrument,  the  sum  will  be  the  weight  of  the  dis- 
placed water.  Place  the  instrument  in  the  fluid  whose  specific  gravity- 
is  to  be  found,  and  add  weights  in  the  upper  basin  till  it  sinks  to 
the  mark  as  before ;  add  these  weights  to  the  weight  of  the  instni- 
ment,  the  sum  will  be  the  weight  of  an  equal  volume  of  the  fluid; 
divide  this  weight  by  the  weight  of  the 
water,  and  multiply  by  the  tabular  density 
corresponding  to  the  temperature  of  the 
water,  the  result  will  be  the  specific  gravity. 

§  279. — Besides  the  hydrometer  of  Nichol- 
son, which  requires  the  use  of  weights,  there 
is  another  form  of  this  instrument  which  is 
employed  solely  in  the  determination  of  the 
specific  gravities  of  liquids,  and  its  indications 
are  given  by  means  of  a  scale  of  equal  parts. 
It  is  called  the  Scale-Areometer.  It  consists, 
generally,  of  a  glass  vial-shaped  vessel  A^  ter- 
minating at  one  end  in  a  long  slender  neck  C, 
to  receive  the  scale,  and  at  the    other   in  a 
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small  globe  B^  filled  with  some  heavy  substance,  as  lead  or  mercury 
to  keep  it  upright  when  immersed  in  a  fluid.  The  application  and 
use  of  the  scale  depend  upon  this,  that  a  body  floating  on  the  surface 
of  diflerent  liquids,  will  sink  deeper  and  deeper,  in  proportion  as  the 
density  of  the  fluid  approaches  that  of  the  body ;  for  when  the  body 
is  at  rest  its  weight  and  that  of  the  displaced  fluid  must  bne  equal. 
Denoting  the  volume  of  the  instrument  by  F,  that  of  the  dis- 
placed fluid  by  F',  the  density  of  the  instrument  by  i>,  and  that 
of  the  fluid  by  2>',  we  must  always   have 

in  which  ^denotes  the  force  of  gravity,  the  first  member  the  weight 
of '  the  instrument,  and  the  second  that  of  the  displaced  fluid.     Divi- 
ding  both  members  by   D'  F,   and   omitting    the  common  factor  g 
we .  have 

^  _   F 

In  which,  if  the  densities  be  equal,  the  volumes  must  be  equal ; 
if  the  density  B'  of  the  fluid  be  greater  than  D,  or  that  of  the 
solid,  the  volume  F  of  the  solid  must  be  greater  than  F',  or  that 
of  the  displaoed  fluid;  and  in  proportion  as  2)'  increases  in  respect 
to  2),  will  V  diminish  in  respect  to  F;  that  is,  the  solid  will 
rise  higher  and  higher  out  of  the  fluid  in  proportion  as  the  den- 
sity of  the  latter  is  increased,  and  the  reverse.  The  neck  C  of 
the  vessel  should  be  of  the  same  diameter  throughout.  To  estab- 
lish the  scale,  tiie  instrument  is  placed  in  distilled  water  at  the 
standard  temperature,  and  when  at  rest  the  place  of  the  surface 
of  the  water  on  the  neck  is  marked  and  numbered  1 ;  the  instru- 
ment is  then  placed  in  some  heavy  solution  of  salt,  whose  specifio 
gravity  is  accurately  known  by  means  of  the  Hydrostatic  Balance, 
and  when  at  rest  the  place  on  the  neck  of  the  fluid  surface  is  again 
marked  and  characterized  by  its  appropriate  number.  The  same  pro- 
cess being  repeated  for  rectified  alcohol,  will  give  another  point 
towards  the  opposite  extreme  of  the  scale,  which  may  be  completed 
bj   graduation. 
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To  use  this  iastrument,  it  will  be  sufficient  to  immerse  it  ia   # 
fluid  and  take  the  number    on   the  scale  which  coincides  with    the 

surface. 

To  ascertain  the  circumstances  which  determine  the  sensibility 
both  of  the  Scale-Areometer  and  Nicholson's  Hydrometer,  let  8  de- 
note the  specific  gravity  of  the  fluid,  c  the  volume  of  the  vial,  /  the 
length  of  the  immersed  portion  of  the  narrow  neck,  r  its  semi-dianne* 
ter,  and  to  the  total  weight  of  the  instrument.  Then  will  ^  r^,  denote 
the  area  of  a  section  of  the  neck,  and  ^r^  l,  the  volume  of  fluid  dis- 
placed  by  the  immersed  part  of  the  neck.  The  weight,  therefore,  of 
the  whole  fluid  displaced  by  the  vial  and  neck  will  be 

but  this  must  be  equal  to  the  weight  of  the  instrument,  whence, 

w  =  «(c  +  4rr2/), 
from  which  we  deduce, 

to 


9  = 


c  +  ^t^r 


^  =  -T^ ^^^^ 

Now,  immersing  the  instrument  in  a  second  fluid  whose  specific  gravi* 
ty  is  s\  the  neck  will  sink  through  a  distance  /',  and  from  the  last 
equation  we  have 


V  = 


^1^8'    ' 


subtracting  this  equation  from  that  above  and  reducing,  we  find 


•T*  \     8  9'     / 


The  difference  /  —  T  is  the  distance  between  two  points  on  the  scale 
which  indicates  the  difl*erence  «'  —  «  of  specific  gravities,  and  thia 
we  see  becomes  longer,  and  the  instrument  more  sensible,  therefore, 
in  proportion  as  %o  is  made  greater  and  r  less.  Whence  we  con- 
clude that  the  Areometer  is  the  more  valuable  in  proportion  as  the 
vial  portion  is  made  larger  and  the  neck  smaller. 
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jr  the  specifio  gravity  of  the  fluid  remain  the  same,  which  is  the 
case  with  Nicholson's  Hydrometer,  and  it  becomes  a  question  to 
know  the  effect  of  a  small  weight  added  to  the  instrument,  denote 
this  weight  by  to',  then  will  Equation  (457)  become 

,,       to  +  to'  —  *c 

I    r=  ■    ■  « 

ttubtraoting  from  this  Equation  (457),  we  find 

/'-/  = 


w' 


^f^8 


Prom  ^ich  we  see  that  the  narrower  the  upper  stem  of  Nicholson's 
iiistrument,  the  greater  its  sensibility. 

The  knowledge  of  the  specific  gravities  or  densities  of   different 
substances,  Table  III,   is  of  great  importance,  not  only  for  scientific 
purposes,  but   also  for  its  application  to  many  of  the  useful   arts. 
This    knowledge  enables  us  to  solve   such  problems  as  the  follow 
ing,  viz. : — 

1st.  The  weight  of  any  substance  may  be  calculated,  if  its  volume 
and  specific  gravity  be  known. 

2d.  The  volume  of  any  body  may  be  deduced  from  its  specific 
gravity  and  weight.    Thus  we  have  always 

W  =  ffD  F; 

in  which  g  is  the  force  of  gravity,  2>  the  density,   V  the  volume, 
and   W  the  weight,  of  which  the  unit  of  measure  is  the  weight  of 
a  unit  of  volume  of  water  at  its  maximum  density. 
Making  D  and  V  equal  to  unity,  this  equation  becomes 

but  if  the  density  be  one,  the  substance  must  be  water  at  38^,75 
Fahr.  The  weight  of  a  cubic  foot  of  water  at  60^  is  62,5  lbs.,  and, 
therefore,  at  38<',75,  it  is 

At. 

62  6  '*•• 

^'^'*'     =  62,556 ; 


0,99914 

whence,  if  the  volume  be  expressed  in  cubit  f<fet, 

ibt. 
W  =  62,556  X  DV (458) 


Also, 
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in  which  W  is  expressed  in  pounds ;  and  if  the  unit  of  rolume  be 
A  cubic  inch, 

TT  =  ^^^- i>  F  =  0,0362012)  F,     .    .    .     (459) 

^=-li?^ (460) 

62,556 .  J) 

Vs  =  liT^ (461) 

0,036201 .  D 

Example  1. — Required  the  weight  of  a  block  of  dry  fir,  containing 
60  cubic  inches.  The  specific  gravity  or  density  of  dry  fir  \a  0,555, 
and   F  =  50 ;   substituting  these  values  in  Equation  (459), 

W  =  0,036201  X  0,555  x  50  =  1,00457. 

Example  2. — How  many  cubic  inches  are  there  in  a  12-pouiid 
cannon-bain  Here  TF  is  12  pounds,  the  mean  specific  gravity  of 
cast  iron  is  7,251,  which,  in  Equation  (461),  give 

12  '«• 

V   — — —  45  6 

'  "■  0,036201  X  7,251    ""      ' 


ATMOBPHEBIO  PBESSUBE. 

g280. — The  atmosphere  encases,  as  it  were,  the  whole  earth.  It 
has  weight,  else  the  repulsive  action  among  its  own  particles  would 
cause  it  to  expand  and  extend  itself  through  space.  The  weight  of 
the  upper  stratum  of  the  atmosphere  is  in  equilibrio  with  the  re* 
pulsive  action  of  the  strata  below  it,  and  this  condition  determines 
the  exterior  limit 

4 

Since  the  atmosphere  has  weight,  it  must 
e^ert  a  pressure  upon  all  bodies  within  it. 
To  illustrate,  fill  with  mercury  a  glass  tube, 
about  32  or '33  inches  long,  and  closed  at 
one  end  by  an  iron  stop-cock.  Close  the 
open  end  by  pressing  the  finger  against  it, 
and  invert  the  tube  in  a  basin  of  mercury; 
remove  the  finger,  the  mercury  will  not 
escape,  but  remain  apparently  suspended,   at 
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tbo*  level  of  the  ocean,  nearly  30  inches  above  the   sui'face   cf  the 
mercury  in  the  basin. 

The  atmospheric  air  presses  on  the  mercury  with  a  force  sufficient 
to  maintain  the  quicksilver  in  the  tube  at  a  height  of  nearly  30 
inches ;  whence,  the  intensity  of  its  pressure  must  be  equal  to  the  weight 
of  a  column  of  mercury  whose  hose  is  equal  to  that  of  the  surfajce 
pressed  and  whose  altitude  is  about  30  inches.  The  force  thus  exerted^ 
is  called  the  atmospheric  pressure. 

The  absolute  amount  of  atmospheric  pressure  was  first  discovered 
by  Torricelli,  and  the  tubes  employed  in  such  experiments  are  called, 
on  this  account,  Torricellian  tubes^  and  the  vacant  space  above  the 
mercury  in   the  tube,  is  called   the  Torricellian  vacuum. 

The  pressure  of  the  atmosphere  at  the  level  of  the  sea,  support- 
ing as  it  does  a  column  of  mercury  30  inches  high,  if  we  suppose 
the  bore  of  the  tube  to  have  a  cross-section  of  one  square  inch 
the  atmospheric  pressure  up  the  tube  will  be  exerted  upon  this 
extent  of  surface,  and  will  support  30  cubic  inches  of  mercury. 
Each  cubic  inch  of  mercury  weighs  0,49  of  a  pound — say  half  a 
pound — from  which  it  is  apparent  that  the  surfaces  of  all  bodies,  at 
the  level  of  the  sea,  are  subjected  to  an  atmospheric  pressure  of  fifteen 
pounds  to  each  square  inch, 

BABOMETER. 

§281. — ^The  atmosphere  being  a  heavy  and^  elastic  fluid,  is  com- 
pressed by  its  own  weight  Its  density  cannot  be  the  same  through- 
out, but  diminishes  as  we  approach  its  upper  limit  where  it  is  least, 
being  greatest  at  the  surface  of  the  earth.  If  a  vessel  filled  with 
air  be  closed  at  the  base  of  a  high  mountain  and  afterwards  opened 
on  its  summit,  the  air  will  rush  out;  and  the  vessel  being  closed 
again  on  the  summit  and  opened  at  the  base  of  th6  mountain,  the 
air  will  rush  in. 

The  evaporation  which  takes  place  from  large  bodies  of  water, 
the  activity  of  vegetable  and  animal  life,  as  well  as  vegetable  decom- 
positions, throw  considerable  quantities  of  aqueous  vapor,  carbonic 
add,  and  other   foreign  ingredients   temporarily   into  the  permanent 
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portions  of  the  atmosphere.  These,-  together  with  its  ever-varying 
temperature,  keep  the  density  and  elastic  force  of  the  air  in  a 
state  of  almost  incessant  change.  These  changes  are  indicated  by 
the  Barometer,  an  instrument  employed  to  measure  the  intensity  of 
atmospheric  pressure,  and  frequently  called  a  weather-gkiss^  because 
of  certain  agreements  found  to  exist  between  its  indications  and  the 
state   of  the   weather. 

The  barometer  consists  of  a  glass  tube  about  thirty-four  or  thirty- 
five  inches  long,  open  at  one  end,  partly  filled  with  distilled  mer- 
cury, and  inverted  in  a  small  cistern  also  containing  mercury.  A 
scale  of  equal  parts  is  cut  upon  a  slip  of  metal,  and  placed  against 
the  tube  to  measure  the  height  of  the  mercurial  column,  the  zero 
being  on  a  level  with  the  surface  of  the  mercury  in  the  cistern. 
The  elastic  force  of  the  air  acting  freely  upon  the  mercury  in  the 
cistern,  its  pressure  is  transmitted  to  the  interior  of  the  tube,  and 
sustains  a  column  of  mercury  whose  weight  it  is  just  sufficient  to 
counterbalance.  If  the  density  and  consequent  elastic 
force  of  the  air  be  increased,  the  column  of  mercury 
will  rise  till  it  attain  a  corresponding  increase  of 
weight;  if,  on  the  contrary,  the  density  of  the  air 
diminish,  the  column  will  fall  till  its  diminished 
weight  is  sufficient  to  restore   the   equilibrium. 

In  the  Common  Barometer,  the  tube  and  its  cis- 
tern are  partly  inclosed  in  a  metallic  case,  upon 
which  the  scale  is  cut,  the  cistern,  in  this  case,  hav- 
ing a  flexible  bottom  of  leather,  against  which  a 
plate  a  at  the  end  of  a  screw  b  is  made  to  press, 
in  order  to  elevate  or  depress  the  mercury  in  the 
cistern  to  the  zero  of  the  scale. 

Be  Litems  Siphon  Barometer  consists  of  a  glass 
tube  bent  upward  so  as  to  form  two  unequal  par- 
allel legs :  the  longer  is  hermetically  sealed,  and 
constitutes  the  Torricellian  tube;  the  shorter  is  open, 
and  on  the  surface  of  the  quicksilver  the  pressure 
of  the  atmosphere  is  exerted.  Tlie  difference  be- 
tween  the  levels  in   the  longer  and  shorter  legs   is    the  baro'*""*-^^ 
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height.    The  most  C3nvenient  and  practicable  way.  of  measuring  tUi 
difierenoe,  is  to   adjust    a    movable    scale    between 
the  two  legs,   so   that  its  zero    may  be    made    to 
coincide    with    the    level    of    the    mercury    in    the 
shorter  leg. 

Different  contrivances  have  been  adopted  to  ren- 
der the  minute  variations  in  the  atmospheric  pres- 
sure, and  consequently  in  the  height  of  the  barome- 
ter, more  readily  perceptible  by  enlarging  the  di- 
visions on  the  scale,  all  of  which  devices  tend  to 
hinder  the  exact  measurement  of  the  length  of  the 
column.  Of  these  we  may  name  Morland's  Diago- 
nal, and  Hook's  Wheel-Barometer,  but  especially 
Huygen's  Double-Barometer. 

Tlie    essential    properties  of   a  good    barometer 
are    width  of  tube ;    purity   of  the  mercury ;    accu- 
rate graduation   of  the  scale;  and  a  good  vernier, 

§282. — ^The  barometer  may  be  used  not  only  to  measure  the 
pressure  of  the  external  air,  but  also  to  determine  the  density  and 
elasticity  of  pent-up  gases  and  vapors.  When  thus  employed,  it  is 
called  the  barometer-gauge.  In  every  case  it  will 
only  be  necessary  to  establish  a  free  connection 
between  the  cistern  of  the  barometer  and  the  vessel 
containmg  the  Jduid  whose  elasticity  is  to  be  indi- 
cated ;  the  height  of  the  mercury  in  the  tube, 
expressed  in  inches,  reduced  to  a  standard  tempera- 
ture, and  multiplied  by  the  known  weight  of  a 
cubic  inch  of  mercury  at  that  temperature,  will 
give  the  pressure  in  pounds  on  each  square  inch. 
In  the  case  of.  the  steam  in  the  boiler  of  an  en- 
gine, the  upper  end  of  the  tube  is  sometimes '  left 
open.  The  cistern  -4  is  a  steam-tight  vessel,  partly 
filled  with  mercury,  a  is  a  tube  communicating 
with  the  boiler,  and  through  which  the  steam  flows 
and  presses  upon  the  mercury ;  the  barometer  tube 
be,   op«n    at  top,   reaches    nearly   to   the  bottom   of  the   vessel   A. 
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having  attached  to  it  a  scale  whose  zero  coincides  with  the  level 
of  the  quicksilver.  On  the  right  is  marked  a  scale  of  inches,  aiid 
on  the  left  a  scale  of  atmospheres. 

If  a  very  high  pressure  were  exerted,  one  of  several  atmospheres 
for  example,  an  apparatus  thus  constructed  would 
require  a  tube  of  great  length,  in  which  case  J/iz- 
riotte^s  manometer  is  considered  preferable.  The  tube 
being  filled  with  air-  and  the  upper  end  closed,  the 
surface  of  the  mercury  in  both  branches  will  stand 
at  the  same  level  as  long  as  no  steam  is  admitted. 
The  steam  being  admitted  through  cf,  presses  on  the 
surface  of  the  mercury  a  and  forces  it  up  the  branch 
6r,  and  the  scale  from  6  to  c  marks  the  force  of 
compression  in  atmospheres.  The  greater  width  of 
tube  is  given  at  a,  in  order  that  the  level  of  the 
mercury  at  this  point  may  not  be  materially  affected 
by  its  ascent  up  the  branch  6  c,  the  point  a  being  the  2ero  of  the 
scale. 


§283. — Another  very  important  use  of  the  barometer,  is  to  find 
the  difference  of  level  between  two  places  on  the  earth's  surface,  as 
the  foot  and  top   of  a  hill   or  mountain. 

Since  the  altitude  of  the  barometer  depends  on  the  pressure  of 
the  atmosphere,  and  as  this  force  depends  upon  the  height  of  the 
pressing  column,  a  shorter  column  will  exert  a  less  pressure  than  a 
longer  one.  The  quicksilver  in  the  barometer  falls  when  the  instru- 
ment  is  carried  from  the  foot  to  the  top  of  a  mountain,  and  rises 
again  when  restored  to  its  first  position :  if  taken  down  the  shafl 
of  a  mine,  the  barometric  column  rises  to  a  still  greater  height.  At 
the  foot  of  the  mountain  the  whole  column  of  the  atmosphere,  from 
its  utmost  limits,  presses  with  its  entire  weight  on  the  mercury ; 
at  the  top  of  the  mountain  this  weight  is  diminished  by  that  of 
the  intervening  stratum  between  the  two  stations,  and  a  shorter 
column  of  mercury  will   be   sustained   by   it. 

It  is  well  known   that  the  surface   of   the  earth  is  not    uniform, 
and  does  not,  in  consequence,  sustain   an  equal  atmospheric  pressure 
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at  its  different  points;  whence  the  mean  altitude  of  the  barometric 
column  will  varj    at    different    places.      This  furnishes  one   of  the  j 

best  and  most  expeditious  means  of  getting  a  profile  of  an  extended  | 

section  of  the  earth's  surface,  and    makes  the  barometer  an  instru-  * 

ment  of  great  value  in  the    hands  of  the    traveller  in   search    of 
geographical  information. 

§284. — To  find  the  relation  which  subsists  between  the  altitudes 
of  two  barometric  columns,  and  the  difference  of  level  of  the  points 
whtsre  they  exist,  resume  Equation  (427).  The  only  extraneous  force 
acting  being  that  of  gravity,  we  have,  taking  the  axis  ;;  vertical, 
and  counting  g  positive  upwards,  ^    /^  "^T;  »^^ 

jr=0;    F=0;    Z=-^.       ^' 
and  hence, 

pz=z  af'-J (462) 

Making  «  =  0,  and  denoting  the  corresponding  pressure  by  p^y  we  find 

and  dividing  the  last   equation  by  this  cme,  ;r^^-.-*-^  Z  ^    ~<7      zF  T  ^ 

p        ^'-^  /d 

whence,  denoting  the  reciprocal  of  the  common  modulus  by  JT, 

Z  rr^^.log^ (463) 

Denote  by  h^  and  A,  the  barometric  heights  at  the  lower  and  upper 
stations,  respectively,  then  will 


Hl  ^  !zi*    /KytA<*.^.4i-^'^!^^<^^•  t^^^i^AJdu^ — 


p         h 

and  reducing  the  barometric  column  h  to  what  it  would  have  beeu 
had  the  temperature  of  the  mercury  at  the  upper  not  differed  from 
that  at  the  lower  station,  by  Equation  (394),  we  have 

JP/ h. -. 

p    ~  A  [1  +  (2"  -  r)  .0,0001001]' 

in  which  T  denotes  the  temperature  of  the  mercury  at  the  lower  and 

T  that  at  the  upper  station* 

21 
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Moreover,  Equation  (381), 

^  =  y'  (1  -  0,002551  008  24.) ; 
in  which, 

g*  =  32,1808  =  force  of  gravitj  at  the  latitude  of  45"*. 


Substituting  the  value  of  —  •,   of  5^,  and  that  of  P,  as  given   bt 

IP 


2, 

P 
Equation  (893),  in  Equation  (463),  we  find 

MD^\,   l+(<-8y)0,00204  Vh^    1 '\ 

*~      D,     'l-0,002551cos2>J.^  ^^U  ^1 +(5^-^)0,0001001  J' 


(MC^ 


In  this  it  will  be  remembered  that  t  denotes  the  temperature  of 
the  air;  but  this  may  not  be,  indeed  scarcely  ever  is,  the  same  at 
both  stations,  and  thence  arises  a  difficulty  in  applying  the  formula. 
But  if  we  represent,  for  a  moment,  the  entire  &ctor  of  the  second 
member,  into  which  the  factor  involving  t  is  multiplied,  by  JT,  then 
we  may  write 

«  =  [1  +  (/  -  320)0,00204]  X. 

If   the  temperature   of  the  lower  station  be  denoted  by  t, ,  and  this 
temperature  be  the  same  throughout  to  the  upper  ^station,  then  will,  s 

z,  =  [l  +  {t,  -  32«)  0,00204]  X 

And  if  the  actual  temperature  of  the  upper  station  be  denoted  by  f , 
and  this  be  supposed  to  extend  to  the  lower  station,  then  would 

«'  =  [1  +  (r  -  32<')  0,00204]  X 

V  Now  if  t^  be  greater  than  t',  which  is  usually  the  case,  then  will  the 
barometric  colunm,  or  A,  at  the  upper  station,  be  greater  than  would 
result  from  the  temperature  t\  since  the  air  being  more  expanded, 
a  portion  which  is  actually  below  would  pass  above  the  upper  ' 
station  and  press  upon  the  mercury  in  the  cistern ;  and  because  h 
enters  the  denominator  of  the  value  X,  z,  would  be  too  smalL 
Again,  by  supposing  the  temperature  the  same  as  that  at  the  uppei 
station  throughout,  then  would  the  air  be  more  condensed  at  the 
lower  station,  a  portion  of  the  air  would  sink  below  the  upper 
station  that  before  was  above  it,  and  would  cease  to  act  upon  the  ^ 

mercurial  column  A,  which  would,  in  consequence,  become  too  small* 
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and  this  would  make  z'  too  great. J  Taking  a  mean  between  z^  and 
e'  as  the  true  value,  we  find 

z  =  5i-^  =  [1  +  J  ('/  +  ^'  -  ^*')  0,00204]  X 


Replacing  X  by  its  value, 

MDX,  l+i(C+<'-64o)0,00204 
D,     *     1-0,002551008  2  4. 


zz=. 


^  ^^^  L  A  ^  1 + (2'-  r)o,oooi  001 J 


T^e  factor  *  *'  y  we  have  seen,  is  constant,  and  it  only  re- 
mains to  determine  its  value.  For  this  purpose,  measure  with 
accuracy  the  difference  of  level  between  two  stations,  one  at  the 
base  and  the  other  on  the  summit  of  ^me  lofby  mountain,  by 
means  of  a  Theodolite,  or  levelling  instrument — this  will  give  the 
value  of  s;  observe  the  barometric  column  at  both  stations — this 
will  give  h  and  h^ ;  take  also  the  temperature  of  the  mercury  at 
the  two  stations — this  will  give  T  and  T\  and  by  a  detached 
.''^thermometer  in  the  shade,  at  both  stations,  find  the  values  of 
i^  and  f'.  These,  and  the  latitude  of  the  place,  being  substituted  in. 
the  formula,  every  thing  will  be  known  except  the  co-efficient  in 
question,  which  may,  therefore,  be  found  by  the  solution  of  a  simpla 
equation.     In  this  way,  it  is  found  that 


^^* ^''    =  60345,51  En(rlish  feet;     \  u.. 


'     V, 


which  will  finally  give  for  z,  ^ 

,=60345,51.    i_  0,002551  cos  24.    "^'"^Lr^l  +  Cr-T^O.OOOlOOlJ 

To  find  the  difference  of  level  between  any  two  stations,  the  lati- 
tude of  the  locality  must  be  known;  it  will  then  only  be  necessary 
to  note  the  barometric  columns,  the  temperature  of  the  mercury, 
and  that  of  the  air  at  the  two  stations,  and  to  substitute  these 
observed  elements  in  this  formula. 

Much  labor  is,  however,  saved  by  the  use  of  a  table  for  the 
computation  of  these  results,  and  we  now  proceed  to  explain  how  it 
may  be  formed  and  used. 
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Make 

60345,51  [1  +  (t,  +  f  -64^)0,00102]  =  A, 


1  —  0,002551  cos  2  + 

1 ^ 

1  +  (y  -  r)  0,0001 


=  a. 


Then  ^rOJ 


z  =  AB  ' log  — -=--^7 


gz=z  AB'[logC  +  log  h,  -  log  h]  ; 

and  taking  the  logarithms  of  both  members, 

log  z  =  log^  +  log^  +  log  [log  C  +  log  A^  —  log  A]  •  .  (464) 

Making  t,  +  f  to  vary  from  40*»  to  162%  which  will  be  sufficient 
for  all  practical  purposes,  the  logarithms  of  the  corresponding  values 
of  A  are  entered  in  a  column,  under  the  head  A,  opposite  the 
values  /^  -ff  ^,  AS  an  argument. 

Causing  the  latitude  ^  to  vary  from  0^  to  90*^,  the  logarithms 
of  the  corresponding  values  of  B  are  entered  in  a  column  headed 
Bj  opposite  the  values  of  >)/. 

The  value  of  T  --  T  being  made,  in  like  manner,  to  vary 
from  —  30®  to  +  30**,  the  logarithms  of  the  corresponding  values 
of  C  are  entered  under  the  head  of  (7,  and  opposite  the  values  of 
T  --  T',  In  this  way  a  table  is  easily  constructed.  Table  IV  was 
computed  by  Samuel  Howlet,  Esq.,  from  the  formula  of  Mr.  Francis 
Baily,  which  is  very  nearly  the  same  as  that  just  described,  there 
being  but  a  trifling  difference  in   the  co-efiicients. 

Taking  Equation  (464)  in  connection  with  Table  lY,  we  have  this 
rule  for  finding  the  altitude  of  one  station  above   another,  viz. : — 

Take  the  logarithm  of  ike  barometric  reading  at  the  lower  station^ 
to  which  add  the  number  in  the  column  headed  O,  opposite  the  ob^ 
served  value  of  T  ^  2*,  and  euhtract  from  this  eum  the  lofforithtn 
of  the  barometric  reading  at  the  upper  station ;  take  the  logarithm 
of  this  difference^  to  which  add  the  numbers  in  the  columns  headed 
A  and  B,  corresponding  to  the  observed  values  of  t^  -^r  t'  and  ^  ; 
Jhe  sum  will  be   the  logarithm   of  the  height  in  Mtglish  feet. 


f 
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Example. — At  the  mountain  of  Guanaxuato,  in  Mexico,  M.  Hwa* 
tx>ldt  observed  at  the 

VfftT  StcCtM.  Lnut  Staiian. 

Detadied  thermometer,   f  =  70*^,4 ;      t^  =  ITfi. 
Attached  "  r  =  70,4 ;      T  =r  77,6. 

Barometric  column,  h  =  23,66 ;     h^  =  30,05. 

What  was  the  difference  of  leirel? 
Here 

<,  +  <'  =  148<^ ;     r  —  r  =  7*>,2 ;    Latitude  2P. 

To  log    30)b5  =  1,4778445 
Add  a  for  7<>,2  =  9,9996814 

1,4775259 
Sub.  log  23*i66  =  1,3740147 

Log  of  -  -  -  0,1035112  =  -  1,0149873 
Add  A  for  148<'  -  -  -  -  =  4,8193975 
Add  -S  for  21^    .    -    -    -     =       0,0008689 

6843,1 3,8352537; 

whence  the  mountain  is  6843,1  feet  high. 

It  will  be  remembered  that  the  final  Equation  (464)  was  deduced 
on  the  supposition  that  the  air  is  in  equilibrio — that  is  to  say, 
when  there  is  no  wind.  The  barometer  can,  therefore,  only  be  used 
for  levelling  purposes  in  calm  weather.  Moreover,  to  insure  accu- 
racy, the  observations  at  the  two  stations  whose  difference  of  level 
is  to  be  found,  should  be  made  simultaneously,  else  the  temperature 
of  the  air  may  change  during  the  interval  between  them;  but  with 
a  single  instrument  this  is  impracticable,  and  we  proceed  thus,  viz.: 
Take  the  barometric  column,  the  reading  of  the  attached  and  detached 
thermometers,  and  time  of  day  at  one  of  the  stations,  say  the 
lower;  then  proceed  to  the  upper  station,  and  take  the  same' 
elements'  there ;  and  at  an  equal  interval  of  time  afterward,  observe 
these  elements  at  the  lower  station  again;  reduce  the  mercurial 
columns  at  the  lower  station  to  the  same  temperature  by  Equation 
(394),  take  a  mean  of  these  columns,  and  a  mean  of  the  tempera- 
tures of   the  air  at  this  station,  and  use  these  means  as  a  single , 


326  ELEMENTS    OF    ANALYTICAL    MECHANICS. 

«et  of  observations  made   siznnltaiieously   with  those  at   the  Ingh 
station. 

Example. — ^The  fi>llowing  observations  were    made    to    deteniiiii# 
Hie  height  of  a  hill  near  West  Point,  N.  Y. 

UwMT  Slate'Mi.  l.0mer  SUtimi. 

(1)  (?) 

Detached  thermometer,  t'  =  57® ;      t^  =  66®      and  61®. 
Attached  "  2^  =  57,5 ;     T  =  56,5    and  63. 

tN.  in,  in. 

Barometric  column,         h  =:  28,94 ;  h,  =  29,62  and  29,63. 

First,  to    reduce  29,63  inches  at    63®,   to  what    it  would    hjiT« 
been  at  56®,5.    For  this  purpose,  Equation   (394)  gives 

A  (1  +  r-  r  X  0,0001)  =  29,63  (1  -  6,5  X  0,0001)  =  29^611 

,, = 5^+*!: . . = «8.,5, 

!,  +  !'  =  58®,5  +  57®.  .  =  115®,5, 
T—  T  =  56®,5  -  57®,5  -  =  -  1®. 

To  log  29^^6155  =  1,4715191 
Add  C  for  -  1®  =  0,0000434 

1,4715625 
Sub.  log  of  28,94  =  1,4614985 

Log  of  ...  .  0,0100640  =  -  2^027706 
Add  A  for  115®,5  -  -  .  =  4,8048112 
Add  B  for  41®,4  --.-=:       0,0001465 

642,28    -    -    :         -    -     2,8077283; 

whence  the  height  of  the  hill  is  642,28  English  feet. 

ManON  OF  HEAVY  INOOMPEESSIBLE  FLUIDS  IN  VESBELSw 

§  285. — Let  it  now  be  the  question  to  investigate  the  flow  of  a  heavy 
lioinoircneoMs  ami  incr>mpre<isil)'e  flmJ  througli  an  opening  in  nny  part  of  a 
vossol  whi  ii  c«inT;iin<  if.     Aii-i  for  tins  purpose,  ivsunie  Eq.  (407),  which  is 


^.y>xi.U^.r^.-/.g- i^rnH'^f^t''-}  f-? 


MECHANICS   OF   FLUIDS.  327 

directly  applicable  to  the  case.    The  only  incessant  force  beiog  the  weight 
of  the  fluid,  take  the  axis  z  vertical  and  positive  upwards;  then  will 

X=0;  F=0;aiidZ  =  — y. 

The  lateral  or  horizontal  velocitieB  will  be  insignificant  in  compsriaon  witb 
tie  vertical,  and  may  be  disr^arded  or  neglect«d,  and  we  haYe,Eq.  (405), 

which  will  redDce  the  general  Eq.  (407)  to 


and  integrating, 


p^-Dgz 


-^■^-i-»-«*H 


(466) 


Next,  find  the  fanction  f,   and  its  differential  co-eScient  of  the  first 
order  with  respect  to   (. 
Equations  (406)  give 

rf  1^  =  w  ■  dc, 
if-=fvi-dz (466) 

Let  AB  C  J>}m»  vertical  section  of  the  vessel,  and  take  the  following 

notation,  viz. : 

f  =  the  variable  area  of  the  stratam 
whose  velocity  is  w, 

•j  =  the  constant  area  of  any  deter- 
minate horiiontal  section  of  the 
vessel,  as  C  2>. 

J?  =  the  area  of  the  section  of  the 

vessel  by  the  upper  surface  of  the 

liquid ;  this  may  be  constant  or 

.  variable,  according  as  the  upper 

surface  is  stationary  or  movable 
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w^  =  velocity  of  tbe  Btratum  passing  the  section  s^  at  C  2>,  at  the  time  t. 
The  continaity  of  the  fluid  requires  that 


IT  •  «  =  w^  .  *^  , 


because  the  same  quantity  must  flow  through  every  horizontal  section  in 
the  same  time :  whence 


9, 

w.  =  w,  — ; 


which,  in  Eq.  (466),  gives 

the  integration  being  taken  with  respect  to  the  variable  Zy  of  which  s  is  h 
function.     This  function  will  be  given  by  the  figure  of  the  vessel,  A  bexn^ 
the  height  of  the  upper  surface  of  the  fluid  above  the  lining. 
It  may  be  well  to  ]:emark  here,  that 

will  be  constant  for  the  same  vessel  and  same  value  for  h ;  and  if  the 
figure  of  the  vessel  be  that  of  revolution  about  a  vertical  axis,  it  will  only  (  x  -  ^(^) 
be  necessary  to  have  the  equation  of  this  vertical  section  to  find  the  value  {  *"  UH^J^s 
of  the  integral.     The  quantity  h  is  called  the  htad  of  fluid.  n  J       /t_ 

Differentiating  9  with  respect  to  ^,  and  recollecting  that  the  velocity       LV^«*/J 
downward  is  negative,  we  find  JU^ui  "tU^  ui^    ir$iA.iU^    fy^tZt^  "C  , 


<f  9  dv>f  ^*»     d  z  ^ 


and  this^  with  tbe  value  of  w^  in  Eq.  (465),  gives 

dw.    rdz         _  ro,^    .«2 


dw^    rdz         -.?0"    .«/  y       /v/^v 
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To  find  the  Value  of  C,  let  p  =:  P^^  when   e  =  z,^  which  corre> 
eponds  to  the  section  CD  of  the  liquid ;  then  will 

which,  subtracted  from  the  equation  above,  gives 

dw.  P*dz  w^Va^  T 

Also,  if  P'  denote  the  pressure  at  the  upper  surface   corresponding 
to  which  z  =  «',  we  have 

Now  z'  ^  Zf  =z  h  =1  height  of  the  fluid  surface  above  the  section 
CD\  whence,  by  substitution  and  transposition, 

dto       P*'dz  w^  /        «'\ 

i._i>^  +  Z),A_2„,._i.y;__i,._^i.(l_|,)  =0.(470) 

■ 

The  quantity  of  fluid  flowing  through  every  section  in  the  same 
time  being  equal,  we  also  have      ^t^^^  -  iJ^  »  A^^^t^-ce-'Cj^X/^  'HM  ^^^^ 

^  S.dhz=9,.vf,.dt. (471)X/S/i^(A.: 

By  means  of  this  equation,  t  may  be  eliminated  from   Equation  ^^^^Tj,  cl^ 

(470) ;  then  knowing  the  quantity  of  the  liquid,  the  size  and  figure  ^J**)tT 

/''dz        f^dz  *^**^^    ' 
—  =  /    — , 

in  which  «  is  a  function  of  z. 


§287.— The  value  of   -^  being  found  firom  Equation  (470),  and 

substituted  in  Equation  (468),  this  latter  equation  will  give  the  value 
of  the  pressure  p  at  any  point  of  the  fluid  mass  as  soon  as  w^  be- 
comes known. 

Two  cases  may  arise.  Either  the  vessel  may  be  kept  constantly 
full  while  the  liquid  is  flowing  out  at  the  bottom,  or  it  may  be 
Bufiered  to  empty  itself. 

§288. — ^To  discuss  the  case  in  which  the  vessel  is  always  full,  ot 
the  fluid  retains  the  same  level  by  l^eing  supplied  at  the  top  as  fust 


830 
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as  it  flows  out  at  the  bottom,  the  quantity  h  must  be  constant,  and 
Equation  (471)  will  not  be  used. 
And  making,  in  Equation  (470), 


"^W-'k'-^l-'-'-HI 


2-  H^»  4,  Ui/'l:>s:o     n^ 

it 


=  29  (h  + 


P'-P, 


)^ 


«3 


and  solving  with  respect  to  (f<,  we  have 


dt  = 


(472) 


Now,  three  cases  may  occur. 

1st.  jS>  may  be  less  than  z^ ,  and  C  will  be  positive. 

2d.   S  may  be  equal  to  t^,  in  which  case  C  will  be  zero. 

8d.   S  may  be  greater  than  t^ ,  when  C  will  be  negative,  and  this 

is  usually  the  case  in  practice. 
In  the  first  case,  when  C  is  positive,  we  have,  by  integrating  Equa- 
tion (472),  and  fflipposing  /  =  0,  when  w^  =  0, 


(478) 


w,  =V^-to°^^^'<- (474) 


^  2 


from  which  we  see  that  the  velocity  of  egress  increases  rapidly  with 
the  time;  it  becomes  infinite  when 

*  1  j>         ^^®"  (7=0,  then  will  f 


<  = 


r.^ 


yCtuyUAAAU  ^ 


r/ 


2V']5a 

the  integration  of  Equation  (472)  give 


(476) 


«  =  ;^-«',, 


•        •        •        • 


•        • 


(476) 
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or  replacing  A  and  B  hj  their  values,  and  finding  the  value  of  w^ , 

•''  = -prjf 'J (*^) 

whence,  the  Telocity  varies  directly  as  the  time,  as  it  should,  since 
the  whole  fluid  mass  would  fall  like  a  solid  body  imder  the  action 
of  its  own  weight. 

When  C  is  negative,,  the  integration  gives  (^iuf 

1=        ^.log^+^-^; 
whence, 


I  A 

e 
to,  = 


T-^-v/fj (^ 


in  which  e  is  the  base  of  the  Naperian  system  of  logarithms  =  2,718282. 
If  the  section   S  exceeds  s,  considerably,  the  exponent  of  e  will 
soon  become  very  great,  and  unity  may  be  neglected  in  comparison 
with  the  corresponding  power  of  e ;  whence, 


«,=v/f =\/- 


s* 


p'  —  p. 

P—;-    ♦    •    (479) 


».  (* + ^^) 


that  is  to  say,  the  velocity  will  soon  "become  constant. 

If  the  pressure  at  the  upper  surface  be  equal  to  that  at  the  place 
of  egress,  which  would  be  sensibly  the  case  in  the  atmosphere, 
P'  -  P,  =  0,  and 


«^; (480) 

and  if  the  opening  below  become  a  mere  orifice,  the  fraction 

and 

w,  =  ^/^gh\ (481) 
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that  is  to  say,  the  velocity  with  which  a  heavy  liquid  will  issue 
from  a  small  orifice  in  the  bottom  of  a  vessel,  when  subjected  to 
the  pressure  of  the  superincumbent  mass,  is  equal  to  that  acquired 
by  a  heavy  body  in  falling  through  a  height  equal  to  the  depth  of 
the  orifice  below  the^per  surface  of  the  liquid.  The  velocities 
given  by  Equations  (479),  (480),  (481),  are  mdependent  of  the 
figure  of  the  vessel. 

If  the  velocity  w^  be  multiplied  by  the  area  s^  of  the  orifice,  the 
product  will  be  the  volume  of  fluid  discharged  ^n  a  unit  of  time. 
This  is  called  the  expense.  The  expense  multiplied  by  the  time  of 
flow  will  give  the  whole   volume   discharged. 

§289. — ^The  velocity  w^  being  constant  in  the  case  referred  to  in 
Equation  (479),  we  shall  have 

dw. 

•—^  =  0. 
dt  ' 

and  Equation  (468)  becomes 

or,  substituting  the  value  of  w^,  given  by  Equation  (470), 


^-1 


whence,  it  appears,  that  when  the  flow  has  become  uniform,  the  pres- 
sure upon  any  stratum  is  wholly  independent  of  the  figure  of  the 
vessel,  and  depends  only  upon  the  area  s  of  the  stratum,  its  distanoo 


«.2 


from  the  upper  surface  of  the  fluid,  and  upon  the  ratio -^ 

§  290. — ^If  the  vessel  be  not  replenished,  but  be  allowed  to  empty 
itself,  h  will  be  variable,  as  will  also  S  except  in  the  particular 
oases  of  the  prism  and  cylinder. 

Making 

w,  =  V^T^T (483) 


*^'" l^f'-*-"^  +  ^/-^  -JO  -iJ>«     <7nd^  ^WV4^ ^ 
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in  whi()h  J?  denotes  the  height  due  to  the  velocity  of  discharge :  we 
have 

and,  Equation  (471),  ^'  "  -  4^^  y^(m)u>;=  U 

dt= ^'1A_; (485) 


«nd  by  integration, 


""-.-^-/w <"" 


To  effect  the  integration,  S  and  ff  must  be  found  in  terms  of  h. 
The  relation  between  S  and  A  will  be  given  by  the  figure  of  the 
vessel.  Then  to  find  the  relation  between  H  and  A,  eliminate  w,^ 
d  Wf ,  and  d  t  from  Equation  (470),  by  the  values  above,  and  we  have 

or,  dividing  by 

JTT"!] ''  +  '^ :77^'^  ^A=0.(437) 

'   Jo      g  '   Jo      g 

and  making 

*   •/  0      s  'Jos 

Qdh  +  dff+  Effdh  =  0.      .    .    .         (488) 

fRdh 

Mult/plying  by  e       , 

fRdh  /^dk  fRdk 
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r;^^' 


or 


dh*  q^9         +  dUl9        )  =0; 
and  integratiiig 


whencei 


/fsLik  fRik 

dk'  Q*e        +  Be        =  C;  .    .    .    .    (489) 


^ = yr  ((7 -/</*.<?. /"'y  •  •  •  (*»o> 


The  constant  must  result  from  the  oondition,  that  when  JET  =  0, 
h  must  be  A^,  the  initial  height  of  the  fluid  in  the  vessel. 

Thus  jET  becomes  known  in  terms  of  A,  and  its  value  substituted 
in  Equation  (486)  will  make  known  the  time  required  for  the  fluid 
to  reach  any  altitude  A.  The  constant  in  Equation  (486)  must  be 
determined,  so  that  when  <  =  0,  A  ±=  A^. 

Oicu^  ^  §  291. — The  Equation  (490)  gives  a  direct  relation  between  S^  A,  and 
H\  the  figure  and  dimensions  of  the  vessel  give  another  between  S  and 
A.  From  these,  two  of  the  three  variables  may  be  eliminated  from  the 
Equation  (486)  and  the  integration  performed,  ^  Take,  for  example,  the 
case  of  a  right  cylinder  or  prism.  IK-re  S  will  be  constant,  and  equal 
to  >. 

/•*     (Iz        h 

Moreover,  let  lis  suppose  P'  —  P,  =Jii  which  would  be  sensibly 
true  were  the  fluid   to  flow  into  the   atmosphere   that   surrounds    the 

/  ,    .  S 

vessel.    Also,  for  the  sake  of  abbreviation,  make  —  =  k.  then  will 

x>  it'  -  I        I  -  P 

^= A— =  -T-» 

and 

/Bdh  =  (1  -  A«)/^  =  (1  -P)logA. 
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and  £q.  (490)  becomes 

-(i-ik»)iogfc  (i-jk«)i«rk 

Multiplying  the  last  torm  by 

we  may  write 

-(i-k«)ior*    r^,  ifc2         /•_  ■      (!-»•)  lor* -J 


[Jt2  <l-k«)  log  A-J 


=  e 


when  -fir  =  0,  then  will  A  =  A/  and 


p  (1-**)  lor  fc, 


which  substituted  above,  gives,  after  reduction, 


but, 

ll-k»)logi- 


and  therefore, 

^=.^[(r"-']=^^['-(F"i  ••••'«'> 

which  substituted  in  Equation  (486),  gives 

t=^C-\/—^ .  /     ,  >      •    •    (-493) 

in  which  the  only  variable  is  A. 

§292.— The  particular  case  in  which  ifc^  =  2,  gives  to  this  value 
for  t  the  form  of  indetermination.  When  this  occurs,  we  must  have 
recourse  to  the  form  assumed  bj  Equation  (488),  which,  under  this 
supposition,  becomes 

2^rfA  +  hdff--  Rdh  =  0: 
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multiplying  by  A""  , 

2ir^dh  +  rKdff'-H.ir^dh  =  a, 

_     dh         _  ff       ^ 
2  •  —  4-  d  —  =0. 
A    ^      A  • 

21ogA  +  y=(7; 

and  because  JST  =  0  when  A  =  A^ , 

2  log  A,  =  C; 
whence, 

J7=2A.logA,  1 

A  $ 


and  this,  in  Equation  (486),  gives 


1 


="-^/  " 


y^I^log^ 


Making  -p  =  — r)  this  becomes,  between  the  limits  x  =  0,  x  —  1 

§203. — If  the  orifice  be  very  small  in  comparison  with  a  cross 
section  of  the  prismatic  or  cylindrical  vessel,  then  will  jHT  =  A,  andlr''**' v^^ 
Equation  (486)  gives    i.if- ^/^  '        Kf^ 

Making  <  =  0  when  h  =  h,,  we  have  /•      j,    .v 

and  for  the  time  required  for  the  vessel  to  empty  itself,  A  =  0,  and 

25       /X  .^^^^ 

^■=  — -VaJ (405) 
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Now,  with  the  43ame  relation  of  the  orifice  to  the  cross .  section 
of  the  cylindrical  vessel,  we  have,  Equation  (481), 

and  for  the  volume  of  fluid  discharged  in  the  time  t,  when  the 
vessel  is  kept  foil, 

and   if  this  be  equal   to  the  contents  of  the  vessel, 
whence. 

That  is.  Equation  (495),  the  time  required  for  a  prismatic  or  cylin- 
drical vessel  to  discharge  itself  through  a  small  orifice  at  the 
bottom  is  double  that  required  to  discharge  an  equal  volume,  if 
the  vessel  were  kept  full. 

§294. — ^The    orifice    being    still    small,    we    obtain,    firom    Equa- 


whence  it  appears  that,  for  a  cylindrical  or  prismatic  vessel,  Uie  * 
motion  of  the  upper  surface  of  the  fluid  is  uniformly  retarded.  It 
will  be  easy  to  cause  ^  so  to  vary,  in  other  words,  to  give  the 
vessel  such  figure^  as  to  cause  the  motion  of  the  upper  surface  to 
follow  any  law.  If,  for  example,  it  were  required  to  give  such  figure 
as  to  cause  the  motion  of  the  upper  surface  to  be  uniform,  then 
would  the  first  member  of  the  above  equation  be  constant ;  and, 
denoting  the  rate  of  motion  by  a,  we  should  have 

whence, 

but  supposing  the  horizontal   sections  circular, 

22  a" 
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0^^ 


..U 


and,  therefore, 


=v^v^> 


A««r 


f.0r*^3.t 


whence  the  radii  of  the  sections  must  vary  as  the  fourth  root  of 
their  distances  from  the  bottom.  These  considerations  apply  to  the 
construction  of  Clepsydras  or  Water  Clocks. 

HOnON  OF  ELABTIO  FLUIDS  IN  YE8BBL8. 


§295. — As  in  the  case  of  incompressible,  so  also  in  that  of 
elastic  fluids,  it  is  assumed  that  in  their  movement  through  vessels, 
they  arrange  themselves  into  parallel  strata  at  right  angles  to  the 
direction  of  the  motion.  The  quantity  of  matter  in  each  stratum 
is  supposed  to  remain  the  same,  while  its  density,  which  is  always 
uniform  throughout,*  may  vary  from  one  position  of  the  stratum  to 


another ;  hence,  the  volume  of  each  stratum  may  vary;     fas 

All  lateral  velocity  among  the  particles  will  be  supposed  zero ; 
and  as  the  weight  of  the  elements  of  elastic  fluids  is  insignificant 
in  comparison  to  their  elasticity,  the  former  will  be  disregarded. 
The  motion  will,  therefore,  be  due  only  to  the  elastic  force  arising 
from  some  force  of  compression ;  and  as  the  fluid  will  be  supposed 
to  communicate  freely  with  the  air,  or  with  a  vessel  partly  filled 
with  some  other  elastic  fluid,  this  force  within  may  be  greater  or  less 
tiian  it  is  on  the  exterior  of  the  vessel. 

§296. — Assuming   the    axis    of  the  vessel    horizontal,   take    that 
line  as  the  axis  of  x. 
Then,  by  the  supposi- 
tion above,  will 


X 
T 
Z 

V 


=  0; 
=  0; 
=  0; 
=  0; 
=  0; 
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a&d  Equations  (400)  give 

Moreover,  if  we  suppose  the  motion  to  have  been  established 
und  become  permanent,  the  velocity  of  a  stratum  as  it  passes  any 
particular  cross  section  of  tiie  vessel  will  always  be  constant,  and 
the  quantity  of  fluid  which  flows  through  every  cross  section  will 
be  the  same.  Hence  the  partial  differential  of  u  in  regard  ip  the  ^=/(^yJ^/^/ 
tiiue,  that  is,  (supposing  jr,  y,  ^pW^Be^ constant,  \must  be  zero^  and 
tne  above  equation  reduces   to 

dp  =  -^  D .u,du. 

From   Mariotte's  law,  Equation  (389), 

aaid  by.  division,  ^ 


snd  by  int^ration. 


dp  1         . 

---  =  -  —'udu. 


^ogp=0^^.u\   ......    (497) 


To  determine  the  constant,  let  p^  be  the  pressure  at  the  opening 
C/>,  that  is,  the  pressure  of  the  atmosphere,  and  denote  by  u,  the 
velocity  of  the   fluid  at   this  point,  then  will 


^ogp,  =  ^-2?'**'*' 


and   by   subtraction. 


Denote  by  s  the  area  of  any  section  of  the  vessel  A'  B\  at  which 
the  pressure  is  p  and  velocity  i/,  by  J)  the  density  of  the  fluid  at 
this  section,  and  by  J),  that  at  the  section  CD  equal  to  s^.  Then, 
since  the  quantities  of  fluid  flowing  through  these  sections  in  a  unit 
a£  time  must  be  equal,  we  have 

D  ,s  ,u  =  D^.s^,u^\ 
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but,  §244, 


whence^ 


or 


p. 9 


which,  in  Equatkm  (498),  gives 


(499) 


If  p'  denote  the  pressure  exerted  by  the  piston  A  B,  and  S   de- 
note its  area,  we  have 


H=^\}-m)'i' 


(500) 


whence^ 


•».  = 


2P.log  ^ 


-iw 


(501) 


lllis   is    the  velocitj  with  which   the   fluid  will    issue    into    the 
atmosphere  or  other  fluid  whose  pressure  on  the  unit  of  surface  is  p^ . 


§297. — ^The  v^lume^discharged  in  a  unit  of  time  is 

T 


n,  $,  =  t, 


^  i»  •  log  i- 


.»  ' 


1  _  /^£Ay 

while  under  the. pressure  p,;    and  under  a  pressure  equal  to  tbai 
on  the   unit   of  surface  of  the  piston,  jp^ 
or  top  of  a  gasometer,  and  which  would  ' 
be  indicated  by  a  gauge,  since  the  vol- 
umes are  inversely  as  the  pressures, 


^'/  =  r>•«/• 


P-log:?. 


(502) 


r    v^ 


v^>- 
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S  2V8.— Dividing  Equation  (499)  by  Equation  (500),  we  have 


__JPi=  \P»/     ■ 

P'       1        /Pi  *A*  '  * 


•        • 


which  will  give  the  pressure  p  at  any  section  of  the  TesseL 


(508) 


§299. — If  the  opening  CD  is  very  small  in  reference  to  AB^  tfa« 
▼elocitj  u^  will  become,  Equation  (501), 

u,  =  yj^  P  •  log  ^  ; (604) 

and  the  volume  of  fluid  discharged  in  ia  unit  of  time  and  of  a  den- 
fiitj  equal  to  that  pressing  upon  the  gauge, 

^  .  ., .  y/spTJ^  ; (505) 

and  Equation  (503)  becomes     '>>vayf^UA.f    ^^0 

log^ 


log 


§300. — A  stream  flowing  through  an  oriflce  is  called  a  vein.  In 
estimating  the  quantity  of  fluid  discharged,  it  is  supposed  that  there 
are  neither  within  nor  without  the  vessel  any  causes  to  obstruct  the 
free  and  continuous  flow ;  that  the  fluid  has  no  viscosity,  and  does 
not  adhere  to  the  sides  of  the  vessel  and  orifice ;  that  the  partides 
of  the  fluid  reach  the  upper  surface  with  a  common  velocity,  and  also 
leave  the  orifice  with  equal  and  parallel  velocities.  None  of  these 
conditions  are  fulfilled  in  practice,  and  the  theoretical  discharge  must^ 
therefore,  differ  from  the  actual.  Experience  teaches  that  the  former 
always  exceeds  the  latter.  If  we  take  water,  for  example,  whidi  is 
fiir  the  most  important  of  the  liquids  in  a  practical  point  of  view, 
we  shall  And  it  to  a  certain  degree  viscous,  and  always  exhibiting  a 
tendency  to  adhere  to  ununctuous  surfaces  with  which  it  may  be 
brought   in   contact      When   water   flows    through    an    opening,  th^ 


843         ELEMENTS    OF    ANALYTICAL    MECHANICS. 

adhesion  of  its  particles  to  the  surface  will  check  their  motion,  and 
the  viscosity  of  the  fluid  will  transmit  this  eflect  towards  the  interior 
of  the  vein;  the  velocity  will,  therefore,  be  greatest  a;  the  axis  of 
the  latter,  and  least  on  and  near  its  burface;  the  inner  particles  thus 
flowing  away  from  those  without,  the  vein  will  increase  in  length  and 
diminish  in  thickness,  till,  at  a  certain  distance  from  the  orifice,  the 
velocity  becomes  the  same  throughout  the  same  cross-section,  whid) 
usually  takes  place  at  a  short  distance  from  the  aperture.  This 
effect  will  be  increased  by  the  crowding  of  the  particles,  arising  from 
the  convergence  of  the  paths  along  which  they  approach  the  aper- 
ture, every  particle,  "^hich  enters  near  the  edge,  tending  to  pass 
obliquely  across  to  the  opposite  side.  This  diminution  of  the  fluid 
vein  is  called  the  veinal  contraction.  The  quantity  of  fluid  discharged 
must  depend  upon  the  degree  of  veinal  contraction,  and  the  velocity 
of  the  particles  at  the  section  of  greatest  diminution ;  and  any  cause 
that  will  diminish  the  viscosity  and  cohesion,  and  draw  the  particles 
in  the  direction  of  the  axis  of  the  vein  as  they  enter  the  aperture, 
will  increase  the  discharge. 

Experience  shows  that  the  greatest  contraction  takes  place  at  a 
distance  from  the  vessel  varying  from  a  half  to  once  the  greatest 
dimension  of  the  aperture,  and  that  the  amount  of  contraction  de-> 
pends  somewhat  upon  the  shape  of  the  vessel  about  the  orifice 
and  the  head  of  fluid.  It  is  further  fomid  by  experiment,  that  if  a 
tube  of  the  same  shape  and  size  as  the  vem,  from  the  side  of  the 
vessel  to  the  place  of  greatest  contraction,  be  inserted  into  the 
aperture,  the  actual  discharge  of  fluid  may  be  accurately  computed 
by  Eqiuition  (478),  provided  the  smaller  base  of  the  tube  be  sub- 
stituted for  the  area  of  the  aperture ;  and  that,  generally,  without 
the  use  of  the  tube,  the  actual  may  be  deduced  from  the  theoretical 
discharge,  as  given  by  that  equation,  by  simply  multiplying  the 
theoretical  discharge  into  a  co-efficient  whose  numerical  value  depends 
upon  the  size  of  the  aperture  and  head  of  the  fluid.  Moreover, 
all  other  circumstances  being  the  same,  it  is  ascertained  that  this 
oo-efiicient  remains  constant,  whether  the  aperture  be  circular,  square, 
or  oblong,  which  embrace  all  cases  of  practice,  provided  that  ui 
comparing  rectangular  with  circular  orifices,  we  compare  the  smaUist 
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dimens.oit  of  the  former  with  the  diameter  of  the  latter.     Tho  value 

of  this  co-efiicient  depends,  therefore,  when    other  circumstances  are 

the  same,    upon   the    smallest  dimension  of    the  rectangular    orifice, 

and  up<nt  the  diameter  of  the  circle,  in  the  case  of  circular  orifices. 

But  should   other  circumstances,  such  as   the   head  of  fluid,  and  the 

place  of  the  orifice,  in  respect  to  the  udes 

and  bottom  of  the   vessel,  vary,  then  will 

the  co-effident  also  vary.     When  the  flow 

tskea  place  through  thin  plates,  or  through 

orifices  whose   lips   are   bevelled   externally, 

the  co-eSicient  corresponding  to  giren  heads 

and    oriliceB,    may   be    found    in    Table    V, 

provided  the    orifices    be  remote  from  the 

lateral    faces    of  the  vessel.      This  table  is 

deduced   from    the    experiments   of  Captain 

Lesbros,  of  the  French  engineers,  and  agrees 

with  the  previous  experiments  of  Bossut,  Michelotti,  and  others. 

Aa  the  orifice  approaches  one  of  the 
lateral  &ces  of  the  reservoir,  the  contrac- 
tion on  that  ude  becomes  less  and  less, 
and  wilt  ultimately  become  nothing,  and  the 
co-efficient  will  be  greater  than  those  of  the 
table.  If  the  orifice  be  near  two  of  these 
iaces,  the  contraction  becomes  nothing  on 
two  sides,  and  the  co-eflicient  will  be  still 
greater. 

Under  these  circumstances,  we  have  the 
following  rules : — Denote  by  C  the  tabular, 
and  by  C  the  true  co-efficient  corresponding 
to  a  given  aperture  and  head ;  then,  if  the 
contraction  be  nothing  on  one  side,  will 

C  =  1,0S  C;  . 
if  nothing   on   two   sides, 

C  =  1,06  <7; 
if  nothiug   on'lhruc   sides, 

C  =  1.12(7: 


liii 
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and  it  must  be  borne  in  mind,  that  these  results  and  those  of  the 
table  are  applicable  only  when  the  fluid  issues  through  holes  in 
thin  plates,  or  through  apertures  so  bevelled  externally  that  the 
particles  may  not  be  drawn  aside  by  molecular  action  along  their 
tubular  contour. 

§301. — When  the  discharge  is  through  thick  plates  wiikwU  hevel^ 
or  through  cylindrical  tubes  whose  lengths  are  from  two  to  three 
times  the  smaller  dimension  of  the  orifice,  the  expense  is  increased, 
the  mean  coefficitot,  in  such  cases,  augmenting,  according  to  experi- 
ment, to  about  0,815  for  orifices  of  M'hich  the  smaller  dimension 
yaries  from  0,33  to  0,66  of  a  foot,  under  heads  which  give  a  coeffi- 
cient 0,619  in  the  case  of  thin  plates.  The  cause  of  this  increase  is 
obvious.  It  is  within  the  observation  of  every  one,  that  water  will 
wet  most  surfaces  not  highly  polished  or  covered  with  an  unctuou.» 
coating — in  other  words,  that  there  exists  between  the  particles  of 
the  fluid  and  those  of  solids  an  affinity  which  will  cause  the  former 
to  spread  themselves  over  the  latter  and  adhere  with  considerable 
pertinacity.  This  affinity  becoming  effective  between  the  inner  sur- 
face of  the  tube  and  those  particles  of  the  fluid  which  enter  the 
orifioe  near  its  edge,  the  latter  will  not  only  be  drawn  aside  from 
their  converging  directions,  but  will  take  with  them,  by  the  force  of 
viscosity,  the  other  particles,  with  which  they  are  in  sensible  contact. 
The  fluid  filaments  leading  through  the  tube  will,  therefore,  be  more 
nearly  parallel  than  in  the  case  of  orifices  through  thin  plates,  the  cod* 
traction  of  the  vein  will  be  less,  and  the  discharge  consequentlj 
ipreater. 


!  I 

I 

I 


w 

1 
1 


i 
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MECHANICS  OF  MOLECULES. 


§  302. — ^Thb  more  general  circamstances  attending  the  action  of 
fiirces  upon  bodies  of  sensible  magnitudes  have  been  discussed.  They 
constitute  the  subjects  of  Mechanics  of  Solids  and  of  Fluids.  Those 
which  result  from  the  action  of  forces  upon  the  eletnents  of  both  solids 
and  fluids  remain  to  be  considered.  They  form  the  subject  of  Me- 
chanics of  Molecules;  which  comprehends  the  whole  theory  oi  Electrics^ 
ThermoticSj  Acoustics^  ,9Xidi  Optics, 

It  has  been  seen,  that  all  bodies  are  built  up  of  elementary  mole- 
cules in  sensible,  though  not  in  actual,  contact;  that  the  relative  places  ' 
of  equilibrium  of  these  molecules  are  determined  by  the  molecular  forces, 
and  that  the'  intensities  of  these  forces  are  some  function  of  the  dis- 
tance between  the  acting  molecules.  A  displacement  of  a  single  mole- 
cule from  its  position  of  relative  rest,  will  break  up  the  equilibrium  of 
the  surrounding  forces,  and  give  rise  to  a  general  and  progressive  dis- 
turbance throughout  the  body.  It  is  proposed  to  investigate  the  nature 
of  this  disturbance,  the  circumstances  of  its  progress,  and  the  conduct 

■ 

of  the  molecules  as  they  become  involved  in  it 

FERIODICITT   OF  MOLECULAR   CONDITION. 

§  303. — Molecular  motions  cannot,  like  the  initial  disturbances  which 
produce  them,  be  arbitrary ;  hut  must  fulfil  certain  conditions  imposed 
by  the   physical   connections  which  unite  the  molecules  into  a  system. 
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These  motions  are,  so  to  speak,  constrained  by  this  connection.  Let 
the  conditions  of  constraint  be  expressed,  as  in  §  213,  Mech.  of 
Solids,  by 

Z  =  0 ;    Z'  =  0 ;    Z"  =  0 ;  Ac (606) 

Z,  Z',  Z",  d^c,  being  functions  of  the  co-ordinates  of  the  molecules. 

Denote  by 

X,  Y,Z\  JT,  F',  Z';  ike, 

the  accelerations  impressed  upon  the  molecules  whose  masses  arc  m,  m\ 
Ac,  in  the  directions  of  the  axes.  Equation  (313)  will  obtain  for  each 
molecule.  There  will  be  as  many  equations  as  molecules,  and  by  addi- 
tion, we  find,  by  inverting  tlie  terms, 

There  will  be  three  co-ordinates  for  each  molecule.  Denote  tho 
number  of  molecules  by  \\  the  number  of  Equations  (506)  of  condition 
by  m ;  then  will  3  »  —  iw  =  n,  bo  the  number  of  co-ordinates  which, 
being  given,  will  reduce  the  number  of  unknown  co-ordinates  to  the 
number  of  equations.  These  unknown  co-ordinates  may,  hence,  be  found 
in  functions  of  the  known,  and  the  places  of  the  molecules  at  any  in- 
stant determined. 

Denote  the  m  co-ordinates  by  xyZy  x*  y*  z\  Ac,  and  the  n  co-ord}« 
nates  by  a/3y,  a'/3'y',  Ac:  then  we  may  write, 

» 

«  =  (p.(a/3ya',  ikc.)=i?.; 
y  =  9y  (a /3 y  a',  Ac.)  -p^\ 
a?  =  9.  (a  i3  y  a',  Ac.)  =  ^. ; 

«'=  9.'  (a  /^  y  a'l  Ac.)  =  ^^ ; 
<fec.  =  Ac  =  Ac; 

X  =  V'.  (a/By  a',  Ac.)  =  P. 

r='^,(ai3ya',Ac.)  =  i>, 

Z  =  V^,(ai9ya',Ac.)  =  P, 
.X!  =  '0,.(a  jS  y  a',  Ac.)  =  P.- 
Ac. =  Ac.  =  Ac. ; 

In  ^hich  9.,  9^  9,,  Ac,  ^^„  \p^  ^=„  Ac,  denote  any  functions  of  the  oo- 
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ordinates  a  j3  y,  a'  &c^  which  result  from  the  conditions  of  Equations 
(506)  and  the  process  of  elimination. 
At  any  time  /,  suppose 

a  p  and  y  to  become  a  +  f ,   jS  +  iy,   y  +  f ; 
a'  P'  and  y'  to  become  a'+  f ,  i3'+iy',  y'+  ?'; 


and  suppose  the  increments  ^  ^  ^,  |'  17'  C'?  ^c**  to  continue  so  small 
daring  the  entire  motion  as  to  justify  the  omission  of  all  term/'  into 
which  their  second  powers  and  products  enter;  then  will 


X  = 


y  = 


i>.  +  ^-f+^.i7  +  ^.f+&c,  &c,' 


da 


dp 


'       da 
dp. 


^'  i+4^->j+ 


dp 


«  =  !>.+ 


dy 

dy 
dp. 


^+  &c^  &c. 


^«^+^-''+^'^+*<^-*'=- 


► .    .  (608) 


«'  = 


-P.  +  -^-r  •  f  +  -3^  •  ^  +  •:y77  •  f  +  A^c.,  &c^ 


c^a 


c^i3 


dy 


dPg    ^      dPg  ^Pt    >•  •    ■_      fi_ 


^.    ,  (609) 


From  Equations  (508)  we  have 

cP«  =  H^.d«f  +  ^.cPi7  +  ^.d«f+  &c^  Ac, 


da     "  "^   '    dp 
^       da        ^^  dp 


(P17  + 


dy 

dp^ 
dy 


"=^-'f+^-"+it 


d^x'=        &c, 


d?c. 


•  d*  f  +  Ac,  Ac, 

•  (^  f  +  &Q.,  Ac, 
Ac. 


^.    .  (510) 
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also  from  the  same 


V  . 


(611) 


The  Equation  (50*7)  contains  three  times  as  many  terms  as  there 
are  molecules,  each  term  consisting  of  a  variation  with  its  coefficient. 
Eliminate  from  this  equation  JT,  F",  Z,  X\  &c^  d?  x^d}y^d^z^<Px'^  Sic^ 
and  dxj6y,  dzy  6z\  &c.,  by  means  of  Equations  (509),  (510),  and  (511); 
collect  the  coefficients  of  df,  di^,  d^,  dl',  (fee;  the  number  of  terms 
will  reduce  to  n,  this  being  the  number  of  the  co-ordinates  a,  )3,  y,  a.\ 
d^c.  These  variations  are  independent  of  one  another,  since  the  co* 
ordinates  a,  j3,  y,  a',  &C.,  are  so.  The  coefficients  of  these  variations 
must,  therefore,  bo  separately  equal  to  zero.  Performing  the  operation, 
omitting  all  the  terms  containing  products  and  powers  of  ^,  f/,  ^  ^, 
isc,  higher  than  the  first,  there  will  result  n  equations  of  the  form, 

S2>.J|+2i2r.^+2ir'.^+SG'.^4.2jy.iy+2:ir.;+^=0;  (612) 

in  which  2),  E^  F^  Gj  IT,  ftc,  are  functions  of  the  differential  co-efficients 
in  Equations  (509),  (510),  and  (511);  and  A  consists  of  a  series  of  tonus 
each  composed  of  two  factors,  one  of  which  is  either  P.,  P,,  P.,  or 
some  other  P  with  subscript  co-ordinate  accented. 

If  06  /3  y,  a' J  &Cn  give  the  places  of  i-est  of  the  molecules,  then  will 
P^=z  P^^P^z=  Ac.  =  0,  and  Equations  (512)  become 

1D.^  +  1B.^+:eF.^,+1G.S  +  :SI£.^+1E.?=0.{613) 


These  equations  are  satisfied  by  making 

f=jB.i\r  .8in(^^^p 

f  =  i? .  J\r. .  Bin  (< .  v'p 


r), 
r), 


>    . 


.  a         .         • 


(614) 
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:n  which  H  and  r  are  arbitrary  conBtants,  and  p,  iV^^  iV ,  i\r ,  i^c^  are 
constants  to  be  determined.  For,  after  two  differentiations,  regarding 
f*  17,  ^  &c.y  and  t  variable,  we  have 


-r|  =  -i^.iV..sin(<Vp-r)p, 


^=-/J.jr,.sin(<V?-r)p, 

^  =  -i2.ir^.sin(<V?-r)p, 
(fee,  <fec. 

which,  substituted  in  Equations  (513),  give,  ailer  dividing  out  the  com- 
mon factor  B .  sin  {t  Vp  —  r), 

{ID.I^  +1£.N  +XFj!^)p^lGJ!^-lirN  -IKN  =zO.  (616) 

Now,  there  being  n  of  these  equations ;  n  —  1  of  them  will  give  the 
values  of  iV^,  iV ,  JV.',  <fec.,  in  terms  of  iV\ ;  and  these  being  substituted 
in  the  n^  equation,  must,  from  the  form  of  the  equations,  give  a  result- 
ing equation  having  iV.  as  a  common  factor  and  of  the  n*^  degree  in  p. 
The  common  factor  JT.  will  divide  out  The  quantity  p  will  have  n 
values.  The  values  of  iV,  i\r,  iV  ,  &c.,  will  be  rational  fractions  of 
the  (n— 1)^^  degree  in  p,  having  a  common  denominator,  and  each  multiplied 
by  j^^  which  is,  as  yet,  arbitrary.  Make  iV  equal  to  the  common  de- 
nominator, and  iV,  iV,  iV  ,  Ac,  will  be  expressed  in  symmetrical  func- 
tions  of  p,  of  the  (n—  1)"*  degree.  Each  of  the  quantities  iV.  JV,  iV, 
Ac,  will  have  as  many  values  as  p;  and  each  of  the  increments 
if  Vi  ^  fi  ^c.,  will  also  have  n  values,  each  set  of  which  will  satisfy 
Equations  (613). 

But  Equations  (613)  are  linear;  not  only,  therefore,  will  each  of 
the  values  of  f,  rj,  f,  f,  Ac,  satisfy  them,  but  their  respective  sums  sub- 
stituted for  (,  fjj  ^,  fj  Ac,  will  also  satisfy  them. 

Denoting  the  roots  of  the  n^  equation  in  p  by  p,  p„  p«,  Ac,  and 
using  the  subscript  .figures  to  designate  the  corresponding  values  for 
the  other  letters,  the  general  solution  of  Equations  (613)  will  be 
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( :=B,N^ .  sin  {t,^fr)'\-BiN'^  .  sin  {i,  ^/pi - rx)-\-E^Kf  .  sin  (<.  ^/»a— rj)-f  Ac 
5=5.^;  .8in(<Vp-»')+-ffi.-^  .sin(<Vr-ri)-Hjff3.iV;  .8in(«VS-»*«)4-&<5- 


^  (516) 


jS,  i2„  <fec^  and  r,  Ti,  <S?c.,  are  arbitrary  constants,  in  these  complete  in* 
tegrals.  They  must  be  found  in  terms  of  the  initial  values  of  |v  ^»  C» 
(isc^  and  their  differential  coefficients.  They  are  small,  because  the  ori- 
ginal disturbance  is  supposed  small. 

§  304. — If  all  the  quantities  B,  i2„  R^^  (Sec,  except  the  firsts  vanish. 
Equations  (516)  lose  all  their  terms  in  the  second  members  except  the 
firsts  and  Equations  (508)  become 


(SIT) 

§  305. — ^If  the  roots  p,  p„  pg,  &c.,  be  real,  the  different  terms  in  the 
values  of  ^,  %  ^,  &c.,  as  given  in  Equations  (516),  will  disappear  period- 
ically, and  the  precise  times  of  disappearance  of  each  will  be  found  by 
making 

tVp  — r  =  a7r;     < Vp,  —  r,  =  a7r;     <Vpi— ^i  =  a?r;    *c^ 


or. 


t^^^L+1.    t=.^^^;    «  =  ^^i:±^;   &c, 


VT 


v'pi 


vpr 


in  which  a  is  any  whole  number  whatever.    The  intervals  of  disappear* 
ance  will  be 

ir  +  r.     ir  +  r,       ir  +  ir,^    ^^ 


Vp   '       VpT'       V^p, 
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When  these  intervals  aro  commensurable,  then  will  ^,  i],  ^,  &c^  resume 
the  values  they  had  at  some  previous  time,  tlie  molecules  will  return  to 
their  former  simultaneous  places,  the  jnovement  will  become  periodical, 
and  the  period  will  i>e  equal  to  the  least  common  multiple  of  the  above 
intervals.  This  phenomenon  of  periodical  returns  of  molecules  to  their 
initial  places,  is  called  the  periodicity  of  molecular  condition. 

§  306. — From  Equations  (516)  it  is  apparent  that  each  and  every 
individual  of  a  system  of  molecules  in  which  the  connection  is  such  as 
to  leave  n  of  their  co-ordinates  independent,  may,  when  slightly  dis- 
turbed from  rest  in  positions  of  stable  equilibrium,  assume  a  number  n 
of  oscillatory  movements,  and  that  all  or  any  number  of  these  may  take 
place  simultaneously.  And  conversely,  whatever  be  the  initial  derange- 
ment of  such  a  system,  the  resulting  motions  of  each  molecule  may  be 
resolved  into  n  or  less  than  n  simple  components  parallel  to  each  of 
any  three  rectangular  axes.  Here  we  have,  under  a  different  form,  the 
principle  of  the  coexistence  of  mall  motions, 

§  307.-AAgain,  let  ^i,  rji,  ^i,  &c.,  be  the  values  of  ^,  97,  ^,  <fec.,  when 
the  system  is  in  motion  by  the  action  of  one  set  of  forces ;  1^  %  ^t, 
&c,,  when  under  the  action  of  another  set,  and  so  on — the  initial  con* 
dition  being  determined  for  each  set  of  movements — then.  Equation 
(516)  being  linear,  will  the  resultant  values  of  ^,  97,  ^,  <S?c.,  be  given  by 

^=f, -hf,  +  f,+  Ac, 
f|  =  r|^  +  f|t+f|t^h  Ac, 
f=f,4.<',  +  f,+  &c; 

and  here  We  also  have  again  the  superposition  of  small  motions.  That 
is,  each  molecule  may  take  up  simultaneously  the  motions  dae  to  each 
disturbing  cause  acting  separately  and  alone. 

§  308. — ^Equations  (513)  may  also  be  satisfied  by  making 

fi=zR,N.e       "^         , 

5 
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which  give 

and  these  sabstituted  in  Equations  (513),  give  Equations  (51^),  with 
the  exceptions  of  the  signs  of  the  terms  which  are  independent  of  p. 
Bat  with  this  solution  there  would  be  jio  limit  to  the  increase  of 
^,  ^}  ^y  r?  ^^n  ^hich  is  contrary  to  the  conditions  that  the  disturbances 
are  to  continue  small.  In  fact,  this  last  solution  supposes  the  molecules 
to  be  moved  from  positions  of  unstable  equilibrium;  the  other,  which 
is  the  case  of  nature,  from  stable  equilibrium, 

WAVES. 

§  309. — It  thus  appears  that  every  molecule,  subjected  to  certain 
conditions  of  aggregation,  may,  when  disturbed  from  its  place  of  rela- 
tive rest,  describe,  under  the  action  of  surrounding  molecules,  a  closed 
orldt  The  disturbed  molecule  being  acted  upon  by  its  neighbors,  will 
react  upon  the  latter,  and  cause  them,  in  turn,  ^o  take  up  their  appro- 
priate paths;  and  the  same  being  true  of  the  next  molecules  in  order 
of  distance,  the  disturbance  will  be  progressive  and  in  all  directions. 
That  is,  an  initial  disturbance  of  a  molecule  at  one  time  and  place, 
becomes  a  cause  of  disturbance  of  another  molecule  at  another  time 
and  place.  While,  therefore,  any  molecule  Ai  is  travelling  over  its 
orbit,  the  disturbance  is  being  propagated  on  all  sides,  and  at  the  in* 
stant  the  former  completes  its  circuit,  the  latter  will  have  reached  a 
molecule  Af^  in  the  distance,  which  will  then,  for  the  first  time,  begin 
to  move;  and  the  molecules  Ai  and  At  will,  thereafter,  always  be  at 
the  same  relative  distance  from  their  respective  starting  points.  In  the 
same  way,  a  molecule  A^,  still  further  in  the  distance,  will  begin  its 
first  circuit  when  A^  begins  its  second  and  Ai  its  third,  and  so  on. 
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Between  the  molecnles  Ai  and  Af,  as  also  between  A^  and  A^,  dbc, 
molecolea  will  be  found  at  all  distances  from  their  starting  points  and 
moving  in  all  directions,  consistently  with  the  dimensions  and  shapes  of 
their  respective  orbits.  The  term  pJicLse  is  used  to  express  the  condi- 
tion of  a  molecule  with  respect  to  its  displacement  and  the  direction 
of  iii  motion. 

Molecules  are  said  to  be  in  similar  phases j  when  moving  in  parallel 
orbital  elements  and  in  the  same  direction ;  and  in  opposite  phases^ 
when  moving  in  parallel  orbitql  elements  and  in  opposite  directions. 

The  particular  form  of  aggregation  assumed  by  the  molecules  be- 
tween the  nearest  two  concentric  surfaces  in  which  the  same  phases 
simultaneously  exist  throughout,  is  called  a  wave. 

A  surfisu^e  which  contains  molecules  only  in  similar  phases,  is 
called  a  wave  front.  This  latter  term  ia  generally,  thojigh  not  al- 
ways, applied  to  the  surface  upon  which  the  molecules  are  just  begin- 
ning to  move.  The  velocity  of  a  wave  front  will  always  be  that  of 
disturbance  propagation.  A  wave  length  is  the  interval,  measured  in 
the  direction  of  wave  propagation,  between  two  consecutive  surfaces 
opon  which  the  molecules  have  similar  phases. 

WAVB   FUNCTION. 

§  310. — ^Denote  the  masses  of  the  molecules  by  m,  m',  &c. ;  the  co«> 
ordinatea  of 

m  by  «,  y,  -  «, 

m'  "  «  -I-  A  ar,  y  +  A  y,  2  -f-  A  «, 

w"  '"  «  +  Aa;',  y  +  Ay',  z^b.z\ 

(S^c,  <&c.,            <fec.,            drc«, 

and  the  distance  between  any  two  molecules,  as  m  and  m\  by  r ;  then 
will 

r==V^^TA7T^' (518) 

Let  /(r)  be  the  intensity  of  the  reciprocal  action  between  m  and  m' \ 
in  which  /  denotes  any  function  whatever.  This  reciprocal  action  will 
determine  the  elastic  force  of  the  body. 

23 
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Before  the  syBtem  is  dktnrbed,  there  will  be  oo  inertia  developed, 
the  inertia  tenns  in  Equations  {A  )  will  disappear,  and  we  shall  have 
for  the  action  on  any  molecule  as  m^ 


s/« . 

Ax 

r 

=  0, 

s/W . 

Ay 

r 

=  0,   - 

S/(r) . 

As 

»      * 

r 

=  0. 

(619) 


Now  suppose  the  system  slightly  dLstorbed,  and  denote  the  displacement 
at  the  time  t  in  the  direction  of  the  axes  x,  y,  z^  rcspectiyely,  of 


m     by   i; 

m'     «    f  +  Af, 

m"    «    f+Af, 


^1  <i 

17  +  A17,     f+Af, 

17  +  Aiy',    f+AC, 


&c. 


&c. 


&c. 


<fec. 


Then,  denoting  the  change  in  r  by  Ar,  Equation  (518)  becomes 


r  +  Ar  =  V(Aa?  +  Af)*+  (Ay  +  Aiy)*+  (A«  +  Af)«   .    (620) 

and  by  the  principle  of  the  superposition  of  small  motions,  Eqaationa 
(A)  give  for  the  action  on  m, 


dr 


^  '     r  +  Ar 

# 

r  +  Ar 


•     • 


(sai) 


Bnt 


ar         '^  'r  +  Ar^ 


1  1      Ar     At*       . 

7+^  =  r  "■?■"*""?" -^^ 


/(r  +  Ar)  =/(r)  +  ^^^r+  Ac, 


whence,  n^lecting  the  powers  of  A  r  higher  than  the  first, 
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Squaring  Equation  (520),  neglecting  the  squares  of  Ar,  A|,  Aij, 
and  A^,  and  subtracting  the  square  of  Equation  (518)  from  the  result, 
we  find 

^^^^x.^i  +  ^tf.Afi  +  Az.^^      .    .    .     (622) 


Sofaetitnting  this  above,  and  making 

^^'      f*.dr        T*    ' 
Eiquations  (521)  become 

•».^=2|<l>(r).Ag  +  V»(r)(A«.Af  +  Ay.Aiy  +  A«.Aj;).A«| 
fw.j-  =2{(i>(r),Ai7+V'(r)(Aa;.A|  +  Ay.A^+A2-A^).Ay| 

m.^  =  Sj(l>(r).A^  +  V^(0(^*-^5  +  ^y-^9  +  ^^-^?)-^«} 


(523) 


(524) 


Performing  the  multiplication  as  indicated  in  the  last  term  of  the  seo- 
ond  members,  there  will  result  terms  of  the  form, 

S'0(r).Ai7.A«.Ay;  2^(r)  .  A^.  Aar.  Ag;  "Sf  (r)  .  Af  .A«.  Ay; 
SV»(»').^^-^y-A«;     SV'(r).A^.A«.Ay;     SV»(r).Ag.A».A«; 

and  it  may  be  shown  bj  the  process  of  §  164,  to  prove  the  existence 
of  principal  axes,  that  the  co-ordinate  ai^es  may  be  so  taken  as  to  cause 
these  terms  to  vanish.  Assuming  the  axes  to  satisfy  tiiese  eoodiUons, 
Equations  (524)  become 


m.j^=2{9(r)  +  V»(r)A«»fAf, 

m.|^  =  2{9(r)+V'(^)^y'{^'7, 
«.^^  =  2{9(r)+V'(r)A«MAf- 


..    •     .     .    (525) 
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M^dng 


m^   = 


ft 


mp'  = 


ftt. 


mj>    = 


9(r)+Vf(r).Aj».. 


•■ 


.     (fiSC) 


Bqtuttioitt  (525)  take  tbe  fonn, 


df 


=  Xj>'.Aft 


df 


=  sp".An, 


=  sy".A5. 


(627) 


An  iDitial  and  arbitrary  displacement  of  a  molecule  at  oda  time 
and  place,  becomes,  tbroagh  a  series  of  actions  and  reactions  of 
the  molecnlar  forces  alone,  the  cause  of  displacement  of  another 
molecule^  at  another  time  and  place.  In  this  latter  displacement, 
which  reanhs  alone  from  the  molecular  forces,  the  molecular  motions 
must  take  place  in  the  direction  of  least  molecular  resistance.  This 
direction  is  at  right  angles  to  that  of  wave  propagation ;  for,  the  force 
which  resists  the  approach  of  any  two  strata  of  mi^ecules  will  be  much 
greater  than  that  which  opposes  their  sliding  the  one  by  the  other. 
Indeed,  this  view  is  abundantly  confirmed  by  many  of  the  phenomena 
that  resnlt  firom  wave  transmission ;  and  it  will  bo  taken  for  granted, 
without  farther  remark,  that  the  m<decular  orbits  are  in  planes  at  right 
angles  to  the  direction  of  wave  propagation. 

'  §  311. — The  first  of  Equations  (527)  appertains^  therefore,  to  wave 
propagation  in  the  plane  y  z^  the  second  in  the  plane  x  z^  and  tbe  third 
in  .tiie  plane  xy» 

The  integrations  of  Equations  (527)  are  given  by 

27r 


f  s=a,.Mn-7j-  (F,.<  — r,), 


27r 


iy  =  ay.8in-y-(F,.<-r,), 


27r 


f  =a,.8in  -^  (F..<  — r,), 


(528) 
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hi  which  F«,  F,,  and  V^  are  the  velocities  with  which  the  disturbaDce 
18  propagated  ii}  directions  perpendicular  to  the  axes  x^  y,  and  z^  re- 
spectively; A«,  Xy,  and  A^  the  shortest  distaoces,  in  the  same  directions, 
between  the  places  of  rest  of  any  two  molecules  that  may  have  at  the 
same  instant  the  same  phase ;  r«,  r,,  and  r,  the  distances  of  any  mole- 
cule's place  of  rest  fiom  that  of  primitive  disturbance,  estimated  in  the 
same  directions.    This  being  understood,  we  have  the  relations, 


r.  =  v'y*+«';    r^  =  ^a!*  +  «*;    r.  =  ^i»  +  y«/ 


Make 


Stt 


F;  =  n.; 


27r_ 


2n 


»r; 


—  V 


=  n,: 


2  IT 


^.    •    (£29) 


and  the  above  become 


f  =a^,  on  («,,«  — Xr..r.), 
1(7  =  a, .  sin  (iiy  •  <  —  jfcy  •  r,), 
f  =3  fl^.6in(fl^./  — ir..r.). 


<53<^) 


§  312. — ^To  show  that  these  are  the  solutions  of  Equations  (527),  it 
will  be  su£Scient  to  prove  that  the^  will  satisfy  those  equations  with 
real  values  for  n«,  n^,  and  t^«  Differentiate  twice  with'  respect  to  1^ 
and  we  have 


df 


=  -n*.l 


=  — Hy'.JJ, 


=  -•.•.<. 


(«81) 


GSve  to  r,,  r,,  and  r,  the  increments  Ar„  Ar„  snd  Ar„  respeetiyely; 
the  corresponding  increments  of  H  9,  and  (are  A^  A  if,  and  ^i,  and 
Equations  (530)  become 
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fl  +  Atj 


a. .  nn  (n« .  < 
a, .  sin  (n, .  t 
a.  •  sin  (n. .  t 


Developing  the  second  memben,  regarding  n* .  <  —  i&«  •  r.,  n, .  ^  —  JE*,  •  f^ 
and  n^.t  — Xr, .r,  as  single  arcs;  subtracting  Equations  (680)  in  order 
replacing  1  — cosXr.Ar.,  1  —  cos  ilr,Ar,,  and  1  — cos  it.  A  r,  by  theii 
respective  yalnes,  we  find 


Af=- 


2f.sin«^A|^)  +  „n(it.Ar.).«,oo8(iiw-<--*..r.X 


.     (Xr  Ar)        . 


A17  =  —  29;.sin 


+  sin  (Xr,  A  r,) .  a,  cos  (n^ .  <  —  X",  •  r^), 


Af=-2?.sin«^i4^  +  «"(*-^^-)-«-<^(»'-'--*.-^)- 


(532) 


Substituting  these  in  the  second  members  of  Equations  (527),  we  hn,rm 


=  -«f.l|>'.iin« 


..^AK^O 


^fi^ 


3-^  =  -2».lp".8m« 


+     Zp\  BUi(il^ArJ.a^.cos(»^.l 


-*.-o, 


2 


— 2  =  -a{.Xi>^.Mn« 


._.(*.A'-.) 


4-    2;i".BiD(i^Ary>.«y.«08(ii^.l-*^.r^ 


+    Ii>*'.«in(*  Ar,).«,.«08(j»,.l-i,.r^. 


(6SS> 


In  ibe  state  of  eqnilibrinm  of  the  molecules,  we  may  suppoBO 
their  masses  equal,  two  and  two^  and  symmetrically  disposed  on 
either  side  of  that  whose  mass  is  m.  Indeed,  this  is  the  most  general 
way  in  which  we  may  conceive  the  equilibrium  to  exist  Then,  aince 
for  every  positive  arc  k^.Ar^  there  will  be  an  equal  negative  one,  w# 
must  have 

S^'  .sin(it,.Ar,).a,.  cos(ii,.^— jjr,.rj  =  0, 

2y  .  sin  (ity .  A  Ty)  .  a^ .  cos  (n^ .  t  —  *y . r^)  =  0,  |. .     •     (5S4) 

2jp'".sin  (i(».Ar.).a,.oos  (n. .  <  —  it, . r.)  =  0> 


and  therefore, 
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d*! 


j^  =  -  2ij.iy .  am*  -^-j— ', 


£1- 


-2{:.Sp"'.8in'i^;iiI', 


whence^  Eqaatdoiu  (531)  and  (535), 


2      ♦ 


V  =  2  S/>" .  sin 


n,»  =  2  S/".  sin'  -^~^',j 


.    (S35) 


(586) 


which  are,  Equations  (626)  and  (622),  real  values  for  n,,  i^,  and  «,. 

I 

§  313.— Substituting  the  values  op'fi.,  n^,  n.,  and  K,  *y,  *.,  Equa- 
tions (529),  there  will  result,  after  multiplying  the  first,  second,  and 
third  by  l=Ar.«^Ar.»;  l  =  Ar/H-Ar/;  1  =  A  r.« -f- A  r.«,  re- 
spectively, 


Vi^\^p'  .Ar.«. 


.  ,  TT  A  r, 
sin'  — r — 

/7rAr,\t* 


sin' 


I  'f  ^  »"r 


r,'  =  jiy.Ar/. 


r/=jsy".^»-.'. 


•  1  ^  4  ^ 

sin'  — J — • 


^  •    •    •    • 


(««») 
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WAVE   SECnOV. 

§  314. — ^ResomiDg  either  of  Equations  (528),  say  the  first,  vis. : 

f  =a,sin  -^(F,.*  — r.), 

it  is  appar^t  that  if  t  be  made  constant  and  r«  variable,  so  as  to  reach 
in  succe&sion  all  the  molecales  in  its  direction  between  the  limits 

F;.<  — A«  and  F,.t, 

the  displacement  (  will   also   vary,  and   from   zero  to  zero^   pasaiiig 
between  these  limits  through   the   maximum  values  a.  and  minimnin 
value  —  a, ;  thus  deter- 
mining the   curved  line 
C  Dj    of    the     annexed 
figure,  to  be   the   locus 
of  the  corresponding  dis- 
placed molecules,  of  which  .the  places  of  rest  are  on  the  strai^t  line 
AB,  coincident  in  direction  with  the   line  r.  in  the  piano  ys.     And 
it  is  also  apparent  that  if  the  above  value  of  t  receive  an  increment 
making  the  time  equal  to  t\  and,  with  this  new  value  for  the  time,  r« 
be  made  to  vary  between  the  limits 

F. .  <'  —  A»,  and  F, .  t\ 

the  locus  of  the  corresponding  displaced  molecules  will  be  found  to 
have  shifted  its  place  to  (7  D',  in  the  direction  towards  which  the  dis- 
turbance is  propagated. 

This  peculiar  arrangement  of  a  series  of  consecutive  molecules,  by 
which  the  latter  are  made  to  occupy  the  various  positions,  arranged  in 
the  order  of  continuity  about  their  places  of  rest,  is,  as  we  have  seen, 
§  305,  called  a  toave^  and  the  functions,  Equations  (528),  from  which  a 
section  of  the  waves  may  be  constructed,  are  called  tpav$  functions. 

WAVE   VELOCITT. 

« 

§  315. — ^From  either  of  Equations  (537),  say  the  first,  it  appears 
that  the  velocity  of  wave  propagation  depends  upon  the  ratio  between 


MECHANICS    OF    MOLECULES.  861 

the  arc  —^ — -  and  its  sine.    If  the  distance  Ar„  between  the  mole* 

cales,  in  the  direction  of  r.,  have  anj  ct^preciable  value  as  compared 
with  the  wave  length  A»,  this  ratio  will  be  less  than  unity;  and  in 
proportion  as  the  wave  length  increases,  in  the  same  medium,  will  the 
velocity  increase.  When  the  distance  Ar«  is  insignificant  in  compari- 
son with  the  wave  length  X,y  the  ratio  of  the  sine  to  the  arc  will  be 
unity,  and  that  factor  will  cease  to  appear. 

• 

§  316. — If  the  medium  be  homi^eneous,  then  will 

p'  =  p"  =  y ;    A  r,  =  A  r^  =  A  r, ; 
and,  therefore, 

That  is,  the  velocity  will  be  the  same  in  all  directions.  Benote  this 
velocity  by  F;  we  may  write 

.  .ir.Ar 
sm'  — -r — 

V*=:ff. -— (588) 

in  which  the  two  factors  that  compose  the  second  member  have  such 
average  values  as  to  give  a  product  equal  to  the  sum  of  the  products 
which  make  up  the  second  members  of  either  of  Equations  (537). 

Supposing,  in  addition  to  the  existence  of  homogeneity,  that  the  in- 
terval between  the  molecules  is  insignificant  in  regard  to  the  wave 
length,  the  last  factor  of  Equations  (537)  reduces  to  unity,  and  taking 
the  axis  x  in  the  direction  of  the  velocity  to  be  estimated,  A  r  becomes 
A  ^  and,  first  of  Equations  (537), 

replacing  p^  by  its  value,  Equations  (526)  and  (523), 

2m      L  r  \  dr      r        r*/  J 

The  distances  between  the  molecules  being  very  small,  the  term  .of 
which  /Ix*  is  a  factor  may  be  neglected  in  comparison  with  that  con- 
taining A«*,  and  the  above  may  be  written 
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2m      ''  ^  '     r 
A  X 

Now, /(r). —  is  the  component  of  the  elastic  force  exerted  betwe«r 
two  molecules  whose  distance  is  r,  in  the  direction  of  the  axis  x ;   and 

A  X 

/(r) .  —  .Ad;   is  the    qnantity  of  work   of  this    component    acting 
through  a  distance  A^.    Making 

we  may,  by  the  principle  of  parallel  forces,  write 

in  which  e^  is  the  sum  of  the  component  molecular  forces  which  act  on 
one  side  of  the  molecule  m,  in  the  directioi;!  of  the  axis  x^  or,  which 
is  the  same  thing,  the  elastic  force  limited  to  a  single  molecule;  and 
x^  the  path  over  which  this  force  would  perform  an  amount  of  work 
equal  to  that  measured  by  the  first  member.    Substituting  this  above, 

F«  =  ^'. 
m 

Denote  by  t  the  number  of  molecules  in  a  unit  of  length,  and  multiply- 
both  numerator  and  denominator  by  t*;  we  have 

but  i* .  0^  is  the  elastic  force,  extended  to  a  unit  of  surface,  and  is  the 
measure  of  the  elastic  force  of  the  medium;  call  this  e.  The  factor 
%x^  is  the  number  of  molecules  in  the  distance  x^\  call  this  h.  The 
denominator  t*m  is  the  quantity  of  matter  in  a  unit  of  volume,  which 
is  the  density;  call  this  A,  and  the  above  becomes 


=v/? 


h       (589) 


Denote  by  c  the  ratio  which  the  contraction  produced  in  a  given  vol* 
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ume  of  the  mediam  by  the  pressure  of  a  standard  atmosphere  A^  bears 
to  the  volume  without  any  external  pressure;  then  will 


in  which  p  is  the  force  of  gravity  and  D^^  the  density  of  mercury  at 
a  standard  temperature. 

In  the  case  of  gases,  c  is  sensibly  equal  to  unity ;  for  if  such  bodies 
were  relieved  from  their  atmospheric  pressures  they  would  expand  in- 
definitely! thus  making  their  increments  of  volumes  sensibly  equal  to 
the  volumes  they  would  ultimately  attain. 


RELATION   OF  WAVE   VSLOCITT  TO  WAVE  LENGTH. 

§  317. — ^Denote  the  resultant  displacement,  of  which  ^,  97,  and  f  are 
the  components,  by  tf;  and  the  angles  which  (f  makes  with  the  axes 
or,  y,  and  tr,  by  a,  j9,  and  7,  respectively;  then  will 

|=:tf.cosa;    i7  =  <r.cos/3;    fsstf.cosy; 
which,  substituted  in  the  second  members  of  Equations  (531),  give 


JJ  —  —  tf  .  Jl.' .  COB  «, 

• 

— '  =  -(r.«/.cosft 

>•••••• 

^  =  -  (T  .»!,•.  cos  7. 

(641) 


Squaring,  adding,  taking  square  root,  and  denoting  the  resultant  by  e^i 
we  have 

The  first  member  is  the  square  <^  the  resultant  acceleration  due  to  the 
molecular  action  developed  by  the  displacement  (f.  \ 

Denote  by  a^,  /3,,  and  y,  the   angles  which    the  direction   of  this 
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resultant  makes  with  llie  axes  r,  y,  and  zj  respectively;   and    hj   ^ 
the  inclination  of  this  cUrcction  to  that  of  di8pla<^enlent     Then  will 


oosy^  =  cosa.cosa^  +  co8/9.co8/3^  +  cosy.coby^ 

The  components  of  the  acceleration,  in  the  directions  of  the 
and  2,  are,  respectively, 

e;.  cos  a, ;    c,  cos  /3, ;    c.  cos  y, ; 
and,  therefore,  Equations  (541), 


.  (543) 


Whence, 


e^  cos  a^  = 

—  tf .  n.* .  cos  o, 

N 

e^  cos  P^  = 

—  tf .  n/ .  cos  /3, 

«•  C08  r /  = 

—  tf .  «,* .  cos  y. 

cos  a,  = 

tf.n/.cosa  "] 

e.    * 

cos  j3^  = 

cr .  fly' .  cos  j3 

• 

•        •        •         • 

tjosy,  = 

* .  w,'  •  cos  y 

c.         ' 

(644) 


These,  m  Equation  (543),  give.  Equations  (531), 

c..cosV>=  —  tf  .w^'  =  —  «^.(n.'.cos*a  +  w^',cos*i3  +  n/.co8'y); 
and  replacing  n^,  n.,  n„  and  n^,  by  their  values,  Equations  (520), 

■^  =  -yT'^^*«  +  T7'COs*/3+  -^.co8«y. 

But,  because  the  number  of  waves,  in  a  unit  of  time,  arising  from  the 
eomponents  of  a  common  initial  disturbance  must  be  the  same,  the 
eoefficients  of  the  circular  functions  above  must  be  equal,  and  hence, 


F*    r*  F" 

ll==^(cos«a  +  cos«)3  +  cos«y)  =  ^ 


(545) 


Whence  the  wave  velocity  is  proportional  to  the  wave  length. 
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§  818. — ^Replacing,  in  Equations  (541),  n„  n^,  n«,  by  their  values 
in  Equations  (529),  multiplying  the  first  by  err  XJ » m,  the  second 
by  c . tr Ay* . «!,  and  the  third  by  cnX* . m,  we  have 


c. TT .  V . ffi .  -y-L  =  —  tf .  c ,  4 TT  .  wt  F/ .  cos  a, 

a  r 

c.  TT ,  Ay' .  w .  ^~  =  —  tf .  c.  4  TT .  m  Fy' .  cos  ft 
c .  TT .  A/  .  tn .  —  =  —  tf .  <: .  4  tT  .  m  F/ .  COS  y. 


.    (646) 


Now,  n .  A,',  TT .  Ay*,  and  tt  .  A,'  are  the  projections  of  the  waves  arising 
from  the  component  displacements  ^,  %  and  ^  on  the  planes  yz^  xzy 
and  xify  respectively;  and  if  every  molecule  in  each  of  these  waves  had 
the  same  acceleration,  the  first  members  would  measure  the  elastic  forces 
exerted  over  these  projections  by  making  c  equal  to  unity.  These  are, 
however,  not  equal ;  but  if  c  denote  a  proper  fractional  coefficient,  and 
e.,  e,,  and  e,  the  actual  elastic  forces  in  the  three  waves,  we  may  write. 


«.  = 


«F  = 


N  = 


—  tf .  r .  ^.* .  cos  a, 

—  tf .  ? .  F," .  cos  y. 


: 


(547) 


m  which  f  =±  4  c  •  tt*  .  t?i.    Squaring,  adding,  taking  square  root  of  sum, 
and  denoting  the  resultant  by  e^. 


e^  =  ye7+«7+^=  ^  •  r  •  V^J.co8"a  +  F/ .  cos'  )3  +  F/ .  cos*  y ; 

from  which  it  is  apparent  that  if  the  displacement  be  made  in  the 
direction  of  either  axis,  the  elastic  force  will  be  wholly  in  the  direction 
of  that  axis — a  property  possessed  by  these  particular  axes  in  conse- 
quence of  the  fact  that  they  were  assumed  in  directions  to  satisfy  the 
conditions  of  symmetry  in  molecular  arrangement,  which  caused  Equa- 
tions  (524)   to   reduce  to  Equations   (525).      The  direetiona  of  these 
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special  axes  are  called  axes  of  ekutieiiy.     The  resultant  elastic    force 
will  not,  in  general,  act  in  the  direction  of  the  displacement 

Denote  the  angles  which  e^  makes  with  the  axes  of  elasticity  by  ec^, 
3^,  and  y^,  and  the  angle  which  it  makes  with  the  displacement  by  ^, 
then  will 

cos  ^  =  cos  a .  cos  a^  +  cos  i3 .  cos/3^  +  cos  y  •  cos  y^, 
c^ .  cos  a^  =  6.  =  —  ^ .  J .  F.' .  cos  a, 
e^ .  cos  i3^  =  Cy  =  —  <r .  ? .  F/ ,  cos  ft 
c^  •  cos  7^  =  e,  =  —  tf .  f .  F/ .  cos  X. 


Whence 


cos  a^  = 


cos  j3^  =  — 


cosy^  =  — 


<f .  C .  F.* .  cos  a 


tf .  f .  F/ .  cos  j3 


(f.f .  F,*.  cos  y^ 


•    •    •    • 


(648) 


which  sabstitated  above,  give, 

e^ .  cos V»  =  —  (f  .f ,  F^'  =  -  d' . f  (F.".  cos* a  +  F/ . cos* /J  +  F.« .  cos^y) ; 

in  which  F  is  the  velocity  perpendicular  to  the  displacement    Making^ 


r^=.V;     V.  =  a;     F,  =  6;     V.^c; 


we  have 


F=  Va* .  cos* a  4-  6* .  cos* /3  +  c* .  cos' y 


.     (549) 


The  quantities  a,  by  and  c  are  called  definite  axes  of  elasttdttf^  in  con- 
tradistinction to  axes  of  elasticity  which  merely  give  direction.  The 
surface  of  which  the  above  is  the  equation,  is  called  the  surface  of 
elasticity.  The  value  of  F  will  measure  the  velocity  of  any  point  on 
the  wave  surface  in  a  direction  normal  to  the  displacement,  and  being 
squared  and  multiplied  hj  (f,g  will  give  the  elasticity  developed  in 
the  direction  of  the  displacement  itself. 
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The  definite  axes  of  elasticity  are  the  geometrical  axes  of  figure  of 
the  surface  of  elasticity;  the  general  axes  of  elasticity  are  directions 
parallel  to  these,  and  drawn  from  any  point  in  the  medium  taken  at 
pleasure. 


WAVE  SUBFACE. 

0 


§  310. — ^This  is  the  locus  of  those  molecules  which  have,  simulta- 
neously, the  same  phase,  §  309 ;  and  whatever  this  phase  may  be, 
the  particular  surface  characterized  by  it  will  be  concentric  with  that 
which  marks,  at  any  epoch^  the  exterior  limits  of  the  disturbance,  or 
upon  which  the  molecules  are  beginning  to  participate  in  the  disturb- 
ance propagation. 

It  is  now  the  question  to  determine  the  equation  of  this  latter 
surface ;  for  this  purpose,  assume  the  origin  of  co-ordinates  at  the 
point  of  primitive  disturbance,  and  let 

Ix  •\'  my  -{-  nz  ^  V (560) 

be  the  equation  of  a  plane  tangent  to  the  wave  front  at  any  point, 
and  at  the  end  of  a  unit  of  time.  The  coefiicients  l^  m,  and  n,  will 
be  the  cosines  of  the  angles  which  the  ^normal  to  this  plane  makes 
with  the  axes  xyz^  respectively,  and  its  length  will  measure  the 
velocity  F,  of  wave  propagation  in  its  own  direction.  This  plane  must 
be  parallel  to  the  displacement  and  its  normal  perpendicular  thereto; 
hence 

/co8a-|-mco8/3-hncosy  =  0    •    •    •    •    (551) ; 

also 

cos*  a  -h  cos'  fi  -h  cos'  y  ==  1     .    .    .    .     (552). 

Equations  (549),  (550),  (551),  and  (552)  must  exist  simultaneously 
for  real  values  of  the  cosines  of  a,  fi^  and  y.  To  find  an  equation 
which  shall  express  this  condition,  square  Eq.  (549),  and  dividt  it  by 
F*  •  cos*  tt,  it  becomes^     % 
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<**  +  *' r-  +  ^ ' 

cos   a  cos*  a  1 


V* 


008*  • 


(668) 


divide  Eq.  (551)  by  cos  a,  we  have 


l  +  m 


C08$ 
COS  a 


+  n»  — ~  =  0      .     ^     •     •     .     . 


cos  a 


.     (5«4); 


• 
and  divide  Eq,  (552)  by  cos*  a,  the  result  is 


cos*/?  C08«y  1 

1  "7*  ■  -f-  ■    ^  — ^— — 

cos'  a        COS*  a         COS* « 


(666). 


Equations  (553)  and  (555)  give 


^  +  1,^.22^  +  ^.22^ 

.     ,    COS*/?        00««  y ',  '  cos*  a  COS*  a 


COS*  a         COS*  a 


V 


whence 


r.-«,  +  (F»-6*).?^  +  (r*-i^).???^  =  o 


008*  a 


COS*  a 


•      •      •      • 


(666). 


From  Equation  (554)  we  have 


CoSy 
COS  a 


Z  +  m 


COS^ 

COS  a 


which,  in  Equation  (556)  grives 


[(lf•«6•)n«+(F»-o•)««].5^+2(^«--4Jt).^m*?^=-(T^-.d»)ll*-(l^l-e•)i», 


cos* 


COS  a 


or 


cos*/?  (T^  — c*)./.m  

co8»a"^     {V*"b»)  n«  +  (F»-c*)m*'oos« 


cos^  ( F»  —  ai)ni  +  (F*  —  c«)  /■ 


(r«-6*)n*  +  (F'«-c«)m«* 


cos  i3 
and  solving  with  respect  to  ,  there  will  result, 

cos  w 


eo«a 


_  (n"0*).«».ZT»\^-[(F*-a*)(r*-^*)n»+(F*~a«)(r'-o»)m*.KF»-c*Hy^~ft»>fi) 
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and  this  in  Equation  (554)  gives 

cony        (F».5t).nJAmV~[(F'-a«)(F»-6«)n«HHy^-o'K^-o*)'»*+(r«~<?*Kr«-T«jTq 

For  any  assumed  displacement,  the  value  of  F^.Eq.  (549),  becomes 
known,  and  the  values  of  the  first  members  of  £qs.  (557)  and  (558) 
must  be  real;  "whence  /,  m,  and  n,  must,  in  addition  to  £q.  (549), 
also  satisfy  the  condition 

Dividing  by 

(r« -  a»)  (F» -  b*)  (r«  -  c»), 

and  inverting  the  order  of  the  terms,  ^ 

Frr7«  +  Trir6i+Frr7«  =  ^ (^^^) 

From  this  equation,  together  with  Equation  (550),  and  the  relation 

;•  +  m*  +  n*  =  1, (560) 

we  have  all  the  conditions  necessary  to  find  the  equation  of  the  wave 
surface ;  this  is  done  by  eliminating  F,  m,  /,  and  ». 

For  this  purpose,  differentiate  each  of  these  equations  with  respect" 
to  the  quantities  to  be  eliminated.    We  have,  firom  Equation  (550), 

(1) xdl  +  ydm  +  zdnz=:  dV\ 

firom  Equation  (560), 

(2) Idl  +  mdm  +  ndn:=0\ 

and  fix>m  Equation  (559), 

w   ^-a»^  K»-4«^  r«-««"      '^  V(>^^^^(r»-ft»)*^(r«-«ii)»/* 

Multiply  the  first  by  A,  the  second  by  —  A',  the  third  by  —  1,  and 
add  members  to  members,  and  collect  the  coefficients  of  like  differ* 
entials;  there  will  result, 

24 


870 


ELEMENTS    OF    ANALYTICAL    MECHANICS. 


m 


=  0. 


I-C^ 


Taking  A  and  A'  of  sach  values  as  to  make  the  coeflScients  of  dV  and 
dn  each  zero,  the  equation  will  reduce  to  the  first  two  terms;  and  as 
dm  and  dl  are  wholly  arbitrary,  Equation  (560),  as  long  as  <in  is 
undetermined,  we  may,  from  the  principle  of  indeterminate  coefficientsi 
write. 


Xx-\'l   - 


V*-<ii 


j  =  0, 


(6) 


(«) 


m 


Xy-A'm-— --^=0, 


kg  --  X'n  — 


n 


r«-.c« 


=  0, 


Multiply  (4)  by  /,  (5)  by  m,  (6)  by  n,  add  and  reduce  by  Eqoations 
(550),  (560),  and  (559) ;   we  have 


(8) 


Ar-.r=0; 


Multiply  (4)  by  af,  (5)  by  y,  and  (6)  by  z;  add  and  reduce  by  Eqi 
tion  (550)  and  the  relation  «■  +  y*  +  «•  =  r* ;  we  have 

substituting  for  A'  its  value,  (8),  and  transposing, 


nz 


(9)     .     .     A  (r*  —  F»)  —  p,^_^,  +  Y^ZTi*  "^  p-t  _  ^1  ♦ 
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IraiisposiBg  in  (4),  (5),  and  (6),  squaring  and  adding,  we  have 

flubetitutiBg  for  A"  its  value,  (8),  and  reducing  by  (7),  we  have' 

A'(r«-F')  =  ^; 
Btkd,  therefore, 

(10)    ..•./,==  — -J— -— ;     X'  =  ^  __  p^r 

Substituting  tliese  in  (4),  we  find 

whence 

X  VI 


r«  -  a«  "•  F«  -  a«  * 

aimilariy, 

y      _     Vm    ^ 


^  r*  —  ^« "~  K"  —  6* ' 

g Vn 

multiply  the  first  by  Xj  the  second  by  y,  the  third  by  2,  add  and  le* 
dnce  by  (9)  and  (10);  we  have 

«•  y*  «» 

From  this,  iritich  is  one  form  of  the  equation  of  tlie  wave  sur&ce,  sub- 
tract 

g'  +  y'  +  g'_, 

and  we  have 

which  is  a  second  form  of  the  equation  of  the  wave  surface. 

Clearing  the  fractions,  it  becomes,  after  substituting  for  r*  its  value 
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(iji  +  yt  +  a»)  (a«  ««  +  6«  y«  +  «•  2«)  ^ 


^  =  0.    .     .     (M8) 


90UBLB  WATB  YXLOCflTr. 

§  320. — ^The  ndins  vector  r  meaftares  the  Telocity  of  tbe  point  of 
the  ware  to  which  it  belongs;  and  denoting  by  Z^,  m^,  and  n^  the 
cosines  of  the  angles  which  r  makes  with  «,  y,  and  2,  respectiyely, 
we  hare 

and  writing  F^  for  r,  we  have,  by  substituting  in  Equation  (563),  and 
dividing  by  V/  .c^ .  l^  ,c\ 

a  trinoniial  equation,  of  which  the  second  powers  of  the  equal  roots  are 

^.  =  i(^  +  i.)  +  i(^-5)W'.^"±vT^=^'X-/rr^,  (605) 
and  in  which. 


A'  ^l. 


+  i»,. 


.    •    .     (566) 


A"^l. 


•    •    • 


(667) 


If  a  >  5  >  <;,  the  values  of  A'  and  A"  will  be  real,  and  there  will,  in 
general,  be  two  real  values  for  -=^;  and  with  this  condition.  Equation 
(565)  will  give  two  pairs  of  real  and  equal  roots  with  contrary  sigiia. 
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The  positive  roots  give  two  yelocitieft  in   any  one  directioDf  And  tbe 
Degative  in  a  direction  contrary  to  tkia. 

Through  the  origin,  conceive  two  lines  to  be  drawn,  making  with 
the  axis  a,  angles  whose  cosines  are  a^  and  a^^;  with  the  axis  ft,  an- 
gles whose  cosines  are  /3^  and  /3^^;  with  the  axi^  c,  angles  whose  co- 
sines are  y^  and  y^^;  and  such  that 


;  {m) 


and  denote  the  angle  which  r  makes  with  the  first  of  these  linen  bgr 
u^  and  that  which  it  makes  with  the  second  by  u^^\  ^en  will 

^'  =  ^^  a^  +  «y  •  y^  =  cos  «,, 

A!^  =  /^  a^  —  n^  y^   =  cos  u^^. 

t 

Hiese,  in  Eqnation  (fit5\  give  lor  the  two  values  of  -pr,, 

> 

^  =  if  p  +  i,\  +  j(p  - ^\ .  (008  «, ,  ops  «,,  -  fflQ  «, .  sin  uj  ,  .  («70) 

and  by  subtraction, 

^, -^,=ji-^j,  sine*,,  sin  !»,,  .    .    .    .  (5»1) 

Now, 

are  the  retardations  of  wave  velocity.  As  long  as  a  and  e  differ,  the 
second  member  can  only  reduce  to  zero,  when  u^  or  u^^  is  zero ;  whence 
it  appears  that,  as  a  geneial  rule,  every  direction  except  two  is  distin- 
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goished  by  transmitting  two  wares,  one  in  advance  of  the  other.  The 
two  directions  which  form  the  exceptions  are  in  the  ^lane  of  the  axes 
of  greatest  and  least  elasticity,  and  make  with  these  axes  the  angles 
of  which  the  cosines  are  a^  and  7^,  a^^  and  y^^,  Equations  (5C8).  In 
these  directions  the  wares  will  travel  with  equal  velocities. 

Any  direction  along  which  the  component  waves  travel  with  equal 
velocities  is  called  an  axis  of  equal  wave  velocity.  All  bodies  in 
which  the  elasticities  in  three  rectangular  directions  differ,  possess. 
Equation  (571),  two  of  these  axes,  and  are  calle.d  biaxial  bodies.  The 
retardation  of  one  component  wave  over  that  of  the  other,  will  vary 
with  the  inclination  of  the  direction  of  its  motion  to  the  axis  of  equal 
wave  velocity;  and  Equation  (571)  shows  that  the  loci  of  equal  retarda- 
tions will  be  arranged  in  the  form  of  spherical  lemmscaies  about  the 
poles  of  the  axes. 

§  321. — ^The  form  of  the  wave  surface  and  its    properties    become 
^tetter  kn6wn  from  its  principal  sections  and  singular  points. 
Its  sections  by  the  planes  yz^  xZy  and  zy  give,  respectively. 


»  =  0;     (y»  +  s«-ii')(yy»  +  €»«*-6V)=:0^ 


y=0;     (s«+a!»-y)(«*«'+«^«*-<^«*)  =  <^ 


»=0;    («»  +  y*-c«)(aV  +  5«y«-.a*5^=  0, 


(672) 


If  a  be  greater,  and  c  less  than  ^  then  will  the  first  give  a  cirds 
4nd  an  ellipse,  the  latter  lying  wholly  within  the  former;  the  third 
will  give  the  same  kind  of  curves,  but  the  ellipse  will  wholly  envelop 
the  circle;  the  second  will  give  the  same  kind  of  curves,  intersecting 
one  another  in  four  points.  This  last  is  the  most  important  It  is  the 
section  parallel  to  the  axes  of  greatest  and  hast  eUutidtieSw 

§  S22.— If  6  =  <v  then,  Equations  (568)» 

a,  =  l;     %  =  0; 
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the  axes  will  coincide  with  one  another  and  with  the  axis  a,  that  is, 
with  x\   u^  will  equal  u^^,  and,  Equation  (571), 

Ako,  Equation  (563), 

(a^  +  y"  +  2*-c*)[a»««4-c'(y*  +  «*)-a»c»]  =  0  .    .     (674) 

and  the  wave  surflEU^e  will  be  resolved  into  the  surfiGuse  of  a  sphere,  and 
that  of  an  ellipsoid  of  revolution.  Making  u^  =  0,  it  will  be  seen 
from  Equation  (571)  that  these  waves  travel  with  equal  velocities  in 
the  direction  of  the  axis  a.  For  any  other  v^ue  for  ti,  since  u^  =  u^^j 
cos  tf^  cos  u^j  +  sin  u^  sin  u^^  =  1,  Equations  (569)  and  (570)  become 

and  it  hence  appears,  that  the  velocity  of  one  of  the  component  waves 
will  be  constant  throughout  its  entire  extent,  while  that  of  the  other 
will  be  variable  from  one  point  to  another.  The  first  is  called  the  or^ 
dinartfj  the  second  the  extra-ordinary  wave. 

If  c  be  greater  than  a,  then  will  the  ellipsoid  be  prolate ;  if  ^ess 
than  a,  it  will  be  oblate.  There  is  but  one  direction  which  will  make 
F, '  =  F. ',  and  that  is  coincident  with  the  axis  a.  Bodies  in  which 
this  is  true  have  but  one  axis  of  equal  wave  velocity,  and  are  called 
Uniaxial  bodies. 

From  Equation  (571)  it  appears  that  the  loci  of  equal  retardations 
are  concentric  surfaces,  of  which  the  common  axis  is  on  the  axis  of 
equal  wave  velocity,  and  common  vertex  at  the  origin. 

UMBIUC   POINTS. 

§  823. — Let  £  =  0  represent  Equation  (563),  and  take 

,        I     dL  J,       I     dZ  ^       1     dL         .^.. 

coe^  =  — --T— ;    cos^  =  —  •T— ;    cosC7=  —  •j— ;       (576) 

w     dz  to     dy  ^    dx  ^      ' 

in  which  A^  B^  and  C  are  the  angles  which  a  tangent  plane  to  the  sur- 
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£Rce  makes  ^rith  Hio  co-<Nrdiiiate  planes  d;y,  xx^  and  yz,  respectiTeljrr 
and, 

1  1 


'  m^u^)' ■■■■  <"'> 


Performing  the  operation  here  indicated  on  Equation  (563),  we  here 


dL 
dy 

-p- =r  2flr(a'«»  +  y  y«  +  «»«0  +  2  «•»(«■  +  y*  +  «•  —  ^  —  c^. 


=  a«  (a*  J«  +  6V  +  c'^O  +  2c*»  («» +  y  +a*  —  o*  —  i*)^ 


=  3y(a«««  +  6V+«'«*)  +  2Vy(a"+y  +  a*  —  a"  —  c^; 


Making  .y  ss  0,  brings  the  tangential  point  in  the  plane  ac,  and  the 
above  become 


dL 

dy 
dL 


=  2«  (o«««  +  c« »«)  +  2  c*«  («"  +  »•  —  a*  —  V), 


=  0, 


jj  =  2* (a* «•  +  «•«•) +2a»ar («•  +  »'- ft*- «•). 


(6»8> 


tlie  second  of  which  shows  the  tangent  plane  to  bo  normal  to  the 
I^ne  a  e. 

But  y  s  0  gives,  Equations  (572), 


whence  we  have 


«=  dba 


«  =± 


(«»») 


fsr  the  eo-ordinates  of  the  points  in  which  the  circle  and  eDipee  hiler 
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wet,  And  which  are  real  as  long  as  a  >  (  >  e.  Substitntiog  these  in 
Equations  (5)6),  (£77),  aod  (678),  we  have 

O'  0'  0' 

hence  the  points  of  intersection  of  the  ellipse  and  circle  in  the  plane 
of  the  axis  a  e,  are  the  reitices  of  conoidal  cnsps,  each  having  a  tan- 
gent cone.  If  a  line  be  drawn  tangent  both  to  the  ellipse  and  the 
circle  in  the  place  ac,  the  tangential  points  will  helong  to  the  cir- 
camference  of  a  circle  along  which  a  plane  through  this  line  may  be 
drawn  tangent  to  the  wave  surface.  This  circomference  is  in  huit  the 
margin  of  the  conoidal  or  umbilic  cosp,  determined  by  the  sur&ce  of 
the  tangent  cone  reaching  ita  limit  hj  becoming  a  plane  in  the  grad- 
nal  increase  of  the  inclination  of  its  elements,  as  the  tangential  cir- 
cumference recedes  from  the  cusp  point.  A  narrow  annular  plane 
wave,  starting  from  this  circle,  will  contract  to  a  point  in  one  direc- 
tion ;  and,  conversely,  an  element  of  a  plane  wave  starting  in  the  op- 
posite direction  will  expand  into  a  ring. 

It  thos  appears  that  the  general  wave  surface,  and  of  which  (563) 
is  the  equation,  consists  of  two  naj^i,  the  one  wholly  within  the 
other,  except  at  four  points,  where  they 
unite,  and  at  each  of  which  they  fonn 
a  doable  nmbilic,  somewhat  after  the 
manner  of  the  opposite  nappet  of  a  very 
obtuse  cone.  The  figure  represents  a 
model  of  the  wave  suiftce,  so  cut,  by 
three  rectangular  planes,  as  to  show  two 
of  the  umbilic  pointe,  as  well  as  the 
general  course  of  the  nappes,  by  the  re- 
moval of  a  pair  of  the  resulting  diedral 
qoadrantal  fragments. 

uoLKottiAB  TSLoorrr. 
g  324.— Multiply  the  Srst  of  Equations  (531)   by  2d^,  the  second 
by  idrj,  the  third  by  21^4',  and  integrate;   there  will  result, 'recollect- 
ing that  the  molecule  is  moved  from  its  place  of  rest, 
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-LL  —  _  n*    P 


(580) 


whence  it  appears  that  the  velocity  of  a  molecule  in  the  direction  of 
either  axis  is  proportional  to  its  displacement  in  that  direction,  firom 
its  place  of  rest.  The  place  of  rest  is  only  relative.  When  a  mole- 
cule is  in  a  position  such  that  its  neighbors  are  symmetrically  disposed 
around  it,  it  is  in  its  place  of  rest,  and  its  displacement  therefrom  will 
be  directly  proportional  to  the  excess  of  condensation  on  one  side  over 
that  on  the  other.  This  excess  and  the  molecule's  motion  will  reduce 
to  zero  simultaneously,  and  a  single  displacement,  not  repeated,  can 
only  give  rise  to  what  is  called  a  puUe^ 

These   equations  also  show  that  the   liinng  force  of  the  molecule  is 
proportional  to  the  square  of  the  displacement. 

MOLBOULAR  ORBITS. 

§  325. — ^The  molecular  orbits  are  on  the  wave  front.  Suppose  the 
wave  due  to  the  displacement  g  to  be  superposed  upon  that  due  to  i/, 
and  take  a  molecule  of  which  the  place  of  rest  is  on  the  axis  jp. 
The  first  and  second  of  Equations  (528),  will  be  sufficient  to  find  the 
orbit  of  this  molecule  under  the  simultaneous  action  of  both  wavea. 
From  these  two  equations  we  find,  after  writing  z  for  r«  and  r,, 

(1).    .    .    .    ^.(F..<-z)  =  8in-l., 
(2).    .    .    .    ^.(r,.<-z)=«n-*^, 


(3).  .  .  .  ^.{r..t-z)  =  co8~'i/i - i^,, 

(4).    .    .    .    ^.(F,.t-«)  =  co8~yi--^,. 
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Sabtracting  (2)  from  (1), 

in  which  F^ .  <  — ;;,  is  the  distance  of  the  wave  front  dne  to  g  from 
the  molecule^s  place  of  rest^  and  V^.t^-^z^  that  of  the  wave  front  due 
to  Tf  from  the  same  point    Make 

tg  =  time  required  for  the  wave  front  due  to  f  to  travel  over  V^.t  —  z; 

u  u  ^    • 

Ay, 

then  will 

K  \  T.         Ty  T..Ty  t/      ^         ' 

which  substituted  above  gives,  after  taking  cosine  of  both  members. 


T,«= 

u 

U 

U 

'r  = 

M 

U 

tt 

T,= 

U 

U 

U 

cos27r-^=i/irr^.i/;T^+i.i. 

Clearing  the  radical  and  reducing, 

il  +  ^,  — 2cos27r~^-  — .-5.-sin«2ir— ^  =  0.    .    (682) 

ftp  fty  T^  ft),  fty  T^ 

which  is  the  equation  of  an  ellipse  referred  to  its  centre. 

§  326. — To  find  the  position  of  the  transverse  axis,  take  the  usual 
formulas  for  the  transformation  of  co-ordinates  from  one  set,  which  are 
rectangular,  to  another,  also  rectangular.    They  are, 

^  =  ^  cos  9  —  17'  sin  9, 
17  =  f  sin  9  + 17'  cos  9 ; 

in  which  9  is  the  angle  which  the  axis  ^  makes  with  that  of  f. 
Substituting   these   values  of  ^  and  17  in  Cquaticii  (582),  collecting 
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the  coefficients,  and  placing  that  of  the  rectangle  |' «;',  equal  to  sevo^ 
we  have 

2  sin 9. cos 9  (a.*  — a/)  —  2  (sin* 9  —  cos' 9)  . a. . o^ •  cos 2  tt -^  =  0; 


'T, 


and  becanse 

sin'  9  —  cos*  9  =  cos  2  9, 

2sin9.cos9  =  sin  2 9, 
the  above  becomes, 

tan  2  9  =  2  .    °|' ' ""  , .  cos  2  ff .  —    •    •    .    .     (688) 
a.  —  tty  r, 

§  827. — Now,  if  the  successive  pairs  of  component  waves  which  dia- 
tnrb  the  molecule,  reach  it  with  a  variable   difference   of  phase,  then 

will  cos  2  7r  -^  be  variable,  and  the  transverse  axis  of  the  elliptical  or- 

bit  be  continually  shifting  its  place.  A  wave  in  which  the  molecular 
motions  fulfil  this  condition  is  called  a  common  wave;  being  far  the 
most  frequent  in  nature.  When  the  successive  pairs  of  component 
waves  are  such  as  to  make  the  second  member  of  Equation  (583)  con- 
stant, the  transverse  axes  of  the  molecular  orbits  will  retain  the  same 
direction,  and  the  wave  is  siud  to  be  ellipttcally  polarized, 

§  328. — If  -^  equal  },  or  any  odd  multiple  of  \,  and  a.  =  ot^  then 
will,  Equation  (582), 

r  +  fl*  — a.'  =  0, (684) 

and  the  orbit  becomes  a  circle.  When  this  happens,  the  wave  ib  aaid 
to  be  ciretdarly  polarized, 

8  329. — ^If  -^  be  equal  to  any  even  multiple  of  |>  then  will 

ooe27r.—  =  1;     sin'27r-—  =  0; 


T  T 


and,  Equation  (582), 


i^-^  =  0, (686) 
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and  the  orbit  »  a  straight  line  throngh  the  molecule's  place  of  rest 
The  motion  of  the  molecule  will  take  place  in  a  plane  normal  to  the 
wave  front,  and  the  wave  is  said  to  be  plane  polarized, '  and  a  plane 
normal  to  the  wave  front  and  in  the  molecular  paths,  is  called  the 
plane  of  polarization. 

§  330. — Referring    the    curve   to   the   new   axes,  and   omitting  the 
accents  from  ^  and  i]\  Equation  (582)  maj  be  written, 

— ,  +  -^,-8in«2  7r.i-  =  0, (686) 


•^z 


m  which  a,  and  a,  will  take  new  values. 


REFLEXION   AND    REFRACTION   OF   WAVES. 

§  331. — The  elastic  force  which  the  molecules  in  the  surface  of  one 
body  exert  upon  those  in  the  surface  of  another,  in  sensible  contact, 
must,  when  the  molecules  are  at  relative  rest,  be  equal  to  that  exerted 
by  the  molecules  in  the  interior  of  either  body;  else  these  surface 
molecules  would  be  urged  in  opposite  directions  by  unequal  forces,  and 
relative  repose  would  be  impossible.  But,  for  equal  displacements,  the 
elastic  forces  developed  in  different  bodies  are  in  general  unequal,  and 
this  is  one  of  the  most  common  of  the  causes  that  produce  a  resolu- 
tion of  primitive  into  secondary  or  component  waves. 

The  velocity  of  a  wave  molecule  varies.  Equations  (580),  directly  as 
the  molecule's  distance  from  its  place  of  rest.  If,  therefore,  a  wave,  iu 
its  progress  through  any  medium,  meet  with  a  constitutional  change  of 
elasticity  or  density,  the  elastic  force  developed  at  the  place  of  change 
will  either  be  greater  or  less  than  that  which  determined  the  places  of 
rest  in  the  interior  of  either  body.  In  the  first  case,  the  condensation 
in  front  cannot,  by  the  forward  movement,  reduce  to  an  equality  with 
that  behind ;  the  surface  molecules  will  first  be  checked,  and  then  partly 
driven  back  upon  those  behind,  and  a  return  and  an  onward  pulse  will 
proceed  in  opposite  directions  from  the  surface  which  marks  the  change 
of  structure,  as  from  a  primitive  disturbance.  In  the  second  case,  the 
pioleculcs,  meeting  with  less  opposition,  will   go  beyond    their  neutral 
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limits  with  reference  to  those  behind,  the  latter  will  close  up  in  snc 
cession,  and  thus  a  return  and  transmitted  pulse  will  arise  as  before, 
but  with  this  difference,  viz.:  in  the  latter  case,  the  molecular  motions 
in  the  return  pulse  will  continue  in  the  same  direction  as  before, 
whereas,  in  the  former  case,  those  motions  will  be  reversed.  The  return 
pulse  is  said  to  be  reflected;  that  transmitted,  refracted.  The  primitive 
pulse,  and  of  which  these  are  the  components,  is  called  the  inddeni 
puUe,  A  change  of  density  or  of  elasticity  will.  Equation  (537),  pro- 
duce a  change  in  the  velocity  of  wave  propagation.  A  surfJEM^e  which 
18  the*  locus  of  a  change  of  density  or  of  elasticity,  is  called  a  deviating 
surface.  Two  planes  which  are  tangent,  the  one  to  the  deviating  snr- 
face,  the  other  to  the  wave  front,  at  a  point  common  to  both,  will 
intersect  in  a  line  parallel  to  that  of  the  nodes  of  the  molecular  orbits, 
which  are  in  the  deviating  surface  and  near  the  common  tangential 
point.  This  line  of  intersection  is  called  the  Htm  of  nodes.  A  plane 
through  the  tangential  point  and  perpendicular  to  the  line  of  nodes,  is 
called  the  plane  of  incidence.  The  medium  through  which  the  wave 
moves  before  it-  meets  the  deviating  surface,  is  called  the  medium  of 
incidence;  that  into  which  it  enters  on  passing  this  surface,  the  medittm 
of  intromittance. 

« 

§  332.— Let'  ^  be  a  point 
common  both  to  the  wave  and 
deviating  surface.  AC  9,  lin- 
ear element  of  the  former,  and 
AB  9l  like  element  of  the  lat- 
ter, both  lying  in .  the  plane 
of  incidence.  Denote  by  V 
and  X  the  velocity  and  length 

of  the  wave  in  the  medium  of  incidence ;  by  F^  and  X^  the  same  in  tliat 
of  intromittance ;  and  by  t  the  time.  Now,  supposing  the  wave  to  proceed 
in  the  direction  CJ5,  and  taking  AB=ids^  we  have  CB  =:V»dL 

But  while  the  point  (7,  in  the  incident  wave  front,  is  moving  from 
(7  to  J5,  the  reflected  pulse,  proceeding  from  ^  as  a  centre  of  disturb- 
ance, will  move  over  a  distance  equal  to  V  dt  in  the  medium  of  inci- 
dence; the  refracted  pulse  over  a  distance  equal  to  V^.dt  in   that    of 
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intromittancc.    With  ^4.  as  a  centre,  and  radias  V,  d  /,  describe  the  arc 

ac,  and  with  the  radius  V^dt^  the  arc  a' c'\  and  from  B  draw  the  tangents 

B  D  and  B  D* ;  the  first  will  be  the  front  of  the  new  wave  element  in  the 

medium  of  incidence,  the  second  in  that  of  intromittancc. 

§  333.— Denote  the  angle  CAB=:JBJ)hjq>;  the  angle  ABD'hj 

9';  then  will 

ds .sin;f>  =  Vdt]     ds .sm^*  =1  V^dt .     .     .     .     (687) 

and  by  division,  denoting  the  ratio  of  the  velocities  by  m, 

sin©        K  , ^. 

-r-^,  =rr^=m »       (588) 

sm(p        Vj  •     \       / 

whence  sin  9  =  971  sin  9' •    (589) 

The  angle  9  measures  the*  inclination  of  the  incident,  and  ©'  that  of  the 
refracted  wave  to  the  deviating  surface.  These  are  equal,  respectively,  to 
the  angles  which  the  normals  to  the  incident  and  refracted  waves  make 
with  the  normal  to  the  deviating  surface,  at  the  point  of  incidence.  The 
first  is  called  the  angle  of  incidence,  the  second  the  angle  0/  refraction. 
The  inclination  of  the  reflected  wave  to  the  deviating  surface,  is  called  the 
angle  of  reflexion.  The  normals  to  the  incident  and  reflected  waves  fall  on 
opposite  sides  of  the  normal  to  the  deviating  surface ;  and  because  the  ve- 
locity of  the  reflected  wave  is  equal  to  that  of  the  incident,  with  contmry 
sign.  Equation  (589)  becomes  applicable  to  the  reflected  wave,  by  making 
m  =  ~  1. 

LIVING   FORCB   AND    QUANTITY    OF   MOTION   IN   A   FLANK   POLARIZED    WAVE* 

§  334. — Take  either  of  Equations  (528),  say  the  first,  and  which  relates 
to  a  wave  plane  polarized,  the  plane  of  polarization  being  perpendicular  to 
the  co-ordinate  plane  yz,  differentiate  with  respect  to  I  and  /,  dropping 
the  subscripts — we  get 

Denote  the  density  of  the  mediam  by  A,  and  the  area  of  any  portion 
of  the  wave-front  by  a,  then  will  the  mass  between  two  consecutive  posi- 
tions of  this  area  be  a,A,dr,  and  the  living  force  within  a  quarter  oC a 
wave-length  be 
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.  V 

Dividing  by  the  volume  aJV^  and  recalling  that  'k  and  ---  are  constant, 

ire  shall  find  that  the  quantity  of  living  force  in  a  unit  of  volume  of  the 
medium  will  vary  directly  as  the  product  of  the  density  and  square  of  the 
greatest  displacement ;  and  the  relation  of  these  products,  in  the  case  of 
any  two  waves,  will  determine  the  relation  of  the  effects  of  these  waves 
upon  the  organs*  of  sense  upon  which  they  act 

Again,  the  quantity  of  motion  in  this  quarter  of  wave-length  will  be 


y»f  fit      pvt-f^n  2»  2» 

A.a,dr.--^=/  A.a.«.K.  cos— -(F<-r)--rfr=A.o.«.P' 

r+iy  di   J  n-r—iX  *  ^ 


(591) 


RESOLUTION    OF    LIVING    FORCE   AND   OF   MOTION,  B7  DEVIATING   SURFACES. 

§  335. — ^Take  the  co-ordinate  plane  zzm  the  plane  of  incidence,  and 
the  axis  z  in  the  direction  of  the  n6rmal  to  the  incident  wave,  the  axis  y 
will  be  parallel  to  the  line  of  the  nodes  of  the  molecular  orbit  in  the  devi- 
ating surface,  at  the  place  of  incidence.  Then,  preserving  the  notation  of 
§  332,  will  the  element  of  the  deviating  surface  at  the  place  of  incidence 
be  da  ,dyy  and  its  projections  upon  the  incident,  reflected  and  refracted 
wave-fronts,  respectively, be  c^« . (fy . cos^,  ds.dy  cos^,  and  ds.dy , cos 9'. 
These  will  take  the  place  of  a  in  Equations  (590)  and  (591),  in  computing 
the  living  force  and  quantity  of  motion  in  the  incident,  reflected  and  re- 
fracted waves.  The  living  force  in  the  incident  must  be  equal  to  the  sum 
of  the  living  forces  of  its  reflected  and  refracted  components.  First  take 
the  wave  in  which  the  molecular  motions  are  parallel  to  the  axis  j*,  and 
employ  the  subscripts  t,  r  and  t  to  denote  the  incident,  reflected  and  re- 
fracted or  transmitted  waves,  respectively.  The  living  force  in  a  quarter 
of  each  of  these  waves  will,  omitting  the  common  factors.  Equations  (529), 
(545)  and  (590),  give 

A .  cos  9 .  F.  a',  ^  -f  A^ .  cos  9 ' .  F"^ .  a", ,  —  A  .  cos  9 .  F.  a', ,  =  0 ; 
or.  Equations  (588)  and  (589), 

_     ,  A    cos®'  sin©'     ,         ,        ^  ,       ^ 

A    cos  9    sin  9  ^       ^ 

in  which  A  and  A^  are  the  densities  of  the  medium  of  incidence  and  of 

intromittance. 

The.  molecular  motions  are  all  parallel  to  the  plane  of  incidence,  and  at 

the  same  time  normal  to  the  directions  of  their  respective  wave  luotioDa ; 
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they,  therefore,  make  with  one  another  angles  equal  to  those  made  by  the 
directions  of  these  latter  motions,  and  we  obtain  two  more  equations  from 
the  relations  of  Equations  (59)  for  the  resolution  and  composition  of  ob- 
lique forces.  The  angles  made  by  the  direction  of  the  motion  in  the  inci- 
dent with  the  directions  of  the  motions  in  the  reflected  and  refracted 
waves,  are  180®  —  2(p  and  860°  —  (9  —  9'),  respectively ;  and  the  angles 
under  which  the  directions  of  the  motions  in  the  latter  waves  are  inclined 

to  one  another,  is  180**  —  (<P+9')*    Whence 

— .  sin  ((p  —  ffl') 

A.cos(p.F.a,,=  -A.cos(p.r.a,<.       ;;^,(; 

sm  (9  -t-  9  } 


sin  2  9 
sin  (9  -H>') 


A^ .  cosy^  F^ .  a,,  =  A .  cos  9  .  F.  a,| .  -^  ^^  ,  ^^^ ,  1 


*^'»  «    -      «     sin  (9  -  90  . 

«#r=  —  a.*.-T— 7— 7 — 7z (593) 

sm  (9  -1-9') 

A    cos 9    sin 9        sin  29  .       . 

A^  COS  9    sm  9'  Bin  (9  +  9  ) 

Substituting  these  in  Equation  (592),  we  readily  find, 

A  ^  4  cos'  9' .  sin'  9'  __  cos'  9' .  sin*  9'  ^ 

A^  ^        sin*  29        ""  cos'  9  .  sin'  9  ' 
whence, 

rr        /—         sin  2 9        _    /—    cos 9. sin 9  /^^.x 

VA;  =  VA':; r^. — ;  =  VA "    .    "     .    .     (595) 

*  2 cos 9  .sm 9  COS9  •sin9  ^      ' 

Substituting  the  above  ratio  of  the  densities  in  the  equation  just  preced- 
ing, we  get 

«   ^«     2co8  9\sin9\  ,       . 

"•'-'*•'•    sin  (9+9') ^^^^ 

multiplying  this  by  Equation  (595),  member  by  member,  and  the  equa- 
tion giving  the  value  of  a.,  by  V^A,  and  taking 

VA.a.,=  l;     VAa,,  =  t;;    -v/A^.a.issii, 


we  find 


„  =  _^£C^.    ......    (597) 

sm  (9  +  9') 

„  =  ^?l_ (M8) 

sm  (9  4-9') 


To  which  may  be  added  the  relations.  Equation  (589), 

.      ,      sin9               ,      J       sin' 9 
am9'=:— -^;     cos9'=yi --^ 

25 
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Transposing  the  term  of  which  a«i  is  a  factor  to  the  secoDd  member  ia 
Equation  (592),  subtracting  Equation  (593)  from  a„  =  a^-,  dividing  the 
first  result  by  the  second,  and  multiplying  the  quotient  by  Equation  (593)^9 
we  readily  find 

^5:ii^'  =  -^ (59») 

COS  9         cos  9  ' 

That  is,  the  projection  in  the  direction  of  wave  propagation  and  on  the 
deviating  surface,  of  the  greatest  displacement  in  the  incident,  increased 
by  that  in  the  reflected  wave,  is  equal  to  like  projection  of  the  greatest 
displacement  in  the  refracted  wave. 

Next,  take  the  wave  in  which  the  molecular  motions  are  parallel  to  the 
axis  y ;  these  are  parallel  to  the  deviating  surface.  The  motions  in  the 
incident,  reflected  and  refracted  wav^s  are  parallel  to  one  another,  and,  by 
the  principles  of  ^parallel  forces,  the  sum  of  the  motions  in  the  reflected 
and  refracted  waves  must  be  equal  to  that  in  the  incident  The  equation 
for  the  living  force  will  be  the  same  as  before.  Whence  Equations  (529), 
(545)  and  (590),  omitting  the  common  factors, 

A .  cos  9 .  F.  ol\^  +  A^  .  cos  9'.  V^ .  a*y,  —  A .  cos  9  .F.  a',,.  =  0 ; 

A ,  cos  9 .  F.  tty,  +  A^ .  cos  9'.  F"^ .  tty,  —  A .  cos  9 .  K.  ttyi  =  0  .     (600) 

In  which  A  and  A^  are,  as  before,  the  densities  of  the  medium  of  incidence 
and  of  intromittance,  respectively ;  or.  Equations  (588)  and  (589), 

A^  sin  9'   cos  9'  «i    _n 

'       A    sm9    cos  9       '  ' 

.  a'  sin  9'  cos  9'  ^  ,       , 

'       A    sm9    cos  9      '•        '•  ^       / 

Transposing  the  terms  containing  a,^  and  a,j  to  the  second  members,  and 
dividing  the  first  by  the  second,  we  find 

f^ff+o-fi^o-tt (602) 

That  is,  the  greatest  displacement  in  the  refracted  is  equal  to  the  sum  of 

the  greatest  displacements  in  the  incident  and  reflected  waves. 

A' 
Substituting  the  value  of  — -,,  as  given  by  Equation  (597),  in  Equation 

(601),  we  have 

,    sin 9. cos 9  ^  t^^^K 

'       Bin  9'.  cos  9'     '        '  ^       ' 
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Bubstitutiiig  in  this,  first  the  value  of  a^tj  ^^^  then  of  a,^,  deduced  from 
Equation  (602),  we  readily  get 

tanj^~(p'), 

4cos(p\8iny^        . 
'        '    Sin  2  9  +  sm  2  9'  ^       ^ 

Multiplying  Uie  first  of  these  by  ^A,  and  the  second  by  Equation  (595), 
and  making 

there  will  result, 

_      tap  (<P  -  (P^)  f      . 

''-"tan  (9  +  9') ^      ^ 

Sin  (9  H-  9  ) .  COS  (9  —  9  )  ' 

§  336,— Divide  Equation  (598)  by  Equation  (597),  and  Equation  (607) 

by  Equation  (606),  replace  t',  u,  v'  and  t//  by  their  values,  and  substitute  for 

the  ratio  of  the  square  roots  of  the  densities  its  value  as  given  in  Equation 

(595),  we  find 

a^i .  cos  9' cos  9'       sin  2  9' 

a^, .  cos  9  "~       cos  9    sin  (9  —  9')' 

«L'= «P  2  9^  ^    ^    ^ 

Oy;,  sin  (9  —  9')  .  cos  (9  +  9')     *    *    *    ^      ^ 

But  a.| .  cos  9'  and  a,, .  cos  9,  are  the  components  parallel  to  the  deviating 
mirface  of  the  displacements  which  are  in  th^  plane  of  incidence ;  a,,  and 
CL^,  are  already  parallel  to  the  deviating  surface ;  whence,  as  long  as  9>9'9 
that  is,  as  long  as  the  velocity  of  wave-motion  in  the  medium  of  incidence 
eiiceeds  that  in  the  medium  of  intromlttance,  the  molecular  phases  in  the 
refracted  and  reflected  waves  will  be  opposite,  and  conversely. 

§  337. — Denote  the  living  force  in  the  original  incident  wave,  sup- 
posed common,  by  unity;  that  in  each  of  its  two  original  components 
will  be  denoted  by  one  half  of  unity,  and  the  total  living  force  of  the 
reflected  wave  will.  Equations  (597),  (606),  be 

*   sm*  (9  +  9')      '   tan*  (9  +  9')  >      ' 

and  that  of  the  refracted, 

^V        «m«(9+9V         \        tan"  (9 +9')/     ^      ' 
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POLARIZATION   DT   BXFLXXION   AND   BBTRACTIOlf. 


§  338. — ^The  first  term  in  the  second  member  of  Equation  (609), 
measures  the  living  force  in  that  portion  of  the  reflected  wave  which 
is  due  to  vibrations  parallel  to  the  plane  of  incidence ;  the  second,  that 
due  to  vibrations  perpendicular  to  this  plane.  The  former  exceeds  the 
latter.  These  living  forces  being  proportional  to  the  squares  of  the 
greatest  displacements,  the  former  may  be  represented   by  a/,  and  th^ 

latter  bj  a,',  in  Equation  (582).  The  £EUitor  -^,  in  this  equation,  de- 
termines the  difference  of  phase  simultaneously  impressed  by  both 
waves  upon  the  same  molecule,  and  'v^rhen  the  waves  have  passed  from 
one  medium  to  another,  its  value  will  depend  not  only  upon  the  na- 
ture of  both  media,  but  also  upon  the  action  to  which  the  waves  may 
have  been  subjected  while  crossing  the  space  wherein  the  physical 
changes  occur  that  constitute  the  transition  from  one  medium  to  an- 
other. The  amount  of  this  action,  in  any  particular  case,  can  only  be 
known  from  experience.  The  resultant  waves,  both  in  the  medium  of 
incidence  and  of  intromittancey  will  be  elliptically  polarized. 
.  When  9  -}-  9'  =  90%  then.  Equation  (589),  will  sin  9'  =  cos  9,  and 

*»  = ^=tan9: (611) 

COS9  ^  ^      ' 

the  second  term  of  Equation  (609)  will  disappear,  and  the  reflected 
wave  will  be  wholly  polarized  in  the  plane  of  incidence.  This  angle, 
of  which  the  tangent  is  equal  to  the  index  of  refraction,  is  called  the 
polarizing  angle. 

The  index  of  refraction  varies  with  the  wave  length,  Eqs.  (588),  (545), 
and  it  will,  therefore,  be  impossible  wholly  to  polarize,  by  a  single  re- 
flexion, a  wave  compounded  of  several  components,  having  different 
wave  lengths. 

Of  the  terms  of  tke  second  member  of  Equation  (610),  the  last  is 
4it>e  greater,  because 

sin*  (9  —  p')  _^  tan*  (9  —  9^)    cos'  (9  —  9')  ^ 
Mn"  (9  +  q>)  ""  tan*  (9  +  9")  '  cos*  (9 +  9')  ' 
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and  the  excess  will  measnre  the  preponderance  of  that  part  of  the  re- 
fracted wave  due  to  Vibrations  perpendicular  over  that  due  to  vibra- 
tions parallel  to  Xhe  plane  of  incidence.  ^  This  excess  is  exactly  equal 
to  the  excess  in  the  reflected  wave  which  arises  from  vibrations  par- 
allel over  those  perpendicular  to  the  plane  of  incidence. 

§  338'.— If  the  wave  velocity  in  the  medium  of  incidence  be  less 
than  in  that  of  intromittance,  then  will  m  be  less  than  unity,  and  the 
values  of  v  and  v'  become  imaginary  for  all  angles  of  incidence  greater 
than  that  whose  sine  is  equal  to  m^  and  at  this  limit  the  problem 
changes  its  nature.  In  fact,  this  is  the  limit  of  refraction,  according 
to  the  law  of  the  sines,  Equation  (589),  and  for  any  increase  of  the 
angle  of  incidence  beyond  this,  the  wave  will  be  wholly  reflected. 

§  339. — If  the  wave  be  plane  polarized,  and  its  plane  of  polarization 
inclined  to  that  of  incidence,  ahder  any  angle  denoted  by  a,  then  will 
the  reflected  component  displacements  parallel  and  perpendicular  to  the 
plane  of  incidence  be,  respectively.  Equations  (597)  and  (606)y 

sin  ((p  —  ^')  ,     tan  ((p  —  (p') 

.    y    .     .(.coso,  and—; — 7^ — ^.smo. 

sm  (9  +  9  )  tan  (9  -f  9') 

The  component  waves  due  to  these  displacements  will  proceed  onwards, 

and  may  satisfy  the  condition  of  ~  being  an   even   multiple   of  \ ; 

in  which  case  the  resultant  will.  Equation  (585)^  be  a  plane  polarized 
wave.  Denote  the  inclination  of  its  plane  of  polarization  to  that  of 
reflexion  by  of,  then  will 

tan  (9  -  9^) 

v'      tan  (9 +  9)  co9(9  +  9)   ^  /«,«\ 

tan«^=  -  =   .     ;  ,: =  — 7^^,;. tana  .    (612) 

V       sm  (9  -  90    ^^       cos(9-9) 

sm  (9  +  9') 

If  9  +  9^  =  90®,  then  will  of  =  O*',  whatever  be  a ;  also  if  «  =  0^,* 
then  will  a''  =  0®  ;  finally,  if  9  =  0**,  then  will  9'  =r  0,  and  a^  =  a. 
Tliat  is,  when  a  plane  polarized  wave  is  incident  under  the  polarizing 
angle,  it  is  reflected  polarized  in  the  plane  of  reflexion.  Where  an  in- 
cident wave  IS  polarized  in  the  plane  of  incidence,  the  reflected  wave 


i 
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preserves  its  plane  of  polarization  unchanged  under  all  angles  of  inci- 
dence. Finally,  under  a  perpendicular  incidence,  the  plane  of  polariza- 
tion of  the  incident  and  that  of  the  Deflected  wave  coincide. 

Equation  (612)  shows  that  a!  is  always  less  than  a,  and  that  the 
plane  of  polarization  approaches  that  of  incidence  at  each  reflexion,  and 
may  be  made,  by  a  sufficient  number  of  reflexions,  ultimately  to  coin- 
cide  with  it. 

§  340. — Stilly  supposing  the  velocity  of  the  wave  less  in  the  mediuv 
of  incidence  than  in  that  of  intromittance,  or  9^  >  9 ,  let  the  wave  be 
plane  polarized,  and  its  plane  of  polarization  inclined  to  that  of  inci- 
dence. The  vibrations  will  be  resolved  into  their  compcments,  respec- 
tively parallel  and  perpendicular  to  this  latter  pkme;    and  as  long  aa 

sin  9  <  m,  two  components  will  be  reflected  and  two  refracted.     If  — ^ 

be  any  even  multiple  of  •}-,  in  both  sets  of  components,  the  reflected 
and  intromitted  resultant  waves  will  be  plane  polarized. 

The  inclinations,  denoted  by  a'  and  a^,  of  the  planes  of  pf^ariaa- 
tion  of  the  reflected  and  refracted  waves^  respectively,  to  the  plane  of 
incidence,  will  be  given  by 

tan  a'  =  -  •  tan  « :    tan  a .  =  —  •  tan  « ; 

in  which  v,  v\  u  and  u\  are  to  be  found  by  Equations  (59%),  (606), 
(598),  and  (607). 

If  a  =  45^  and  sin  9  =  m,  then  will 

tan  a'  =  —  1,  and  tan  a,  =  — . 

At  this  limit,  the  refracted  wave  takes  the  direction  of  the  deyiating 
surface.  An  infinitesimal .  increment  to  9  will  cause  this'  wave  to  be 
reflected  and  make  w  =  —  1,  tan  a^  =  —  1,  and  give  to  tan  a'  the 
form  of  indetermination.  But,  retaining  the  limiting  value  of  thia  fiino 
tion  above,  we  have, 

1  +  tan  a' .  tan  a^  =  1  —  1  =  0 ; 
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tnd  since  the  planes  of  polarization  pass  throagh  the  same  line,  yiz^ 
a  normal  to  the  wave  front,  they  will  make  with  one  another  an  angle 
of  90^,  and  the  whole  reflected  wave  will  be  compounded  of  two  equal 
components  polarized  in  planes  at  right  angles  to  each  other.  If  these 
waves  reach  the  molecules  in  their  common  path,  so  as  to  satisfy  the 

condition  that  -^  shall  be  an  even  multiple  of  },  the  resultant  wave 

will  be  plane  polarized;  if  an  odd  multiple,  then  circularly  polarized; 
and  if  between  these  limits,  then  elliptically  polarized. 

§  841. — If  the  polarization  be  circular,  then  will  a,  =  a^  =  a^,  be 
equal  to  the  radius  vector  of  the  circular  orbit  Denote  the  angle 
which  this  radius  makes  with  the  axis  Xy  at  any  instant^  by  6;  then 
will 

V^.t  —  t 


a^ .  cos  9  =  f  =:  a, .  sin  2  TT 


a^  ,anO  =  1]  =a^  •  sin  2  n* 


A. 


Denote  the  time  required  for  the  first  wave  to  describe  F. .  <  —  ^,  by  t^j 
that  for  the  second  to  describe  F, .  <  —  2  by  /,,  and  the  periodic  time 
of  a  molecule  in  both  waves  by  r ;  then,  because  the  wave  velocity 
is  constant,  and  the  wave  length  and  orbit  are  described  in  the  same 
time, 

F. .  <  —  «       «. 


=:^.      JtiZlf  =   ^' 


K  t'  X, 


which,  in  the  above,  give. 


cos  0  =  sin  2  TT  •  -^, 

T 


sin  0  =  sin  2  TT  •  -^ : 

T 

and  making 

^=t±<', (613) 

in  which  t'  denotes  the  time  the  wave  due  to  vibrations  parallel  to 
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one  axis  is  in  i^vance  of  that  due  to  those  parallel  to  the  other ;  w« 

hare, 

t 
cos^  =  sin2  7r  ~; (^14) 

8in^  =  8in2  7r  /— db— V         .     •    .     (615) 

t' 
Differentiating,  regarding  —  as  constant,  we  find, 

-=—  = 2-c<»2irf— db-i); 

dt,      T.coBd  \r        t/' 

andy  developing  the  last  fitctor, 

-=—  = 7,  •|cos27r-  —  •co827r-  —  3:sm27r«  —  •sin2tr  —  1; 

a^,      r.cosOL  t  t^^  t  tJ^ 


and  making  —  =  -J^, 


^  d$  2r  t^ 

cos^.:r-  =  =F — .sin27r.— (616) 

at,  r  T  ^       ' 

Differentiating  (614),  we,  find, 

dO  2  TT  L 

sin  $ .  -p-  = .  cos  2  TT  — (61 Y) 

at,T  r  ^       ' 

Squaring,  adding  to  the  square  of  Equation  (616),  and  taking  square 

root, 

dd           2n  ,       , 

dJ^^- ("8) 

whence  the  velocity  is  constant 

The  first  member  of  Equation  (616)  is  the  relocitj  in  the  direction 
of  the  axis  y,  and  Equation  (617)  in  the  direction  of  the  axis  «,  and 
these  equations  show  that  the  upper  sign  must  be  taken  in  Equation 
(618)  when  f  is  positive  in  Equation  (613),  and  the  lower  when  fia 
negative.  Whence  it  appears,  that  two  waves  plane  polarized  will,  by 
their  simultaneous  action  upon  a  molecule,  cause  it  to  move  uniformlj 
in  a  circle,  provided  they  be  of  the  same  length,  and  one  wave  lag; 
as  it  were,  behind  the   other,  bv   a  distance  equal  to  •}  of  a  wavo 
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length ;  and  the  motion  ¥rill  be  from  right  to  left,  or  the  converse,  ac- 
cording  to  wave  precedence. 

Two  waves  distinguished  bj  these  peculiarities  are  said  to  be  oppo- 
sitely  polarized.  The  plane  perpendicular  to  the  wave  front,  and 
through  that  diameter  of  the  orbit  into  which  the  molecule  would  be 
brought  at  the  same  instant  by  the  separate  action  of  the  two  wavesi 
is  called  the  plane  of  cromng. 

§  842.— Let 

(1)  .    .    .     .     •    •     a^  cos  ^  =  f  =  a,  sin  2  TT  — , 

(2) a^sin^rs  1/ =  a^sin  I2  7r  .  —  H 1, 

(3) a^cosd=  f  =  a^sin  |2  7r  .  —  H 1, 

(4) 06/  sin  ^  =  f/  =  tt;  sin  2  TT  — , 

be  the  displacements  in  two  oppositely  circularly  polarized  waves.  The 
union  of  (1)  and  (4)  gives  a  resultant  wave  plane  polarized;    that   of 

(2)  and  (3)  also  a  wave  plane  polarized,  the  equation  of  the  path 
being 

in  the  plane  of  crossing.  It  thus  appears  that  the  union  of  two  circu- 
larly polarized  waves,  polarized  in  opposite  directions,  gives  a  plane 
polarized  wave,  of  which  the  intensity  is  double  of  either.  Conversely, 
a  wave  plane  polarized  may  be  resolved  into  two  components  of  equal 
intensity,  circularly  polarized  in  opposite  directions. 

§  343. — Because  the  time  of  describing  the  wave  length  is  equal  to 
the  molecular  periodic  time,  we  have,  denoting  the  velocity  of  wave 
propagation  by  F, 

whence 
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which,  in  Equation  (618),  giTca^  after  multipying  by  /.  and  dividing 
by  2  7r, 

^   t 

dt/  '  _  Vt. (619) 

The  first  member  is  the  arc,  expressed  in  circnmferences,  described  by 
the  molecule  while  the  wave  is  moving  through  a  thickness  V ,  t^  of 
the  medium.  So  that  a  wave,  compounded  of  many  components  hav- 
ing different  wave  lengths,  but  all  polarized,  on  entering  a  medium, 
may  emerge  with  the  planes  of  polarization  of  its  several  components 
BO  twisted  through  different  angles  as  to  diverge  from  a  conunon  line 
perpendicular  to  the  wave  front  The  department  of  optics  furnishes 
some  fine  examples  of  this.  A  piece  of  quartz,  of  a  peculiar  kind,  is 
known  to  twist  the  extreme  red  wave  through  an  angle  of  17^  29'  47'% 
and  the  extreme  violet,  44°  04'  58",  for  each  millimetre  of  thickness 

s 

DI77UBI0N  AND  DSOAT   OF  LITINO  FOROX. 

§  344. — ^The  living  force  of  any  molecule  whose  mass  is  m  and  ve- 
locity v^,  is 

and  denoting  by  n  the  number  of  molecules  on  a  superficial  unit  of 
the  wave  front,  the  living  force  on  this  unit  will  be 

and  on  the  sur&ce  of  a  sphere  of  which  the  radius*  is  r^, 

4  TT .  r/ .  n .  m  r/ ; 

and  for  another  sphere,  of  which  the  radius  is  r^^,  and  molecular  velo- 
city v,„ 

4  TT .  r^/ .  n  m  r^/.  • 

If  these  spherical  surfaces  occupy  the  same  relative  positions  in  a  di- 
verging wave,  in  any  two  of  its  positions,  their  molecular  living  fon^ea 
must  be  equal;  whence,  suppressing  the  common  factors, 

r/.mv/=r^/mt;^/. (620) 
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The  molecules  describe  elliptical  crbits,  and  under  tlie  action  of  nioleo> 
nlar  forces  directed  to  the  centres  of  these  carves.  The  periodic  time 
will,  therefore,  §  207,  Equation  (286),  be  constant,  however  the  dimen- 
sions of  these  orbits  may  vary ;  and  the  average  velocities  of  the  mole- 
cules will  be  proportional  to  the  lengths  of  their  respective  orbits,  or, 
in  similar  orbits,  to  any  homologous  dimensions  of  the  same — as  their 
transverse  axes  or  greatest  molecular  displacements.  Denoting  the  latter 
by  c'  and  c"  in  the  two  waves,  then  will 

*   ^—  __  • 
V  c 

which,  with  Equation  (620),  gives 

e''T^^r=,c'r^ (621) 

Whence  it  appears,  thai  the  Uving  force  of  the  moleculee  of  any  wave 
varies  inversely  as  the  second^  and  the  preaiest  displacement  inversely  as 
the  first  power  of  the  distance  to  which  the  wave  has  been  projmgated 
from  its  place  of  primitive  disturbance. 


IITTERFERBKOX. 


§  845. — ^Resuming  Equation  (586),  viz., 

^  +  -^  —  sin*  2  7r  -  =  0 ; 


a         a 


denote  the  radius  vector  of  the  molecular  orbit  by  p',  and  the  angle  H 
makes  with  the  axis  of  I  by  0\  then  will 

f  =  p  .  cos  d' ;    iy  =  p'.  sin  ^' ; 

which,  in  the  above,  give 

p^=-- "^^^^^  .aipQir.-; 

Va^/cos«^'  +  a/sin«d'  t 


and  making 


"/  •  «//     _  ^t 


Va,/ .  cos*  6'  +  «/ .  8in«  B'  ' 
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we  havo 

p'  =  c'.8in2  7r.- (622) 

[n  this  equation,  p'  is  the  actual  displacement  of  the  molecule  from  its 

place  of  rest,  and  becomes  a  maximum  when  -  is  any  odd  multiple  of 

t 
^.    If,  however,  there  be  added  to  the  arc  2  tt  -,  an  arbitrary  arc  a\ 

this  latter  may  be  so  taken  as  to  make  the  maximum  or  any  other 
displacement  occur  at  such  time  and  place  as  we  please,  and,  there- 
fore, to  give  to  the  molecule  any  particular  phase  at  pleasure,  at  the 
time  L    We  may  write,  then,  generally, 


p'  =  c' .  sin  ^2  TT .  -  +  a'^  ;     .    .     .        .     (623) 


and  for  a  second  resultant  wave. 


p"=c". sin(27r.i  +  a"); (624) 

and  if  these  waves  act  simultaneously  upon  the  same  molecules,  the  re- 
sultant displacement,  denoted  by  p,  will,  g  306,  be  given  by 

p=:p'  +  p''^  c'.sin  (2  7r .;^  +  a')  +  c".  sin  ^2  7r .  -  +a"V 

Developing  the  circular  {Unctions  acd  collecting  the  coefficients  of 
like  factors, 

p  =  (c'  cos  a'  +  c"  cos  a")  .  sin  2  tt-  +  (j '  sin  a'  +  c"  sin  a")  .  cos  2  tt-^  ; 


and  making 

c  cos  a  = 
€  sin 

we  have 


>s  a  =  c' .  cos  a'  4  e"  cos  a",) 

{ («26) 

m  a=i  e  sm  a  +  c   sin  a  ,   ) 


ps=0.cosa.sm27r.-  +  <?sina.co827r«-: 

r  T 
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or. 


p  =  c  sin  f  2  TT .  -  +  a y 


(626) 


Squaring  Equations  (625),  and  adding, 

c«  =  c"  +  c"«  +  2  c'c"  cos  (a' -  a"), 

and  dividing  the  second  by  the  first, 


•    •    • 


(627) 


tan  a  = 


c' .  sin  a'  -h  c" .  sin  a 
c'  cos  a'  +  c"  cos  a 


ft 


It 


(628) 


From  Equation  (626)  we  see  that  the  resultant  wave  is  of  the  same 
length  as  that  of  the  component  waves  to  which  Equations  (623)  and 
(624)  appertain ;  the  length  being  determined  by  the  molecular  periodic 
time  t;  but  the  value  of  a  in  that  equation  differing  from  a!  and  a" 
in  Equations  (623)  and  (624),  shows  that  the  maximum  displacement  of 
a  given  molecule  does  not  take  place  in  the  resultant  wave  at  the  same 
time  as  in  either  of  its  components. 

g  346. — ^The  maximum  displacement  in  the  resultant  wave  is. given  by 

c  =  Vc"  +  c"«  +  2  c'  c" .  cos  (o'  -  a")  ;   ,    .    .     (629) 

which  will  be  the  greatest  possible  when  a'  —  a"  =:  0,  and  least  pos- 
sible when  a!  —  a"  =  180^ ;  the  maximum  in  the  former  case  being 
given  by 


<j  =  c'  +  c" 


and  the  minimum,  by 


c  =  c'-«". 


In  the  first  case,  Equation  (628), 


•^^-^' 


{e  +  n  .  sin  a'      ^       , 

tan  a  =  )  ,  ,      ' =  tana'. 

Ic  +  c')  .  cos  a' 


') 


Whence  a=z  a'  =  q!\  and  the  maximum   displacement  will  occur  at 
the  same  place  and  tijne  in  the  resultant  and  component  waves. 
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In  the  second  case,  Equation  (628),  if  we  make  a'  =  180^  +  a!\ 

(c'  -  c")  .  sin  a"  r,  .  ,  «v 

tana  =  Y^ y/r =  tana"  =  tan  ia!  -  180**)  =  tana'; 

\c  —  c  ) .  cos  a '  ^  '  . 

that  is,  a  will  be  equal  to  one  at  least  of  the  arcs  a!  and  a",  and  tho 
greatest  displacement  will   occur   at  the   same   time   and  place  in  the 
resultant  wave  as  in  one  of  its  components. 
If  c*  =z  c",  then,  Equation  (629), 

c  =  c'v^  211  +co«(a'  — a")]; 
and  because 


1  +  cos  (a'  —  a")  =  2  cos* 


a  '—  a 


2      ' 


a  "^  a 


c  =  2  c' .  cos , (630) 

and,  Equation  (628), 

sin  a'  +  sin  a"  a'  +  a"  ,       , 

tan  a  = ;- ^  =  Un  — ....     (631) 

cosa  +cosa  2  ^       ' 

H  while  c*  and  c"  continue  equal,  we  also  have  a'  —  a"  =  180®,  then. 

Equation  (680), 

c  =  0. 


Thus  it  appears  that  two  equal  waves  may  reach  the  same  molecules 
in  such  relative  condition  as  to  keep  them  in  their  places  of  rest;  in 
other  words,  two  equal  waves  may  destroy  one  another. 

§  347. — ^To  ascertain  the  precise  relation  of  two  waves  which   will 
cause  this  mutual  destruction,  make,  in  Equation  (623), 

■ 

a  =  a''  db  TT  =  o"  db  — - — , 

2t  • 

and  that  equation  becomes, 

p'  =  c  .  sm  1 2  7r  -  +  a"  =b 1, 

^  \       r  2r  y 

/)'  =  c' .  sin  1 2  TT 4-^  4-  a") ;     .    .    .     .     (632) 


MECHANICS    OF    MOLECULES.  899 

which  becomes  identical  with  Eqaation  (624)  by  making 


c'  =  e\ 


and 

<  =  ^  =fc  J  T.     .    .         ,     .     .    .  (633) 

Now,  the  same  valae  for  /,  in  Equations  (623)  and  (624),  wiU,  for 
eqaal  valaes  of  the  arbitrary  arcs  a!  and  a",  determine  the  component 
waves  to  give  to  a  molecale  sabjected  to  their  simultaneous  action, 
similar  phases  ;  and  a  value  for  /,  in  the  one,  which  differs  from  that 
in  the  ^other,  by  one-haI(  or  any  odd  multiple  of  one-haI(  of  the 
molecular  periodic  time,  opposite  phases.  And,  because  the  waves  pro- 
gress by  a  wave  length  during  each  molecular  revolution,  the  above 
result  shows  that,  when  two  waves  meet^  after  having  travelled  over 
routes,  estimated  from  points  at  which  their  molecular  phases  are  simi- 
lar, and  which  routes  differ  hy  half,  or  any  odd  multiple  of  half  a 
wave  lengthy  they  will  destroy  one  another,  provided  the  waves  have  the 
«ame  length  and  equal  maximum  molecular  displacements.  This  act,  by 
which  one  wave  destroys  another,  is  called  wave  interference. 

The  same  process  of  combination  will  equally  apply  to  three  or 

more  wave  functions  in  which  r  is  the  same  in  all ;  that  is,  wherein  the 

t  t 

wave  lengths  are  the  same ;  for,  in  that  case,  sin  2  tt  .  -  and  cos  2  tt  .  - 

being  common  factors,  after  developing  each  function  in  the  sum,  the 
resultant  displacement  p  becomes, 

p  =  sin  2  TT  •  - .  2  c'  cos  a'  +  cos  2  TT  •  — .  2  c'  sin  a\ 

T  T 

and  assuming 

c .  cos  a  =  £  c'  cos  a', 

c .  sin  a  s=s  2  c'  sin  a' ; 

I 
p=  c.sin(2  7r-  +  a),    .     .    (634) 

thus  making  the  resultant  wave  of  the  same  length  as  that  of  either 
of  its  components. 
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Bnt,  if  the  component  waves  be  not  of  equal  lengths,  the  sum  of 
the  corresponding  functions  cannot  reduce  to  the  form  of  Equation 
(634),  because  of  the 
absence  of  common 
factors,  arising  from  a 
change  in  the  value 
of  T  from  one  com- 
ponent to  another.    Such  components  can  never  destroy  one  another. 


INFLEXION. 

§  848. — Make,  in  Equation  (621),  r"  =  1,  and  that  equation    be* 
comes 

and  this  value  being  substituted  for  c',  in  Equation  (622j,  giveSi 

p  =  —  .sm  2  7r  .  -; 
r  T 


and  making 


t        Vt  —  r^ 


» 
we  have,  omitting  all  the  accents, 

p  =  - .  sin  2  7r  — = — ^ (635) 

which  is  of  the  same  form  as  Equations  (528),  and  in  which  V  is 
the  velocity  of  wave  propagation ;  ^,  the  time  of  its  motion  from 
primitive  disturbance;  X^  the  wave  length;  -,  the  maximum  displace- 
ment of  a  molecule  of  which  the  distance  of  the  place  of  rest  from 
the  point  of  primitive  disturbance  is  r;  and  p  the  actual  displac^ent, 
at  the  time  t,  of  this  same  molecule.  And  from  which  it  is  apparent 
that  the  displacements  will  always  be  the  same  for  equal  distances, 
Vt  —  r,  behind  the  wave  front. 

Every  disturbance  of  a  molecule,  at  one  time,  becomes  a  cause  of 
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disturbance  to  another  molecule  at  some  subsequent  time.  All  the 
molecules  in  a  wave  front,  when  they  first  begin  to  move,  become, 
therefore,  centres  of  disturbance  for  every  molecule  in  advance;  and 
if  the  primitive  disturbance  be  kept  up,  secondary  waves  proceeding 
from  these  centres  will  reach  a  molecule  in  advance  simultaneously, 
and  determine,  §  307,  at  any  instant  t,  its  displacement  2  p. 

Suppose  a  wave,  whose 
centre  of  disturbance  is  Cy  to 
have  reached  the  position  ABj  • 
so  remote  from  C  that  a  small 
portion;  AB,  may  be  regarded 
as  sensibly  plane:  What  is 
the  displacement  of  a  molecule  at  0,  produced  by  the  simultaneous 
action  of  the  secondary  waves  proceeding  from  the  molecules  in  any 
portion,  as  u4^,  of  a  section  of  this  wave  front?  Draw  the  normal 
CDI^j  through  the  middle  of  P  Q ;  denote  the  variable  distance  DQ 
by  2,  and  Q  0  by  r.  The  displacement  of  the  molecule  0,  by  the 
secondary  waves  from  the  arc  AB  =  2b,  will,  Eq.  (635),  be  giyen^hj 


lp=zf      paz=zf        .sm27r. — - — 

•^  —ft  ^  ^h     r  A 


(636) 


Here  r  and  z  are  variable.  To  eliminate  the  former,  join  0  with  the 
middle  of  ^^  by  the  line  D  0,  and  denote  its  length  by  /,  and  the 
angle  QD  0^  which  it  makes  with  the  wave  front,  by  B,     Then  wi\l 

r  =  V/*  +  2*  — 2/2fC08d  ; 
and  by  Maclaurin's  formula. 


r  =  /  —  cos^.«  +  ——r  .  2*  —  &C.     . 

21 


(637> 


If  the  greatest  value  of  z  be  small  as  compared  to  /,  we  may  take 

r  =  /  —  COS  0 .  z,  (638) 

and  regard  the  displacements  of  the  molecule  0,  by  the  partial  wavc» 

26 
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from  2  to  be  eqaal.     Whence,  substitutiog  the  value  of  r,  with    tUk 
restriction,  in  Equation  (636),  we  have, 


p ,ds  =1  Y  .J       sin -r- (Ft  —  / +  co8^.«)  rf«. 


and,  performing  the  integration  without  regard  to  limits, 

and  between  the  limits  *  h  and  +  6, 

or, 

eX           .   in.b.cosO     .   „       Vt  —  l  .  „. 

^'' =  ^^n:^^  •"" X 8m2:r._^;     ....     (639) 

80  that  the  function  whose  vahie  gives  the  resultant  displacement,  is  of 
the  same  form  as  that  of  the  function  which  determines  either  of  the 
partial  displacements. 

The  maximum  value  of  the  resultant  displacement  is  given  bj 

eX           .    2  7r.6.cos0  z^^^v 

^''  =  iFX-c-3^-° X 5       .    •    .     (640) 

and  this  will  become  zero  for  such  values  of  0  as  make  6 .  cos  ^  equal 
to  either  of  the  following  values,  viz.. 

Conceiving  the  figure  to  be  revolved  about  the  normal  CUf^  and  all 
the  wave  except  the  circular  portion  whose  diameter  is  2b=:  AB^  to 
be  intercepted,  the  space  in  advance  of  the  wave  will,  when  the  above' 
values  obtain,  find  itself  divided  by  the  secondary  waves  into  a  series 
of  concentric  cone-like  zones  around  the  normal  CiT,  as  an  axis,  and 
of  which  the  alternate  ones,  beginning  with  that  immediately  about  the 
axis,  will  be  filled  with  molecules  in  motion,  wlile  the  molecules  in  the 
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others  will  be  at  rest.  A  e^ction  in  advance  of  the  primitivte  irave 
will  cut  from  these  aones  a  series  of  concentric  circular  rings  distin- 
guished by  the  same  peculiarities. 

But  if  A  be  Ferj  great  as  compared  with  b,  then  will  .the  aic 

27r.^.oo6^ 
X 

be  so  flmafl  as  to  justify  the  ftubstitntioii  of  the  aic  for  its  sine  iiid  for 
the  maximnm  yalue  of  resultant  displacement, 

<^^)' =  ^7::^;^ — -x —  =—'•  •  •  <«") 

and  this  result  being  independent  of  6,  the  conic  sones  cannot  exist, 
and  the  effect  of  the  secondary  waves  will  be  diffused  in  all  directions 
to  the  front  This  lateral  action  of  secondary  waves  proceeding  from 
a  small  portion  of  a  primitive  wave,  is  called  wave  inflection. 

When  0  approaches  nearly  to  90°,  cos  6  will  be  exceedingly  small, 
and  the  arc 

2  TT  .  ft  .  008  S 

X 

may  again  be  substituted  for  its  sine;   agsdn  Equation  (641)  suits  the 

case,  and  determines  the  maximum  displacement  immediately  about  the 

normaL 

The   maximum  of  the   maxima  displacements  will  occur  when,  ia 

Equation  (640), 

2  7r.i.oos(9        .    . 
am  • J- =  db  1 ; 

and  which  would  reduce  that  equation  to 

<?  /I 

and  as  tiie  living  forces  are  proportional  to  the  squares  of  th«  greatest 
^Hplacements,  we  have 


♦1 


J 


I 

( 
/ 


4 
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Whence 

m.v,;=m.v;.;^^^^—^,    ....     (642) 

in  which  v^  ia  the  Telocity  of  the  molecule  on  the  normal,  and  v^^ 
that  at  the  angolar  distance  B  from  it.  ^  When  the  wares  are  very 
shorty  as  compared  with  (,  it  is  obvioos  that  the  living  force  of  the 
molecules  would  be  sensibly  nothing,  except  immediately  about  the 
normal.  When  the  waves  are  long,  as  compared  with  6,  the  living 
force  will  be  appreciable  far  every  value  of  d,  and,  therefore,  in  every 
direction  in  frcmt  of  the  primitive  wave.  The  importance  of  this 
diacoBsioxi  will  le  apparent  in  the  subjects  of  sound  and  light. 


•^     ^(^0      ^/^^       ^     ^      CZ^     €^JZ|.|L/       ^*>K^^.KXW^    ^     <fc2 


^uW- 


PART   IV- 


APPLICATION  OF  THE  PRECEDING   PRINCIPLES  TO 
SIMPLE  MACHINES,  PUMPS,  ETC. 

§  349. — Any  device  by  which  the  action  of  a  force  may  be  received 
at  one  place  and  transmitted  to  another  is  called  a  Machine. 

There  are  usually  seven  elementary  machines  discussed  in  Jfe- 
ehanics ;  viz.,  the  Cord^  Lever,  Inclined  Plane,  Pulley,  Screw^  Wheel  and 
Axle,  and  Wedge.  The  Cord,  Lever,  and  Inclined  Plane  are  called 
Simple  Machines ;  the  others,  being  combinations  of  these,  are  called 
Compound  Machines. 

§  350. — In  Machines,  as  in  all  other  bodies,  every  action  is  ac- 
companied by  an  equal  and  contrary  reaction.  A  force  which  acts 
upon  a  Machine  to  impress  or  preserve  motion  is  called  a  Power. 
A  force  which  reacts  to  prevent  or  destroy  motion,  is  called  a 
Reeietance.  The  Agent  which  is  the  source  of  power,  is,  §  38,  called 
a  Motor. 

§  351. — Resuming  Equation  (30),  and  supposing  the  displacement, 
which  in  that  equation  was  wholly  arbitrary,  to  conform  in  every 
respect  to  that  caused  by  the  powers  and  resistances,  we  shall  have 
69  :=  da,  9  being  the  path  described  by  the  elementary  mass  m; 
and  hence, 


but 


2  PZp  —  2m-  -j^  .  1^9  =  0 ; 


d^9    -         d9     d^9  -  1  J  /  j\ 


whence, 


2P^p  —  12m.rf(t;')  =  0. (643) 
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Denoting,  by  Q,  Q\  dsc.  the  resistances,  by  P,  P\  6ec.   the  pow 
ers,  8qy  ^c.  and  Bp^  dsc.  the  projections  of  their  respective   virtual 
velocities ;    the   first   term,   which    embraces   all    the    forces    except 
inertia  in  action  on  the  machine,  maj  be  replaced  by  iFSp  —  2  QSg^ 
and  we  have 

2P5|>  —  2^^g  =  J2«i.rf»^    ....     (644) 
Integrating, 

* 

and  denoting  by  v^  the  initial  velocity,  and  taking  the  integral  8« 
as  to  vanish  when  <  =  0, 

j^PSf  —  f:&QSq  =  |Sm»»  —  |Si»»r,*    •  •  .  (645) 

The  products  P8p  and   Q ^9  are  the  elementary   quantities   of  yu^^V 
work    performed     by    a    power    and   a    resbtance    respectively,    in  fTk,(sW 
the    element  of  time  dt\    the    product  \mdv^  Sb    the   elementary       '        ^ 
quantity  of  work  performed  by  the   inertia,  or  one  half  the   incre      ^ 
ment  of  living  force  of  the  mass  m  in  this  time.    And  Equation 
(645)  shows  that  in   any  machine,   in  motion,  the  increment  of  the 
half  sum   of  the  living  forces  of  all  its  parts  is  always  equal   te 
the  excess  of  the  work  of  the  powers  or  motors  over  that  of  thej 
resistances « 

§352. — If  the  machine  start  from  rest,  Equation  (645)  beeomes» 

f2FSp-^fsQSg=:ilmv^,'    •     •     •     (646) 

and  as  the  second  member  is  essentially  positive,  the  work  of  th« 
motors  must  exceed  that  of  the  resistances  embraced  in  the  term 

J 1  QSg;  in  other  words,  the  inertia  will   oppose  the    motor  and 

act  as  a  resistance.  When  the  motion  becomes  uniform,  the  second 
member  will  be  constant;  from  that  instant  inertia  will  cease  to 
act,  and  the  subsequent  work  of  the  motor  will  be  equal  to  that 
of  the  resistances  as  long  as  this  motion  continues.  If  the  motion 
be  now  retarded,  the  second  member  will  decrease,  the  inertia  will 
act  with  the  power,  and  this  will  continue  till  the  machine  com«i 


I 


ai^pLicat/ons.  407 


u 


l&  rest,  a  ad  the  excess  (f  work  of  the  Resistance  during  retardation 
will  be  exactly  equal  to  that  of  the  'Power  during  acceleration. 
Generally,  then,  when  a  machine  is  at  rest  or  is  moving  uniformly, 
inertia  does  not  act;  when  the  motion  is  variable,  it  does,  and 
opposes  or  aids  the  motor  according  as  the  motion  is  accelerated 
or  retarded. 

§353. — The  essential  parts  of  every  machine  are  those  which 
receive  c'xedtly  the  action  of  the  motor,  those  which  act  directly 
upon  the  body  to  be  moved  or  transformed,  and  those  which  serve 
to  transmit  the  action.  The  arrangement  of  the  latter  is  often  a 
source  of  resistance,  arising  from  Friction,  Adhesion,  Stiffness  of 
Cordoffs,    &C.,    whose    work    enters    largely    into    the    general    term 

fzQSq. 

*  f 

FBICTIOK. 

§364. — When  two  bodies  are  pressed  t<^ether,  experience  shows 
that  a  certain  effort  is  always  required  to  cause  one  to  roll  or  slide  " 
along  the  other.  This  arises  almost  entirely  from  the  inequalities  in 
the  surfaces  of  contact  interlocking  with  each  other,  thus  rendering 
it  necessary,  when  motion  takes  place,  either  to  break  them  off,  com- 
press them,  or  force  the  bodies  to  separate  far  enough  to  allow  them 
to  pass  each  other.  This  cause  of  resistance  to  motion  is  called  fric- 
tion, of  which  we  distinguish  two  kinds,  according  as  it  accompanies 
a  sliding  or  rolling  motion.  The  first  is  denominated  sliding,  and 
the  second  rolling  friction.  They  are  governed  by  the  same  laws ; 
the  former  is  much  greater  in  amount  than  the  latter  under  given 
circumstances,  and  being  of  more  importance  in  machines,  will  prin- 
cipally occupy  our  attention. 

The  intensity  of  friction,  in  any  given  case,  is  measured  by  the 
force  exerted  in  the  direction  of  the  surface  of  contact,  which  will 
place  the  bodies  in  a  condition  to  resist,  during  a  change  of  state, 
in  respect  to  motion  or  rest,  only  by  their  inertia.        / 

§  :]55. — llie  Iriction  between  two  bodies  may  be  measured  directly 
by  means  of   the  spring  balance.      For  this  purpose,  let  the  surface 
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C  D  oi  one  of  the   bodies  M  be  made  perfectly  tevd,  so  that   this 

other  body  M\  when  laid 

upon  it,  may  press  with 

its  entire  weight.  To  some 

point,  as  E^  of  the  body 

AP^  attach  a  cord  with  a  _ 

spring     balance     in     the  f^  /Jjjj     ^  Au/^2I^   /^  Tl^f 

manner  indicated  in  the  figure,  and  apply  to  the  latter  a  force  F  of     J/>rW^ 

such  intensity  as  to  produce  in  the  body  If  a  uniform  motion.     The 

motion   being   uniform,  the  accelerating  and  retarding  forces  must  be 

equal    and   contrary;    that  is  to  say,  the  friction   must  be  equal  and 

contrary  to   the  force  F^  of  which    the   intensity  is  indicated  by  the 

balance. 

The  experiments   on  friction  which  seem  most  entitled  to  oonC 
dence  are  those  performed  at  Metz  by  M.  Morin,  under  the  order 
of  the  French  government,  in  the  years  1831,  1832,  and  1833.    Thej 
were  made  by  the  aid  of  a  contrivance,  first  suggested  by  M.  Pon«- 
celet,  which  is  one  of  the  most  beautiful   and  valuable   contributions 
that  theory  has  ever  made  to  practical  mechanics.      Its  details  are 
given  in  a  work  by  M.  Morin,  entitled  ^^Nouvellen  Fxpiriences  sur  le 
Frottementy    Paris,  1833.      . 

The  following  conclusions  have  been  drawn  from  these  experi« 
ments,  viz. : 

The  friction  of  two  surfaces  which  have  been  for  a  oonsiderable 
time  in  contact  and  at  rest  is  not  only  different  in  amount,  but  also 
in  nature,  from  the  friction  of  surfaces  in  continuous  motion;  espe- 
cially in  this,  that  the  friction  of  quiescence  is  subjected  to  causes  of 
variation  and  uncertainty  from  which  the  friction  during  motion  is 
exempt.  This  variation  does  not  appear  to  depend  upon  the  extent 
of  the  surface  of  contact;  for,  with  different  pressures,  the  ratio  of 
'the  friction  to  the  pressure  varied  greatly,  although  the  surfaces  of 
contact  were  the  same. 

The  slightest  jar  or  shock,  producing  the  most  imperceptible 
movement  of  the  surfaces  of  contact,  causes  the  friction  of  quies- 
cence to  pass  to  that  which  accompanies  motion.  As  every  machine 
may  be  regarded  as  being  subject  to  slight  shocks,  producing  imper 
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oeptible  motions  in  the  8ur£etces  of  contact,  the  kind  of  friction  to  be 
employed  in  all  questions  of  equilibrium,  as  well  as  of  motions  of 
machines,   should   obviously   be   this   last   mentioned,   or    that   which 

* 

accompanies  continuous  motion. 

The  LAWS  of  friction  which  accompanies  continuous  motion  are 
remarkably  uniform  and  definite.     These  laws  are: 

1st  Friction  accompanying  continuous  motion  of  two  surfaces, 
between  which  no  unguent  is  interposed,  bears  a  constant  proportion 
to  the  force  by  which  those  sur&ces  are  pressed  together,  whatever 
be  the  intensity  of  the  force. 

2d.  Friction  is  wholly  independent  of  the  extent  of  the  surfaces  in 
contact. 

3d.  Where  unguents  are  interposed,  a  distinction  is  to  be  made 
between  the  case  in  which  the  surfaces  are  simply  unctuous  and  in 
intimate  contact  with  each  other,  and  that  in  which  the  surfaces  are 
wholly  separated  from  one  another  by  an  intei-posed  stratum  of  ths 
unguent.  The  friction  in  these  two  cases  is  not  the  same  in  amount 
under  the  same  pressure,  although  the  law  of  the  independence  of 
extent  of  surface  obtains  in  each.  When  the  pressure  is  increased 
sufficiently  to  press  out  the  unguent  so  as  to  bring  the  unctuous  sur- 
faces in  contact,  the  latter  of  these  cases  passes  into  the  first;  and 
this  fact  may  give  rise  to  an  apparent  exception  to  the  law  of  the 
independence  of  the  extent  of  surface,  since  a  diminution  of  the  sur- 
face of  contact  may  so  concentrate  a  given  pressure  as  to  remove  the 
unguent  from  between  the  surfaces.  The  exception  is,  however,  but 
apparent,  and  occurs  at  the  passage  from  one  of  the  cases  above- 
named  to  the  other.  To  this  extent,  the  law  of  independence  of  the 
extent  of  surface  is,  therefore,  to  be  received  with  restriction. 

There  are,  then,  three  conditions  in  respect  to  friction,  under 
which  the  surfaces  of  bodies  in  contact  may  be  considered  to  exist, 
viz.:  1st,  that  in  which  no  unguent  is  present;  2d,  that  in  which 
the  surfaces  are  simply  unctuous;  3d,  that  in  which  there  is  an 
interposed  stratum  of  the  unguent.  Throughout  each  of  these  states 
the  friction  which  accompanies  motion  is  always  proportional  to  the 
pressure,  but  for  the  same  pressure  in  each,  very  different  in 
amount. 
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4th.  The  friction  which  accompanies  motion   is  always  independ 
ent  of  the  velocity  with  which  the  bodies  move ;    and .  this,  whether 
the    surfapes    be  without    unguents    or    lubricated  with  water,   oils, 
grease,  glutinous  liquids,  syrups,  pitch,  &o.,  &c 

The  variety  of  the  circumstances  under  whidi  these  laws  obtain, 
and  the  accuracy  with  which  the  phenomena  of  motion  accord  with 
them,  may  be  inferred  from  a  single  example  taken  from  the  first 
set  of  Morin's  experiments  upon  the  friction  of  surfaces  of  oak, 
whose  fibres  were  parallel  to  the  direction  of  the  motion.  The  sur- 
faces of  contact  were  made  to  vary  in  extent  from  1  to  84;  the 
forces  which  pressed  them  together  fi*om  88  to .  2205  pounds ;  and 
the  velocities  from  the  slowest  perceptible  motion  to  9,8  feet  a 
second,  causing  them  to  be  at  one  time  accelerated,  at  another 
uniform,  and  at  another  retarded;  yet^  throughout  all  thb  wide 
range  of  variation,  in  no  instance  did  the  ratio  of  the  friction  to 
the  pressure  differ  from  its  mean  value  of  0,478  by  more  tlian  ^-^ 
of  tliis  same  fraction. 

Denote  the  constant  ratio  of  the  entire  friction  F^  to  the'nonnal 
pressure  P,  by  /;  then  will  the  first  law  of  friction  be  expressed  by 
the  following  equation. 


p   —  J  J 


(647) 


whence, 

F^f.P. 

This  constant  ratio  /  is  called  .the  co-efficient  of  friction,  because, 
when  multiplied  by  the  total  normal  pressure,  the  product  gives 
the   entire  friction,      fry    1^   \^va.v{~    Crlyi^^j', 

Assuming  the  first  law  of  fric- 
tion, the  co-efficient  of  friction  may 
easily  be  obtained  by  means  of  the 
inclined  plane.  Let  W  denote  the 
weight  of  any  body  placed  upon 
the  inclined  plane  A  B.  Resolve 
this  weight  O  G'  into  two  compo- 
nents, one  OM  perpendicular  to 
the  plane,  and  the  other  G  N  par- 


T^i 
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allel  to  it.      Because  the  angles  G'  GM  and  BAC  are  equal,  the 
first  of  these  compor  ents  will  be 

GM  =  PT.cos^, 
and  the  second, 

GN  =z  W.miA, 

in  which  A  denotes  the  angle  BAC, 

The  first  of  these  components  determines  the  total  pressure  upon 
the  plane,  and  the  friction  due  to  this  pressure  will  be 

F  =  f.W<^o%A, 

The  second  component  urges  the  body  to  move  down  the  plane. 
If  the  inclination  of  the  plane  be  gradually  increased  till  the  body 
move  with  uniform  motion,  the  total  friction  and  this  component 
must  be  equal  and  opposed ;   hence, 

/.  W,  cos  w4  =  W.  sin  A  ; 

whence, 

sin^ 

/  = ::  ==  tan  j4. 

^  ^       cos^ 

"We,  therefore,  conclude,  that  the  unit  or  coefficient  of  friction 
between  any  two  surfaces,  is  equal  to  the  tangent  of  the  angle 
which  one  of  the  surfaces  must  make  with  the  horizon  in  ordei 
that  the  other  may  slide  over  it  with  a  uniform  motion,  the  body 
to  which  the  moving  surface  belongs  being  acted  upon  by  its  own 
weight  alone. .  This  angle  is  called  the  angle  of  friction  or  limiting 
angle  of  resistance. 

The  values  of  the  unit  of  friction  and  of  the  limiting  angles  for 
many  of  the  various  substances  employed  in  the  art  of  construction, 
are  given  in  Tables  VI,  VII  and  VIH. 

The  distinction  between  the  friction  of  surfaces  to  which  no  un' 
guent  is  applied,  those  which  are  merely  unctuous,  and  those  between 
which  a  uniform  stratum  of  the  unguent  is  interposed,  appears  first 
to  have  been  remarked  by  M.  Morin ;  it  has  suggested  to  him 
what  appears  to  be  the  true  explanation  of  the  jifference  between 
bis  results   and  those   of  Coulomb.     He  conceives,  that  in   the  ex- 
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periments  of  this  celebrated  Engineer,  the  requisite  precautions  had 
not  been  taken  to  exclude  unguents  from  the  surfaces  of  contact. 
The  slightest  unctuosity,  such  as  might  present  itself  accidentally, 
unless  expressly  guarded  against — such,  for  instance,  as  might  have 
been  left  by  the  hands  of  the  workman  who  had  given  the  last 
polish  to  the  surfaces  of  contact — is  sufficient  materially  to  aflect 
the  co-efficient  of  friction. 

Thus,  for  instance,  surfaces  of  oak  having  been  rubbed  with  hard 
dry  soap,  and  then  thoroughly  wiped,  so  as  to  show  no  traces 
whatever  of  the  unguent,  were  found  by  its  presence  to  have  lost 
J**'  of  their  friction,  the  co-efficient  having  passed  from  0,478 
to  0,164. 

This  effect  of  the  unguent  upon  the  friction  of  the  surfaces  may- 
be traced  to  the  fact,  that  their  motion  upon  one  another  without 
unguents  was  always  found  to  be  attended  by  a  wearing  of  both  the 

surfaces ;   small  particles  of  a  dark  color  continually  separated  from 

•I 

them,  which  it  was  found  from  time  to  time  necessary  to  remove, 
ind  which  manifestly  influenced  the  friction :  now,  with  the  presence 
of  an  unguent  the  formation  of  these  particles,  and  the  consequent 
wear  of  the  surfaces,  completely  ceased.  Instead  of  a  new  surface 
of  contact  being  continually  presented  by  the  wear,  the  same  surface 
remained,  receiving  by  the  motion  continually  a  more  perfect  polish. 

A  comparison  of  the  results  enumerated  in  Table  VIII,  leads  to 
the  following  remarkable  conclusion,  easily  fixing  itself  in  the  menaory, 
that  with  the  unguents,  hogs^  lard  and  olive  oil  interposed  in  a  con- 
tinuous stratum^  between  them,  surfaces  of  wood  on  metal,  wood  on 
wood,  metal  on  wood,  and  metal  on  metal,  when  in  motion,  have  aU 
of  them  very  nearly  the  same  co-efficient  of  friction,  the  value  of  thai 
co-efficient  being  in  all  cases  included  between  0,07  and  0,08,  and  the 
limiting  angle  of  resistance  therefore  between  4^  and  4*^35'. 

For  the  unguent  tallow  the  co-efficient  is  the  same  as  the  above  in 
every  case,  except  in  that  of  metals  upon  metals;  this  unguent  seems 
less  suited  to  metallic  surfaces  than  the  others,  and  gives  for  the 
mean  value  of  its  co-efficient  0,10,  and  for  its  limiting  angle  of  r#- 
sistance  5°  43'. 
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356. — Besides  friction,  there  is  another  cause  of  resistance  to  the 
motion  of  bodies  when  moving  over  one  another.  The  same  forces 
which  hold  the  elements  of  bodies  together,  also  tend  to  keep  the 
bodies  themselves  together,  when  brought  into  sensible  contact.  The 
effort  by  which  two  bodies  are  thus  united,  is  called  the  force  of 
Adhe$ion. 

Familiar  illustrations  of  the  existence  of  this  force  are  furnished 
by  the  pertinacity  with  which  sealing-wax,  wafers,  ink,  chalk  and 
black-lead  cleave  to  paper,  dust  to  articles  of  dress,  paint  to  the 
surface  of  wood,  whitewash  to   the  walls  of  buildings,  and  the  like. 

The  intensity  of  this  force,  arising  as  it  does  from  the  affinity 
of  the  elements  of  matter  for  each  oth^r,  must  vary  with  the  num- 
ber of  attracting  elements,  and  therefore  with  the  extent  of  the  sur- 
/ace  of  contact. 

This  law  is  best  verified,  and  the  actual  amount  of  adhesion  be* 
tween  different  substances  determined,  by  means 
of  a  delicate  spring-balance.  For  this  purpose, 
the  sur&ces  of  solids  are  reduced  to  polished 
planes,  and  pressed  together  to  exclude  the  air, 
and  the  efforts  necessary  to  separate  them  noted 
by  means  of  this  instrument.  The  experiment 
being  often  repeated  with  the  same  substances, 
oaving  different  extent  of  surfaces  in  contact,  it 
is  found  that  the  effort  necessary  to  produce 
the  separation  divided  by  the  area  of  the  surface 
gives  a  constant  ratio.  Thus,  let  S  denote  the 
area  of  the  surfaces  of  contact  expressed  in  square 
feet^  square  inches,  or  any  other  superficial  unit; 
A  the  effort  required  to  separate  them,  and  a 
the  constant  ratio  in  question,  then  will 

S 


=  «> 


or. 


A  =:  a.S. 


The  e(»istant  a  is  called  the  unit  or  coefficient  of  adhemon,  and  ol;^ 
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▼iously  expreanes  the  Talue  of  adlie^on  on  each  unit  of  sur&oe,  for 
making 

5=1, 

we  have 

A  =z  a. 

To  find  the  adhesion  between  solids  and  liqoids,  8uq>end  the  solid 
from  the  balance,  with  its  polished  surface  downward  and  in  a  liori« 
zontal  position  ;  note  the  weight  of  the  solid, 
then  bring  it  in  contact  with  the  horizontal 
surfiioe  of  the  fluid  and  note  the  indication  of 
the  balance  when  the  separation  takes  place, 
on  drawing  the  balance  up;  the  difference  be- 
tween this  indication  and  that  of  the  weight 
will  give  the  adhesion ;  and  this  divided  by 
the  extent  of  surface,  will  give,  as  before,  the 
co-efficient  a.  But  in  this  experiment  two 
opposite  conditions  must  be  carefully  noted, 
else  the  cohesion  of  the  elements  of  the  liquid 
for  each  other  may  be  mistaken  for  the  adhe- 
sion of  the  solid  for  the  fluid.  If  the  solid 
on  being  removed  take  with  it  a  layer  of  the 
fluid;    in  other  words,  if  the  solid   has  been 

wet  by  the  fluid,  then  the  attraction  of  the  elements  of  the  solid 
for  those  of  the  liquid  is  stronger  than  that  of  the  elements  of  the 
liquid  for  each  other,  and  a  will  be  the  unit  of  adhesion  of  two 
surfaces  of  the^  fluid.  I^  on  the  contrary,  the  solid  on  leaving  .  the 
fluid  be  perfectly  dry,  the  elements  of  the  fluid  will  attract  eack 
other  more  powerfully  than  they  will  those  of  the  solid,  and  a  will 
denote  the  unit  of  adhesion  of  the  solid  for  the  liquid. 

It  is  easy  to  multiply  instances  of  this  diversity  in  the  action  of 
solids  and  fluids  upon  each  other.  A  drop  of  water  or  spirits  of 
wine,  placed  upon  a  wooden  table  or  piece  of  glass,  loses  its  globu* 
lar  form  and  spreads  itself  over  the  surface  of  the  solid ;  a  drop  of 
mercury  will  not  do  so.  Immerse  the  finger  in  water,  it  becomes 
wet ;  in  quicksilver,  it  remains  dry.     A  tallow  candle,  or  a  feather 
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firom  any  species  of  water-fowl,  remains  dry  tho  igh  dipped  in  water. 
Grold,  silver,  tin,  lead,  &c.,  become  moist  on  being  immersed  in 
quicksilver,  but  iron  and  platinum  do  not.  Quicksilver  when  poured 
into  a  gauze  bag  will  not  run  through;  water  will:  place  the  gauze 
containing  the  quicksilver  in  contact  with  water,  and  the  metal  vrill 
also  flow  through. 

It  is  difficult  to  ascertain  the  precise  value'  of  the  force  of  aijhe 
sion  between  the  rubbing  surfaces  of  machinery,  apart  from  that  of 
friction.  But  this  is  attended  with  little  practical  inconvenience,  aa 
long  as  a  machine  is  in  motion.  The  experiments  of  which  the 
results  are  given  in  Tables  VI,  VII  and  VIII,  and  which  arc  applicable 
to  machinery,  were  made  under  considerable  pressures,  such  as  those 
with  which  the  parts  of  the  larger  machines  are  accustomed  to  move 
upon  one  another.  Under  such  pressiires,  the  adhesion  of  unguents 
to  the  surfaces  of  contact,  and  the  opposition  to  motion  presented 
by  their  viscosity,  are  causes  whose  influence  may  be  safely  disre 
garded  as  compared  with  that  of  friction.  In  the  cases  of  lighter 
machinery,  however,  such  as  watches,  clocks,  and  the  like,  these 
considerations  rise  into  importance,  and  cannot  be  neglected. 


STIFFNESS   OF   CORDAGE. 

g  357. — Conceive  a  wheel  turning 
freely  about  an  axle  or  trunnion,  and 
having  in  its  circumference  a  groove  to 
receive  a  cord  or  rope,  A  weight  Wy 
being  suspended  from  one  end  of  the 
rope,  while  a  force  F^  is  applied  to  the 
other  extremity  to  draw  it  up,  the 
latter  will  experience  a  resistance  in 
consequence  of  the  rigidity  of  the  rope, 
which  opposes  every  efibrt  to  bend  it 
around  the  wheel.  This  resistance  must, 
of  necessity,  consume  a  portion  of  the 
work  of  the  force  F.  The  measure  of 
the  resistance  due   to   the  rigidity  of  cordage    has    been 


made   the 
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subject  of  experiment  by  Coulomb ;  and,  according  to  him,  it 
results  that  for  the  same  cord  and  same  wheel,  this  measure  is 
composed  of  two  parts,  of  which  one  remains  constant,  while  the 
other  varies  with  the  weight  W,  and  is  directly  proportional  to  it; 
80  that,  designating  the  constant  part  by  iT,  and  the  ratio  of  the 
variable  part  to  the'  weight  W  by  /,  the  measure  will  be  given  by 
the  expression 

in  which  JC  represents  the  stiffness  arising  from  the  natural  torsion 
or  tension  of  the  threads,  and  /  the  stiffness  of  the  same  cord  due  to 
a  tension  resulting  from  one  unit  of  weight ;  for,  making  fF  =  1,  the 
above  becomes 

JT+Z 

Coulomb  also  found  that  on  changing  the  wheel,  the  stiffness  varied 
in  the  inverse  ratio  of  its  diameter;  so  that  if 

K+  I.  W 

be  the  measure  of  the  stiffness  for  a  wheel  of  one  foot  diameter,  then 
will 

be  the  measure  when  the  wheel  has  a  diameter  of  2  J?.  A  table 
giving  the  values  of  K  and  /  for  all  ropes  and  cords  employed  in 
practice,  when  wound  around  a  wheel  of  one  foot  diameter,  and  sub- 
jected to  a  tension  arising  from  a  unit  of  weight,  would,  therefore, 
enable  us  to  find  the  stiffness  answering  to  any  other  wheel  and 
weight  whatever. 

But  as  it  would  be  impossible  to  anticipate  all  the  different  sizes 
of  ropes  used  under  the  various  circumstances  of  practice.  Coulomb 
also  ascertained  the  law  which  connects  the  stiffness  with  the  diame* 
ter  of  the  cross-section  of  the  rope.  To  express  this  law  in  all  eases 
he  found  it  necessary  to  distinguish,  1st,  ntw  tohite  rope,  either  dry 
or  moist ;  2d,  tohite  ropes  partly  worn,  either  dry  or  moist ;  3d,  tarred 
ropes ;  4th,  packthread.  The  stiffness  of  the  first  class  he  found  nearly 
proportional  to  the  square  of  the  diameter  of  the  cross-section ;    that 
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of  the  aeoond,  to  the  square  root  of  the  cube  of  this  diameter,  nearly ; 
that  of  the  third,  to  the  number  of  yams  in  the  rope;  and  that  of 
the  fourth,  to  the  diameter  of  the  cross-3ection.  So  that,  if  S  denote 
the  resistance  due  to  the  stifihess  of  any  given  rope ;  d  the  ratia  of 
its  diameter  to  that  of  the  table ;  and  n  the  ratio  of  the  number  of 
jams  in  any  tarred  rope  to  that  of  the  table,  we  shall  have  for 

JVkw  whiU  r^0t  irjf  tr  «Mt«(. 
Half  iMrm  wkiU  ropt,  4rf  tr  mtialm 

S=d\-^\/^^       (649) 

\ 

Tarrti  rope, 
Paektkr$U. 

S^^.E:^.    ......     (651) 

For  packthread,  it  will  always  be  sufficient  to  use  the  tabular 
values  given,  corresponding  to  the  least  tabular  diameters,  and  substi- 
tute them  in  Equation  (651).  An  example  or  two  wUl  be  sufficient 
to  illustrate  the  use  of  these  tables. 

Example  1st,  Required  the  resistance  due  to  the  stiffness  of  a  new 
dry  white  rope,  whose  diameter  is  1,18  inches,  when  loaded  with 
a  weight  of  882  pounds,  and  wound  about  a  wheel  1,64  feet  in 
diameter. 

Seek  in  No.  1,  Table  X,  the  diameter  nearest  that  of  the  given 
rope ;    it  is  0,79 ;   hence, 

aiid.fr(»n  the  table  at  the  side, 

rf2  =  2,25. 
From  No.  1,  opposite  0,79,  we  find 

K  =  1,6097, 

/  =  0,03195; 

21 
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m 

which,  together  with  the  weight  W  =  882  lbs.,  and  2  iS  =  1,64^ 
substituted  in  Equation  (648),  give 

which  is  the  true  resistance  due  to  the  stiflhess  of  the  rope  in 
question. 

Example  2d.  What  is  the  resistance  due  to  the  stiffness  of  a 
white  rope,  half  worn  and  moistened  with  water,  having  a  diam- 
eter equal  to  1,97  inches,  wound  about  a  wheel  0,82  of  a  foot  in 
diameter,  and  loaded  with  a  weight  of  2205  pounds? 

The  tabular  diameter   in  No.  4,  Table    Z,  next  less  than  1,97, 

is  1,57,  and  hence, 

1  97 
rf=  j2_  =1,3  nearly; 

the  square  root  of  the  cube  of  which  is,  by  the  table  at  the  nde, 

d^  =  1,482. 

In  No.  4  we  find,  opposite  1,57, 

K  =  6,4324, 

/  =0,00387; 

which  values,  together  with  W  =  2205  lbs.,  and  2  iS  =  0,82»  in 
Equation  (649),  give 

which  is  the  required  resistance. 

Example  Sd,  What  is  the  resistance  due  to  the  stifihess  of  a 
tarred  rope  of  22  jams,  when  subjected  to  the  action  of  a  weight 
equal  to  4212  pounds,  and  wound  about  a  wheel  1,3  feet  diameter, 
the  weight  of  one  running  foot  of  the  rope  being  about  0,6  of  a 
pound  1 

By  referring  to  No.  5,  Table  X,  we  find  the  tabular  number  of 
yams  next  less  than  22  to  be  15,  and  hence, 

22 

«  =  —  =  1,466  nearly. 


APPLICATIONS 


419 


In  the  same  table,  opposite  15,  we  find 

K  =  0,7e64, 
/  =0,019879; 


A 


which,  together  with  W  =  4212,  and  2  i2  =  1,3,  in  Equation  (650), 
give 

S  =  1.466  0.^6«*  +  0>0/f  7g  X  -taia  =  gsV 

1,3 

JSxample  4th.  Required  the  resistance  due  to  the  stiffness  of  a 
new  white  packthread,  whose  diametel*  is  0,196  inches,  when  moist* 
ened  or  wet  with  water,  wound  about  a  wheel  0,5  of  a  foot  in 
diameter,  and  loaded  With  a  weight  of  275  pounds. 

The  lowest  tabular  diameter  is  0,39  of  an  inch,  and  henoe 

,       0^196        ^„         , 

^  =  o;39o  =  ^'^  ^^*y- 

In  No.  2,  Table    X,  we  find,  opposite  0,39, 

IT  =  0,8048, 
/  =  0,00798 ; 

which,  with  W  =  275,  and  2jR  =  0,5,  we  find,  a^p^er  substituting  in 
Equation  (651), 


iS  =  0,5 


0,8048  +  0,00798  X  275 
0,5 


=  2,999. 


§  358. — ^llie  resistance  just  found 
is  expressed  in  pounds,  and  is  the 
amount  of  weight  which  would  be 
necessary  to  bend  any  given  rope 
around  a  vertical  wheel,  so  that 
the  portion  AJS,  between  the  first 
point  of  contact  Aj  and  the  point 
B,  where  the  rope  is  attached  to 
the  weight,  shall  be  perfectly  straight 
The  entire  process  of  bending  takes 
place  at  this  first  or  tangential 
point   A^  for,  if  motion   be  com- 
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municated  to  the  wheel  in  the  direction  indicated  b^r  the  atroiiw 
head,  the  rope,  supposed  not  to  slide,  will,  at  this  point,  take  and 
retain  the  constant  curyature  of  the  wheel,  till  it  passes  jfrom  the 
latter  on  the  side  of  the  power  F»  When,  therefore,  by  the  motion 
of  the  wheel,  the  point  m  of  the  rope,  now  at  the  tangential  point, 
passes  to  m',  the  working  point  of  the  force  S  will  have  desciibed 
in  its  own  direction  the  distance  AD,  Denoting  the  arc  described 
by  a  point  at  t}ie  unit's  distance  from  the  centre  of  the  wheel 
by  #^,  and  the  radius  of  the  wheel  by  jB,  we  shall  have 

and  representing  the  quantity  of  work  of  the  fcnrce  S  by  L,  yre  get 

replacing  S  by  its  value  in  Equations  (646)  to  (651), 

L  =  S,rdr^\^'^ (662) 

in  which  d^  represents  the  quantity  d^^  a*,  n,  or  d^  in  Equations  (648) 
to  (651),  according  to  the  nature  of  the  rope. 

SxampU, — ^Taking  the  2d  example  of  §  857,  and  supposii^  a  por- 
tion of  the  rope,  equal  to  20  feet  in  length,  to  have  been  brought 
in  contact  with  the  wheel,  after  the  motion  begins,  we  shall  have 

X  =  20  X  266,109  =  5322,18  unite  of  work; 

that  is,  the  quantity  of  work  consumed  by  the  resistance  due  to 
the  stiffness  of  the  rope,  while  the  latter  is  moving  over  a  distance 
of  20  feet,  would  be  sufficient  to  raise  a  weight  of  5322,18  pounds 
through  a  vertical  height  of  one  foot 
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§359. — All  rotating  pieces,  such  as  wheels  supported  upon  other 
pieces,  give^ise  by  their  motion  to  friction.  This  is  an  important 
element  in  all  computations  relating  to  the  perfbrmance  of  machinery. 
It  seems  to   be  different  according  as  the  rotating  pieces  are  kept 
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in  plaee  by  trunnions  or  bj 
pivoti.  By  trunnioni  are  meant 
cylindrical  projections  a  a  from 
the  ends  of  Uie  arbor  AB  of  a 
wheel.  The  trunnions  rest  on  tlie 
concave  surfaces  of  cylindrical 
boxes  (72),  with  which  they  usu- 
ally have  a  small  sur&ce  of 
contact  m,  the  linear  elements 
of  both  being  paralleL  Pivots 
are  shaped  like  the  trunnions, 
but  support  the  weight  of  the 
wheel  and  its  arbor  upon  their 
circular  end,  which  rests  against 
the  bottom  of  cylindrical  sock- 
ets FQHI. 


prvoTS. 

Let  N  denote  the  force,  in  the  direction  of  the  axis,  by  which 
Che  pivot  is  pressed  against  the 
bottom  of  the  socket.  This  force 
may  be  regarded  as  passing 
through  the  centre  of  the  cir- 
cular end  of  the  pivot,  and  as 
the  resultant  of  the  partial  pres- 
sures exerted  upon  all  the  ele- 
mentary sur&ces  of  which  this 
circle  is  composed*  Denote  by 
A  the  area  of  tlie  entire  circle, 
then  will  the  pressure   sustained 

by  each  unit  of  surfiMe  be 

N 
A  ' 

and  the  pressure  on  any  small  portion  of  the  surface  denoted  by  n^ 

wUl  obviously  be 
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and  the  firiction  on  the  same  will  be 

f.a.N 


This  firiction  maj  be  regarded  as  applied  to  the  centre  of  the  ele- 
mentarj  surface  a;  it  is  opposed  to  the  motion,  and  the  direction  of 
its  action  is  tangent  to  the  circle  described*  bj  the  centre  of  the 
element.  Denote  the  radius  of  tins  circle  bj  x^  then  will  the  mo- 
ment of  the  fricfion  be 

Now,  if  s  denote  the  length  of  anj  variable  portion  of  the  dbnomnier- 
ence  at  the  unit's  distance  from  the  centre  (7,  then  will 


•a  =  «  •  <^«  •  d»\ 


also, 


A  srjR*; 


which  substituted  aboTe  give 


f^N 


x^  »dx ,  dt 


and  by  integration, 


f'N 


j    i^ix  f*  it 


*» 


=  fir-iR; 


m        • 


(653) 


whence  we  conclude,  that,  in  the  frie- 
tion  of  a  pivot,  we  may  regard  the 
whole  frktion  due  to  the  preesure  as 
acting  in  a  single  paiht^  and  at  a  dis- 
tanee  from  the  centre  of  motion  equal 
to  ttoo-thirds  of  the  radius  of  the  base 
of  the  pivot.  This  distance  is  called 
the  mean  lever  of  firiction. 

§  360. — If  the  extremity  of  the  pivot, 
instead  of  rubbing  upon  an  entire  circle, 
is  only  in  contact  with  a  ring  or  sur* 
face  comprised   between  two  concentric 
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circles,  as  'when  the   arbor  of  a  wheel   is  urged  in  the  direction  of 
its  leogth  by  the  force  N  against  a  shoulder  deb  a;   then  will 

and  the  integration  will  give 

in   which  R  denotes   the   radius   of   the   larger,  and  R'  that  of  the 
smaller  circle. 

Finally,  denote  by  I  the  breadth  of  the  ring,  that  is,  the  dis* 
tance  A'  A\  by  r,  its  mean^  radius  or  distance  from  C7  to  a  point 
half  way  between  A'  and  Ay  and  we  shall  have 

substituting  these  values  above  and  reducing,  we  have 

/.  iV^  X  [r  +  tV-  7]  ; («64) 

and  making 


12r 


»■  +    T^   =  »•/  7 


we  obtain,  for  the  moment  of  the  friction  on  the  entire  ring, 

f'N.T, (655) 

The  quantity  r^  is  called  the  mean  lever  of  friction  for  a  ring.  Since 
the   whole   friction  fN  may   be    considered   as   applied    at  a    point 

whose  distance  from  the  centre  is  f  ^,  or  r^  =  r  +  Tq""'  according 
as  the  friction  is  exerted  over  an  entire  circle  or  over  a  ring, 
and  since  the  path  described  by  this  point  lies  always  in  the  di- 
rection in  which  the  friction  acts,  the  quantity  of  work  consumed 
by  it  will  be  equal  t3  the  product  of  its  intensity  fN  into  this 
path.  Designating  the  length  of  the  arc  described  at  the  unit's 
distance  from  C  by  s^ ,  the  path   in   question  will  be   either 

f  i?  «, ,     or     r,  «, ; 
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and  the  quantitj  of  work  either 

for  an  entire  oirde,  or 

for  a  ring.     Let  Q  denote  the  quantity  of  «rork  consumed  bj 
tion  in  the  unit  of  time,  and  n  the  number  of  revolutions  performed 
bj  the  pivot  in  the  same  time;  then  will 

#^  =  2«'  X  n; 
and  we  shall  have 

Qz^^^.R.f.N.n    .......     (656) 

for  the  isircle,  and 

C  =  2*./-ir.  (r  + A).,»     .     •     .     .     (657) 

for   a  ring;  in  which  r  =  3,141 6|: 

The  co-efficient  of  friction  /,  when  employed  in  either  of  the  fore. 
going  cases,  must  be  taken  firom  Table  VI,  VII,  or  VID. 

Example, — Required  the  moment  of  the  friction  on  a  pivot  of 
cast  iron,  working  into  a  socket  of  brass,  and  which  supports  a 
weight  of  1784  pounds,  the  diameter  of  the  circular  end  of  tha 
pivot  being  6  inches.    Here 

I'll.  fL 

J8  =  }  =  3  =  0,25, 

N  =  1784, 
/  =  0,147; 

wUch,  substituted  in  Equation  (663),  gives 

lh9.  ft 

0,147  X  1784  X  }  X  0,25  =  43,706. 

And  to  obtain  the  quantity  of  work  in  one  unit  of  time,  saj  a 
minute,  there  being  20  revolutions  in  this  unit,  we  make  n  =  20^ 
and  r  =  3,1416  in  Equation  (656),  and  find 

Q  =  i  X  3,1416  X  0,25  X  0,147  X  1784  X  20  =  5402,80; 
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that  is  to  say,  during  each  uiiit  of  time,  diere  is  a  quantity  of 
work  lost  which  would  be  sufficient  to  raise  a  weight  of  5492,80 
pounds  through  a  yertical  distance  of  one  foot. 

Example. — Required  the  moment  of  friction,  when  the  pivot  sup- 
ports a  weight  of  2046  pounds,  and  works  upon  a  shoulder  whose 
exterior  and  interior  diameters  are  respeotiyelj' 6  and  4  inches;  the 
pivot  and  socket  being  of  cast  iron,  with  water  interposed. 

I  =  — - —  =  1  mch,' 

r  =  2  +  0,5  r=  2,5  inches, 

(1)3  in.  ft 

N  =r  2040  pounds, 
/==  0,314; 
^'hich,  substituted  in  Expression  (655),  gives  for  the  moment  of  friction, 

0,314  X  2046 'x  0,2111  =  135,62. 

The  quantity  of  work  consumed  in  one  minute,  there  being  sup- 
posed 10  revolutions  in  that  unit,  will  be  found  by  making  in 
Equation  (657),  r  =  3,1416  and  n  =  10, 

C  =  2  X  3,1416  X  0,314  X  2046  X  0,211  X  10  =  8517,24; 

that  is  to  say,  friction  will,  in  one  unit  of  time,  consume  a  quantity 
of  work  which  would  raise  8517,24  pounds  through  a  vertical  dis- 
tance of  one  foot.  The  quantity  of  work  consumed  in  any  given 
time  would  result  from  multiplying  the. work  above  found,  by  the 
time  reduced  to  minutes. 

TRumnoKS. 

§361. — ^The  friction  on  trunnions  and  axles,  which  we  now  pro- 
ceed to  consider,  gives  a  considerably  less  co-efficient  than  that  which 
accompanies  the  kinds  of  motion  referred  to  in  §355.  This  will 
appear  from  Table  IX,  which  is  the  result  of  careful  experiment. 

The  contact  of  the  trunnion  with  its  box  is  along  a  linear  ele- 
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ment^  common  to  the  surfaces  of  both.  A  section  perpendicular  to 
its  length  would  cut  from  the  trunnion  and  its  box,  two  circles  taiw 
gent  to  each  other  intemallj.  The  trunnion  being  acted  on  onlj  by 
its  weighty  would,  when  at  rest,  give  this  tangential  point  at  o,  tho 
lowest  point  of  the  section  poq  of  the  box.  If  the  trunnion  be  put 
in  motion  by  the  application  of  a  force,  it  would  turn  around  the 
point  of  contact  and  roll 
indefinitely  along  the  sur- 
face of  the  box,  if  the 
latter  were  level ;  but  this 
not  being  the  case,  it  will 
ascend  along  the  inclined 
surface  op  U>  some  point 
as  m,  where  the  inclina- 
tion of  the  tangent  umv 
is  such,  that  the  friction 
is  just  sufficient  to  pre- 
vent the  trunnion  from  sliding.  Here  let  the  trunnion  be  in  equili* 
brio.  But  the  equilibrium  requires  that  the  resultant  of  all  the 
forces  which  act,  friction  included,  shall  pass  through  the  point  m 
and  be  normal  to  the  sur&ce  of  the  trunnion  at  that  point  Hie 
friction  is  applied  at  the  point  m ;  hence  the  resultant  N  of  all  the 
other  forces  must  pass  through  m  in  some  direction  as  md\  the 
friction  acts  in  the  direction  of  the.  tangent;  and  hence,  in  order 
that  the  resultant  of  the  friction  and  the  force  N  shall  be  normal  to 
the  surface,  the  tangential  component  of  the  latter  must,  when  the 
other  component  is  normal,  be  equal  and  directly  opposed  to  'the 
friction. 

Take  upon  the  direction  of  the  force  'N  the  distance  md  to 
represent  its  intensity,  and  forkn  the  rectangle  adhmy  of  which 
the  side  mh  shall  coincide  with  the  tangent,  then,  denoting  the 
angle  dma  by  9,  will  the  component  of  N  perpendicular  to  the  taiu 

gent  be 

i\r .  cos  9 ; 

and  the  friction  due  to  this  pressure  will  be 

/,i\r.oo8  9. 


I 
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The  component  of  N^  in  the  direction  of  the  tangent,  will  b^ 

JT .  sin  9 ; 

and  as  this  must  be  equal  to  the  friction,  we  have 

/.  iV^,  00S9  =  JV.  sin  9;    •     .     .    .    .     (668) 
whence, 

/=  tan9; 

that  is  to  say,  the  ratio  of  the  friction  to   the  pressure  on  the   trun- 
nion  ie  equal  to   the   tangent  of  the  angle  which   the  direction  of  the 
resultant  N^  of  all  the  forces  except  the  friction^  makes  with   the  nor- 
mal  to   the  sutface  of  the   trunnion    at 
the  point  of  contact.    This  gives  an  easy 
method  of  finding    the    point    of  con- 
tact.     For  this  purpose,   we  have  but 
to  draw   through    the  centre   A  a  line 
A  Z,   parallel    to    the  direction    of  iV, 
and  through  A  the    line  Am,  making 
with  A  Z  Skn  angle  of  which    the  tan- 
gent is/;   the  point  m,  in  which  this 
line    cuts    the    circular   section  of  the 
trunnion,  will  be  the  point  of  contact. 

Because  madb^  last  figure,  is  a  rectangle,  we  have 

I^  =  JV^cos»9  -f  i\r»8in»9; 

and,  substituting  for  N^  sin^  9  its  equal  f^  IP  cos^  9,  we  have 


JP  =  JV^cos2  9  +pi^cos!^(p  =  JV^cos»9  (1  +/«); 


whence. 


iVcos9  =  iVx 


vr+p' 


and  multiplying  both  members  by  /, 

/.  JV.  CO89  =  N 


f 


(659) 


but  the  first  member  is  the    total   friction  ;   whence   we    conclude 
that  to  find  the  friction  vpon  a  trunnion,  we  have  but  to  multiply  the 


y 
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resultant  of  the  forces  whicf^  act  upon  it  by  the  unit  of  fiielion^  /buetd 
in  Table  /X,  and  divide  this  product  by  the  square  root  of  the  square 
of  this  same  unit  increased  by  unity. 

This  friction  acting  at  the  extremity  of  the  radius  JR  of  the  trun- 
nion and  in  the  direction  of  the  tangent,'^  its  moment  will  be 

N'     ^^  X  R (660) 

And  the  path  described  by  the  point  of  application  of  the  friction 
being  denoted  by  Rs^y  the  quantity  of  work  of  the  friction  will  berL-^TJ 

J  N.R.  s,  X     ,   ^        ; (661) 

in  which  s^  'denotes  the  path  described  by  a  point  at  the  unit's  dis- 
tance from  the  centre  of  the  trunnion.  Denoting,  as  in  the  case  of 
the  pivot,  the  number  of  revolutions  performed  by  the  trunnion  in 
a  unit  of  time,  say  a  minute,  by  n ;  the  quantity  of  work  performed 
by  friction  in  this  time  by  Q^ ;   and  making  r  =  3,1416,  we  have 

«^  =  2  r .  » ; 

and 

a  =2«'.JR.».-y. -7=^= (662) 

When  the  trunnion  remains  fixed  and  does  not  form  part  of   the 
rotating  body,  the  latter  will    turn  about  the  trunnion,    which   now 
becomes    an    axle,  having    the  centre  of 
motion  at  J,  the  centre   of   the  eye  of 
the  wheel ;  in  this  case,  the  lever  of  fric- 
tion  becomes  the  radius   of  the   eye  of 
the    wheel.      As    the    quantity  of   work 
consumed    by    friction     is     the    greater. 
Equation    (662),   in    proportion    as    this 
radius  is  greater,  and  as  the  radius  of 
the  eye  of   the  wheel   must    be    greater 

than  that  of  the  ajcle,  the  trunnion  has  the  advantage,  in  this  respeot 
over  the  axle. 


APPLICATIONS. 


42» 


The  value  of  the  quantity  of  work  eonsumed  bj  friction  is  ^oily- 
independent  of  the  length  of  the  trunnion  or  axle,  and  no  advantage 
is  therefore  gained  by  making  it  shorter  or  longer.     ^ 


THS  OOBD. 


§  862. — ^The  cord  and  its  properties  have  been  considered  in  part 
at  §58.  It  is  now  proposed  to  discuss  its  action  under  the  opera- 
tion of  forces  applied  to  it  in  any  manner  whatever. 

Let  the  points  A\  A'\  A*'\  be  connected  with  each  other  by 
means  of  two  perfectly  flex- 
ible and  inextensible  cords 
A'  A", '  A"  ^"',  the  first 
point  beii^  acted  upon  by 
(he  forces  P\  P",  &c ;  the 
second  by  the  forces  Q\  Q'\ 
&c. ;  and  the  third  by  the 
forces  S\  S'\  &c. ;  and  sup- 
pose these  forces  to  be  in 
equilibrio.  Denote  the  co- 
ordinates of  A'  by  aj'y'a/, 
A"  by  a:"  y"  «",  and  A'"  by 

^m  y//,  ^ff,       ^i^^  ^^  ^g^ 

braic  sum  of  the  components  of  the  forces  acting  at  A'  in  the  direo- 
tion  of  xyz,  by  X'  T  Z\  at  ^"  by  JT'  T'  Z",  and  at  A'"  by 
X*"  T"'  Z"\     Then  wUl,  §  101, 


X'    S'x'    +  T    6y'    +  Z'   Sz' 
+  X'  6x"  +  T'  By"  +  Z"  hz''    }►=  0. 
+  X^Bx"'  +  Y"'Sy'"  4-  Z"'Bz'" 

Denote  the  length  A'  A"  by  /,  and  A"  A'"  by  g ;   then  will 


(663) 


Z  ==/-v^-  -*')»  +  (/'  --y')»  +  (^''  --s')»==0;1      ^ 

The   displacement   by  which  we  obtain  the   virtual  velocities  whose 
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projections  are  ^x^^  By\  Se\  6co.,  is  not  wholly  arbitrary;  but  must 
be  made  so  as  to  satisfy  the  condition 

^/=0    and    ^^  =  0. (665) 

Differentiating   Equations  (664),  and  writing  for  d::^,   dy\   ds'j 
Sx',  Sy'y  Sz',  &&,  we  find 

(»"  -  x%Sx"  -  fap  +  (y"  -  y'){Sy"  -  JyQ  +  {z"  -  t^(St^'  -  Sz')      ^ 

9 
These  being  multiplied  respectively  by  X'  and  X'",   and  added    to 
Equation   (663),  we  obtain  by   reduction,   and  by  the  principle   of 
indeterminate  co-efficients,  exactly  as  in  §213, 


X'  -X'. 


x"  -  x' 


KCAi 


f 


=  0; 


t  ^U/krij^  Jx":  /y-  U'u^    ^"^  — f-  =  ^> 


>  •  • 


(666) 


=  0; 


^„  V'"  -  y" 


=  0; 


>    .         . 


z'"  -  /' 


f 

X'"  +  X'" 


«'"  -  ;k 


9 


9 

n  ^ 

=  0; 


(667) 


7  Cin^tLJtt  in,^  Y"'  -i-  X'"  •  ''  '' 


=  0; 


Z'"  +  X'"  . 


«'"  -  z" 


=  0; 


(668) 


Taking  from  each  group  its  first  equation  and  adding,  and  doing 
the  simfijgr  the  second  and  third,  we  have 

Atf    A04'    /I  T  0       «r<4^w^    ^ 

,4^.  *^  .^^  ^'         y  +  r'  +  Y"'  =  0; 
^  <^^  iUU^  Z*  +  Z"  +  Z'"  =  0.  J 

V 


»       •      • 


•       • 


(669) 


y 
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.^  /)3. 

That  is,  the  conditions  of  equilibrium  of   the  forces  are,  §80,   the 
same  as  though  they  had  been  applied  to  a  single  point. 

To  find  the  position  of  the  points,  eliminate  the  factors  X^'and 
X'",  and  for  this  purpose  add  the  first,  second  and  third  equations 
of  group  (667)  to  the  corresponding  equations  of  group  (668),  and 
there  will  result 

Xn  +  x"*'  +  ^  (a?"  -  «')  =  0; 


l^m  which  we  find  by  elimination, 


Y*'  +  Y"'  — 


Z"  +  Z'"  — 


y''  -  y' 


a:"  -  X 


-,  ( JT"  +  X'")  =  0  ; 


«"  -  z' 


«"  -.  X 


.,  (X'  +  JT") 


=«••■■ 


(670) 


From  group  (666),  by  eliminating  X', 


/ 


T  - 


Zl  - 


y" 

-^ 

«" 

-«' 

z" 

1 

«"  -«* 


,X'  =  0; 


X  =  0; 


(671) 


and  fmally  from  group  (668)  we  obtain,  by  eliminating  X'", 


y'"  —  y" 


J^    .     .    .     .     (672) 


tire^  conditio 


v; 


Equations  (669),  (670),,  (671)  and  672),  involve  all  tlftT  Auditions 
necessary  to  the  equilibrium,  and  the  last  three  groups,  in  connection 
with  group  (664),  determine  the  positions  of  the  points  A\  A'' 
and  A"\  in  space. 


§363. — The  reactions  in  the   system  which  impose  conditions  oo 


^yj:'^;  ^ [z^;  ^rr^:  - j^l 
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the  displaoement  will    be    made   known  bj  Equation  (331)^   whi^, 
because 


rf(y"'-y")J      U(* 

becomes  for  the  oord  A'  A'\ 


F— ^^— T+r 


and  for  the  cord  A''  A"\ 


V  =  JV^; 


X'"  =  i^" ; 


Va':.** 


from  which  we  conclude,  that  X'  and  X'''  are  respectivelj  the  ten* 
sions  of  the  cords  A'  A"  and  A"  A'''. 

This  is  also   manifest  from   Equations  (666)   and  (668);   for,  by 
transposing,  squaring,  adding  and  reducing  bj  the  relations, 


we  have 


X'  =  y-Y'a    +  r'»    +  2'a    =  i2', 
X'"  =  -/jr"a  +  y'"2  +  Z'"a  =  E''\ 


•  •  •  •  • 


(673) 


in  which  B'  and  22"'  are  the   resultants  of  the  forces  acting  upon 
the  points  A'  and  A'''  respectively. 

Substituting  these  values  in  Equations  (666)  and  (668),  we  have 


■JT 
E' 

*" 

-«' 

¥> 

/ 

'     Ji' 

JT" 

^    — 

«'"  _ 

'  X 

t 

B'" 

a 

1 

If"' 

y"  —  y'        ^        z"  —  z' 

7~'  "^  -     f 


Jtt    .,//  rrftl 


V   -  y  • . 


V"  -  »" 


'  R 


nt 


whence  the  resultants  of  the  forces  applied  at  the  points  A'  and  A'^'^ 
act  in  the  directions  of  the  cords  connecting  these  points  with  the 
point  A" J  and  will  be  equal  to,  indeed  determine  the  tensions  of 
these  oords. 


APPLICATIONS. 


433 


§364. — From  Equations  (669),  we  have  bj  transposition, 

Squaring,   adding  and  denoting  the  resultant  of   the  forces  applied 
at  -4"  by  jB",  we  have 


and   dividing  each  of  the  above  equations  bj  this  one 


n'l-A"'"^ 

R" 

~             B" 

Vc 

T" 

r"  +  T 

B" 

~             R" 

^ 

Z" 

Z'"  +  Z' 

R" 


R" 


(676) 


-4'^^ 


whence.  Equation  (674),  the  resultant  of  the  forces  applied  at  A^'  is 
equal  and  immediately  opposed  to  the  resultant  of  all  the  forces 
applied  both  at  A'  and  A^" 

lly  therefore,  from  the  point 
A'\  distances  A"m  and  A"n 
be  taken  proportional  to  E'  and 
R"  respectively,  and  a  paral- 
lelogram A'^  mCnhe  constructed, 
A^'  0  will  represent  the  value  of 
R'.  If  A' A"  A'"  be  a  contin- 
vous  cord,  and  the  point  A'' 
capable  of  sliding  thereon,  the 
tension  of  the  cord  would  be 
the  same  throughout,  in  which 
case  B'  would  be  equal  to  Ii'"j 
and  the  direction  of  R^'  would 
bisect  the  angle  A'  A"  A'". 

The  same  result  is  shown  it, 

instead  of  making  6/  =z  0  and 

j  y  =  0    separately,    we    make 

28 
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^  (/  +  ^)  **  *•    «ult^lf   by  a    UD^«  . 
and  proceed   as  before. 

§  365. — Had  there  been  four 
points,  A\  A'',  A'"  and  A^", 
connected  by  the  same  means, 
the  general  equation  of  equili- 
brium would  become,  by  call-  • 
ing  k  the  distance  between  the 
points,  A'"  and  -4*^, 

+  Z'  6z'  +  Z"  S  «"  +  Z'"  S  z'"  H-  2'^  ^  «»^ 


jaifitetmipate    ^[qmik^    >, 


^  =0; 


and   from  which,  bj  substituting  the  values  of  if,  S  g   and  i  A,  the 
ibllcwiog  eqaadoDS  vrill  result,  viz. : 


X'  -%.'■ 


/ 


r  - 


X' .  C-y 


Z'  —\' 


f 
/ 


=  0, 


=  0, 


=  0, 


J 


(676) 


jr +  x*. 


«"  -  «' 


/ 


—  X 


// 


r"'  -  »" 


F"  +  X' .  y         y 


—  X 


„ .  y'"  -  y 


f/ 


Z"  +  X' . 


t"  -  »' 


—  X 


tt 


T"  +  X" 


F"'  +  X" 


Z'"  +  X" 


a;"'  -  «" 


y'"  -  y" 


-  V" . 


9 


—  X 


f// 


«'"  -  «" 


—  X 


/// 


9 

«'" 

—  ? 

s" 

5^ 

*« 

T    ._ 

«'" 

h 

y' 

T    »_ 

y'" 

A 

««»  - 

«'" 

=  0. 


=  0, 


=  0, 


=  0. 


=  0, 


•        • 


=  0, 


(677) 


>     • 


<678) 


APfMti^rioifS. 
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XW+  V^^  .  ^  ^       =4), 


^     •    •    •    • 


(679) 


Eliminating  the  indetern^inate  quantities  X^  X''  and  X"^we  obtain 
eight  equations,  from  which,  and  the  three  equations  of  conditions 
expressive  of  the  lengths  of/,  y^  and  A,  the  position  of  the  points  A\ 
A"y  A'*\  and  A^"^  may  be  deteryiined. 

If  there  be  n  points,  connected  in  the  same  waj  and  acted  upon 
by  any  forces,  the  law  which  is  manifest  in  the  formation  of  Equa- 
(jons  (676),  (677),  (678),  and  (^79),  plainly  indicates  the  foJUowin|; 
ji  equations  of  equilibrium : 


X-V 


x"  -  x' 


f 


^^» 


^x'X-^^ 


/ 


2^    —  X 


,    z"  ^  g' 


=  0, 


=  0, 


k      • 


(680) 


JT'  +  X' 


jt"  -  j^ 


—  X 


ff 


x'''  -  x'' 


Y'f  +  X'  -  ^"^ ^ 


Z"  4-  V 


JT"  +  X'' 


F"'  +  X'' . 


Z'"  +  X 


ff 


/ 

«"  - 

»' 

/ 

«'"- 

x" 

/ 

y"*- 

y" 

9 

t"'  - 

«" 

—  X 


..  If''' -If'' 


9 


—  X 


f/ 


«'"  -  «" 


y 


=  0, 


=  0, 


=  0, 


-X 


ffr 


««*  —  « 


r/r 


X''' .  ?^ 


~  X 


99f 


^T    _     ^" 


t^**'> 


=  «, 


=  0,  i  <e82) 


=  0, 
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X..,  +  X.-, 


«.-i  —  ar.- 


•  -  X..,  • 


rj.  V     •  y— I     y— » ^       y«  **  y— i 


^•-.1  +  X,-t 


^-1  —  «.- 


•  -  X.., 


=  0, 


=  0,    }••  (688) 


=  0, 


X  +  X-i 


=  0, 


^    •   • 


(684) 


In  which  X,  with  its  particular  accent,  denotes  the  tension  of  the 
cord  into  the  dilTerence  of  whose  extreme  co-ordinates  it  Is  multi- 
plied. 

Adding  together  the  equations  containing  the  components  of  the 
forces  parallel  to  the  same  axis,  there  will  result 


Z'  +  Z"  +  Z"'  +  Z« 


IT 


•  -T.  =  0,1 

•  F.  =  0, 

•  Z.  =  0,  J 


(685) 


from  which  we    infer,  that    the    conditions  of   equilihrium  are  the 
same  as  though  the  forces  were  all  applied  to  a  single  point. 

From  group  (680),  we  find  by  transposing,  squaring,  adding  and 
extracting  square  root, 


yj^ra  +  J^  +  Z'a  =  X'  =  i^' 

and  dividing  each  of  the  equations  found  after  transposing  in  group 
(680)  by  this  on  3, 


R 

f 

9 

T 
Jf 

^ 

?1 

f 

yL 

• 
9 

Z' 

= 

e" 

— 

x^ 

« 

Jf 

f 
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Treating   the   equations  of  group   (684)   in    the    same   wa7)  we 
liaye 


«•  — «— 1 


whenee,  tiie  resultants 

of  the  forces  applied 

to  the  extreme  points 

A'  and  A^^  act  in  the 

direction  of  the  extreme  cords.     And  from  Equations  (685)  it  appears 

that  the  resultant  of  diese  two  resultants  is  equal  and  contrary  to 

that  of  all  the  forces  applied  to  the  other  points. 


§366.— If  the  extreme  points  be  fixed,  JT',  F",  Z'  and  JT,,  F.,  Z„ 
will  be  the  components  of  the  resistances  of  these  points  in  the 
directions  of  the  axes;  these  resistances  will  be  equal  to  the  ten- 
sions X'  and  X»  of  the  cords  which  terminate  in  them.  Taking  the 
sum  of  the  equations  in  groups  (680)  to  (684),  stopping  at  the  point 
whose  co-ordinates  are  d;»_»,  y..^,  a;»^,  we  have 


X^  4-  2X- 


V  +  2F  — 


^'  +  2  Z  - 


X —  X, 


-1' 


/. 


/. 


«_  —  2- 


/. 


=  0 


y,^  -  y.^,^1  _ 


=  0 


=  0 


(686) 


in  which  2  X,  2  F,  2  Z,  denote  the  algebraic  sums  of  the  components 
in  the  directions  of  the  axes  of  the  active  forces;  X,.^.,^ thetension 


on  the  side  of  which  the  extreme  co-ordinates  are  i;,^,  y«.«,  s«.«i 


and  ««-.»-i,  y»-«~t»  'ii-M-if  ^J^d  C«  the  length  of  this  side. 


§367. — Now,  suppose  the    length  of   the    sides    diminished    and 
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tkeir   AunAet   imreased    iadcfiiiitoly ;    ihe  foljgoa  irill    beeome 
curve;  also,  making  \^,^j=:/,  we  have 

«.—  —  «•- —I  =  dz^ 

C  =  d9, 

$  being  anj  length  of  the  cunre;  and  Equaticms  (686)  become 


X'  +  2X- 


T  +  2F  — 


Z'  +  1LZ  ^ 


dx 
dy 

di 


=  0 


=  0 


=:^ 


i^        ar        •         • 


(«87) 


which  will  give  the  curved  locus  of  a  rope  or  dbain,  fastened  at 
its  ends,  and  acted  upon  b/  any  fofces  whatever,  as  its  own  weight, 
the  weight  of  other  materials,  the  pressure  of  wiads^  earreats  <^ 
water,  &c.,  ^. 

This  arrangement  of  several  points,  eomiected  bj  means  of  iax»* 
bl#  cords,  and  subjected  to  the  action  of  forces,  is  tailed  a  Ft 
cular  Machine. 

§368. — If  the  only  forces  acting  be   pressure  from  weights, 
have,  by  taking  the  axis  of  s  vertical, 

X"  =  -T"  =  X^  Ac.  =8  a;     Y"  =  F'"  &o.  s  0; 
and  from  Equations  (680)  to  (684), 


X  =X' 


«''-»' 


=  X 


f/ 


«"'  -  «" 


x.«i 


«•  — 


whence,  the  tensions  on  all  the  cords,  estimated  in  a  horizontal 
direction,  are  equal  to  one  another.  Moreover,  we  obtain  from  the 
same  equations,  by  division. 


y''  -  y'  _  y'"  -  y"  _ 
«"  -  iT  ""  a?"'  -  x"  ~" 


y*-i 


*t  —  «♦-! 


N. 
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t 

new  we  the  taagents  of  the  aogles  wMek  tk  prejeetions  of  the 
•idee  oa  the  phuie  9ff  make  with  the  axis  dr.  Th»  polygon  is 
therefore  contained  in  a  vertical  plane. 


THS  OATESTABT. 

§369. — If  a  single  rope  or  chain  cable  be  taken,  and  subjected 
only  to  the  action  of  its  own  weight,  it  will  assume  a  curvilinear 
shape  called  the  Catenary  curve.  It  will  lie  in  a  vertical  plane. 
Take  the  axes  z  and  x  in  this  plane,  and  z  positive  upwards,  then 
will 

fn  which  W  denotes  the  weight  of  the  cable,  and   Equations  (687) 
become 


dz 

as 


(688) 


These    are    the    difTerential  equations  of  the  curve.    Hie  origin     u 
may  be  taken  at  any  point 


Let  it  be  at  the  bottom  point 
of  the  curve.  The  curve 
being  at  rest,  will  not  be 
disturbed  by  taking  any  one 
of  its  points  fixed  at  pleas- 
ure. Suppose  the  lowest 
point  for  a  moment  to  b^ 
come  fixed.  As  the  curve 
is  here  horizontal,  Z'  =  0,  § S66^  and  from  the  second  of  Equations  '  ^-'^^ 
(688),  we  have 


^=-T.- 


(689) 


whence,  the  vertical  component  of  the  tension  at  any  point  as  O  of 
the  curve,  is  equal  to  the  weight  of  that  part,  of  the  cable  between 
^his  point  and  the  lowest  roint.     The  first  of  Equations  (688)  shows 


Taking  the  positive  sign,  because  z  and  8  increase  together,  inte- 
grating, and  finding  the  constant  of  integration  such  that  when 
«  =  0,  we  have  t  =  0, 

whence, 

«a  =  2«  +  2ez. 

Also,  dividing  the  first  of  Equations  (688)  by  Equation  (689), 

dx         e  c 

and  integrating,  and  taking  the  constant  such  that  a;  and  c  vaiiiah 
together,     i.^^fci    ^a^- 

a?  =  c  •  log   —^ — ^^—^ .  •     •     •    (690) 

c 

which  is  the  equation  of  the  catenary. 

This  equation  may  be  put   under   another  form.     For  we  may 
write  the  above, 

ci:^z  +  e  +  -/(«  +  c)*~c*;  ^  7*^' 

transposing  z  +  e  and  squaring, 

c^  •  e  •    —  ^  tf  e"^  («  +  c)  =  —  c* ; 
whence,  ^ 


440        ELEMENTS    OF    ANALYTICAL    MECHANICS. 

that  the  horizontal  component  of  the  tension  at  O  is  equal  to  the 
tension  at  the  lowest  point,  as  it  should  be,  «ince  the  horizontal 
tensions  are  equal  throughout. 

Taking  the  unit  of  length  of  the  cable  to  give  a  unit^of  weight, 
which  would  give  the  common  catenary,  we  have  W  =z  8\  and,  de- 
noting the  tension  at  the  lowest  point  by  c,  we  have 

and  from  Equation  (689), 


^    CuLirw^    sjj£    A-^TC   e*^^  ^^ 
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and  by  substitution,      /-  (Tf*— (z^^V   -  c;  ^  <• -^-ia. /fi^-i-6r  y 

«  =  ic.(e«  —  «"). (692) 

§3*70. — If  the  length  of  the  portion  of  the  cable  which  gives  a 
unit  of  weight  were  to  vary,  the  vaciation  might  be  made  sudi  as 
to  cause  the  area  of  the  cross  section  to  be  proportional  to  the 
tension  at  the  point  where  the  section  is  made.  The  general  Equa- 
tions (688)  will  give  the  solution  for  every  possible  case. 


FRICnOK  BETWEEN  00BD8  AlO)  CTLINDBICAL  SOLIDS. 


§371. — When  a  cord  is  wrapped  around  a  solid  cylinder,  and 
motion  is  communicated  by  applying  the  power  F  at  one  end 
while  a  resistance  W  acts  at  the  other,  a  pressure  is  exerted  by 
the  cord  upon  the  cylinder;  this  pressure  produces  friction,  and  this 
acts  as  a  resistance.  To  estimate  its  amount,  denote  the  radius 
of  the  cylinder  by  Ey  the  arc  of  contact  by  «,  the  tension  of  the 
cord  at  any  point  by  t. 

The  tension  t  being  the  same 
throughout  the  length  di  z=  at^ 
of  the  cord,  this  element  will  be 
pressed  against  the  cylinder  by 
two  forces  each  equal  to  /,  and 
applied  at  its  extremities  a  and  t^ , 
the  first  acting  from  a  towards 
IF,  the  second  from  t^  towards  b\ 
Denoting  by  6  the  angle  abt^y 
and  by  p  the  resultant  6  m  of 
these  forces,  which  is  obviously 
the  pressure  o£  ds  against  the  cylinder,  we  have.  Equation  (56), 

P=:  ^/fi  +  fi  +  2t.tC0sf:=z  i  ^2  (I  +  COS  d)  ;    =    t2lioiS 


bat 


1  +  oos  4  =s  2  COS*  i  i ; 


-  **  i  ^     -I  > 
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and  taking  the  arc  for   its   sine,  because  n  —  $  is  veiy   umall, 
have 

and  hence,  §355,  the  friction  on  if  t  will  be 

di 

The  element  t,  t^  of  the  oord  which  next  succeeds  at,^  will  har* 
its  tension  increased  bj  this  friction  before  the  latter  ean  be  over- 
come ;  this  friction  is  therefore  the  difierential  of  the  tension,  being 
the  difference  of  the  tensions  of  two  consecutive  elements;  whence, 

ds 

diriding  by  t  and  integrating, 

log<«/~  +  log(7, 


or. 


tzizCe^     ........     (698) 


making  «  =  0,  we  have  <  =  IF  =  (7;  whence, 


/  =  IT.  e*  J (694) 


and  making  t  =  iSi  =  a^i;^,  we  have  t  =z  F;  and 


/a 
F^W^e^ (696) 


Suppose,  for  example,  the  cord  to  be  wound  around  the  cylinder 
three  times,  and  /  =  J  ;  then  will  ^  /r^  t**.  y  ^**-r .    jj'r 

5  =  8«'.2i2  =  6-3,1416.^=  18,8492?,       fc^-Jj^'  •^  ^^  ^^ 
F^WX4^=iWx  (2,71826)       J        ^  ' 


w, 


I  jF=  TT.  535,8; 

that  is  to  say,  one  man  at  the  end  W  could  resist  the  combined 
effort  of  535  men,  of  the  same  strcnglh  as  himself,  to  put  the  cord 
in   motion  when   wound   three   times   rcuud    the   cylindei. 


r. 
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THE   INCLINED   PLANE. 

§  872. — The  inclined  plane  its  used  to  support,  in  part,  the  weight 
«f  a   body  while   at  rest  or  in   motion  upon  its  sur&ce. 

Suppose  a  body  to  rest  vrith  one  of  its  faces  on  an  inclined  plane 
of  which  the  Equation  is 

X  =  cosax  +  cos^y  +  C0SC2  —  J=  0;     •     •     •     •   (a) 

in  which  d  denotes  the  distance  of  the  plane  from  the  origin  of  co- 
ordinates, and  a,  6,  c,  the  angles  which  a  normal  to  the  plane  makes 
with  the   axes  ar,  y,  z,  respectively. 

Denote  the  weight  of  the  body  by  W;  the  power  by  F;  the  nor- 
mal pressure  by  N;  the  angles  which  the  power  makes  with  the 
axes  x^  y,  z,  by  a^,  /3^,  7,,  respectively;  and  the  path  described  by 
the  point  of  application  of  the  resultant  friction  by  5.  Then,  taking 
the  axis  z  vertical  and  positive  upwards,  and  supposing  the  force  to 
produce  a  uniform  motion  of  simple  translation,  will,  Eq.  (645), 


+  (Fco*r<+fN^-w)Sz 


}•  =0; («) 


and,   Equation  (a), 

cos  a  Jo;  +  cmbSy  +  concS  z  =  0 
Multiplying    this    last    by  X,    adding  and  proceeding  as  in  §  213, 


-Fcosa,  +/iV— :  +XcOsa=0,' 

'       '^        ds 

FcobP,  +/JV^  +  Xco8*'=:0, 

ds 

FcoBYs  +/iV^+Xcosc-Tr=  0; 
'  ds 


>    • 


{0) 


and,  Eq.  (331), 


^=VC^t)"M^)^(^)'=- 


(«0 


Substituting  the  val  le  of  X  in   Equations  (r),  the  iirst  two  give  by 
eliminating   iV, 


^  i^^  I    ^   ctrt  ^^   ^   ( 


•    n 
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dx 
/-J-  4-  cosa 

ajf  cosp^ 

^  rf  y  ,      cos  a , 

/  ^  +  cos  6 
a* 


+  1  =  0; 


W 


L^^ 


ftiid   the  first  and  third,  by  eliminating  iVj 

^'m  cosy  —  —  cosa^-^  j  4-cos7^co8a— cos  a^  cose    =  W\fj"^  cosa  J . 

If  there   be   no  friction,  then   will  /=  0,  and,  Eq.   {^)f "  jh''^**  (^^^ 'i^i 

iivhence,  Eqs.   (45)   and   (a),  the   power   must   be   applied   in    a   plane   ^  J^f^ 
normal   both  to   the   inclined   plane   and   to  the   horizon. 


UitK 


*y  /'^^Z  If^whhouf^3iSfegardiiig  fnctSS,*Ahe   power  be  applied  in  a  plane  ^    1J4 


fulfilling  the  above  condition,  and  also  con- 
taining the  centre  of  gravity,  the  resultant 
friction  may  be  regarded  as  acting  in  this 
plane,  and  we  may  take  it  as  the  co- 
ordinate  plane  z  x,   in   which   case 

cos^  =  0;  cos^,  =  0;  -r^  =  0; 

as 


and   denoting   the   inclination   of  the   plane   to   the   horizon  by  a,  and 
that  of  the  power  to  the  inclined  plane  by  9 ;  ^^, 


dz 


cos  a  =  sin  a  ;  cos  c  =  —  cos  a  ;  cos  7^  =  sin  a^ ;  ^  ^/ 

d  z  . 

oLj  -J-  = —  sina^cosa  -|-  cosa^sina  =  sin(a  — a^)=Bin9; 
a  s 


^»;^--« 


cos 


cos  y^  cos  a  —  cos  a^  cose  =  sin  a^  sin  a  +  cos  a^  cos  a  =  cos  (a— a^)=cos9 ; 
which,  in  Eq.  {g),  give 


jP=   ^  (sin  ft  +/oosa) 
cos  9  -|-/sin  9 


(696) 


This  supposes  motion  to  take  place  vp  the  plane;  if  the  power  F 
be  just  sufficient  to  permit  the  body  to  move  uniformly  down  the 
plaue,  'then  will  /  change  its  sign,  and  we  shall  have 

Tr(sin  a  —  /cos  a) 

■  -         ,     •     •    •    •    I 

cos  9  — /sin  9 

And  the  power  may  vary  between  the  limits  given  by  these  two 
values  without  moving  the  body. 


F=z 


(697) 
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§  373.  If  the  power  be  zero,  or  jP  =  0,  then  will 

sina  — /cosa  r=  Oy 
or 

tana  =/ 

which  18  the  angle  of  friction,  §  355. 

§3?4. — If  the   power  act  parallel  to  the  plane,  then  will  ^  =  0, 

and 

-P=  Tr(8ina  db/cosa) (698) 

the  upper  sign  answering  to  the  case  of  motion  up,  and  the  lower* 
down  the  plane;   the  difference  of  the  two  values  being 

2/ IT  cos  a. 

If /=  0,  then  wUl 

F        .  BO 

^=sm«=_; 

that  is,  the  power  is  to  the  weight  as  the  height  of  the  plane  is  to 
its  length;    and  there  will  be  a  gain  of  power. 

§  375. — If  the  power  be  applied  horizontally,  then  will  9  be  nega* 

tive  and  equal  to  a,  and  we  have,  by  including  the  motion  in  both 

directions, 

^^Tr(8in«±/oo,a) 

COS  a  :f:/sm  a    '  ^       ' 

the  difference  of  the  limiting  values  being 

2/.  W 

cos^  a  —  /*  sin*  a' 

If  the  friction  be  zero,  or  /  =  0,  then  will 

F       ,  BC 

_  =  tan«=^ 

That  is,  the  power  will   be  to  the  resistance   as  the  height  of  the 
plane  is  to  its  base;  and  there  may  be  gain  or  loss  of  power. 

§376. — ^To  find  under  what  angle  the  power  will  act  to  greatest 
advantage,  make  the  denominator  in  Equation  (696)  a  maximum* 
For  this  purpose,  we  have,  by  differentiating, 

—  sin  9  +  /cos  9  =  0; 

—   *..***•'*-''■•'     -  ^(\  *  "*  '/         ! 
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whence, 

tan  9:;=/ 

That  ia,  the  «Qgle  should  be  podtivey  and.  equal  to  that  of  the  fti^ 
tion. 

g  377. — If  the  power  act  parallel  to  any  indined  mabee  to  mof^ 
a  body  up,  the  elementary  quantity  of  work  of  the  power  and  reaiat- 
ances  will  give  the  relation.  Equation  (698), 

Fd9  s=  Wdama^  +  Wfdaeosa. 

But,  denoting  the  wliole  hori- 
zontal distance  passed  over  by 
l  =  AC,  and  the  vertical  height 
by  A  =  jB  (7,  we  have 

d  8  •  ein  a  =  cf  A, 

ds  .  cos  a  z=z  dl\ 

whence,  substituting,  and  integrating,  and  supposing  the  body  to  be 
started  from  rest  and  brought  to  rest  again,  in  which  case  the  work 
of  inertia  will   balance  itself,  we  have 

.      FazizWh+f.W.l, (700) 

in  which  there  is  no  trace  of  the  path  actually  passed  over  by  the 
body.  The  work  is  that  required  to  raise  the  body  through  a  yer* 
tical  height  B  (7,  and  to  overoraae  the  friction  due  to  its  wdght  over 
a  horizontal   distance  A  C. 

The  resultant  of  the  weight  and  the  power  must  intersect  tda 
inclined*  plane  within  the  polygon,  formed  by  joining  the  points  of 
contact  of  the  body,  else  the  body  will  roll,  and  not  slide. 


A^ 


THE    LEVSB. 


§378.—- The  Lever  is  a  solid 
bar  AB^  of  any  form,  supported 
by  a  fixed  point  O,  about  which 
it  may  fredy  turn,  xsaUed  the  fill- 
erwn*  Sometimes  it  is  supported 
upon    trunnions,    and   frequently 
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upon  a  knife-edge.  Levers  have 
been  divided  into  tiiree  difierent 
dosses,  called  orders. 

In  levers  \>f  the  fitii  order ^  the 
power  F  and  resistance  Q  are 
applied  on  opposite  sides  of  the 
fulcrum  0\  in  levers  of  the  wsond 
order^  the  resistance  Q  is  applied 
to  some  point  between  the  ful- 
crum 0  and  the  point  of  appli- 
cation of  the  power  F\  and  in 
the  third  order  of  levers,  the 
power  F  is  applied  between  the 
fulcrum  O  and  point  of  applica> 
tion  of  the  resistance  Q. 

The  common  shears  furnishes 
an  example  of  a  pair  of  levers 
of  the  first  order ;  the  nut-crackers 
of  the  second;  and  fire-tongs  of 
the  third.  In  all  orders,  the  con- 
ditions of  equililnrium  are  the 
same. 

These  divisions  are  wholly  ar- 
bitrary, being  founded  in  no  dif- 
ference of  principle.  ,  The  relation 
of  the  power  to  the  resistances, 
is  the  same  in  all. 

Let  AB  h^  Bk  lever  supported 
upon  a  truhnion  at  0,  and  acted 
upon  bj  the  power  P  and  resbt- 
ance  Q,  applied  in  a  plane  per- 
pendicular to  the  axis  of  the  trun- 
nion. Draw  from  the  axis  of  the 
trunnion,  the  lever  arras  On  and 
Om,  being  the  perpendicular  dis- 
tances of  the  power  and  resistance 
froir    the    axis    of    motion,   and 
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denote  them  respectively  by  l^  and  /,;  also  denote  the  resultant  of 
P  and  Q  by  i^,  the  radius  of  the  trunnion  by  r,  the  co-efficient  of 
friction  by/  and  the  arc  described  at  the  unit's  distance  from    the 
axis  by  «|. 
Then, 

in  which  6  is  the  angle  of  inclination  AC B  of  the  power  to  the 
resistance.  Then,  supposing  the  lever  to  have  attained  a  unifbrm 
motion,  will,  Equations  (646)  and  (661), 

Omitting  the  common  factor  <f«, ,  and  making 


/  ^  t  ^ 


we  have, 

p^mQ-  -/P^  +  Q2  ^2P  Q.cosB  ./'»  =  0. 

Transposing,  squaring,  and  solving,  with  respect  to  P,  we  find, 

^  fn  +fn{fncos6  ±  yr-h  '2mcosa  +  m»  -f^n^s\n^6) 

If  the  fraction  n  be  so  small  as  to  justify  the  omission  of  every 
term  into  which  it  enters  as  a  factor,  or  if  the  oo-efiicient  of  friction 
be  sensibly  zero,  then  would 

^=m=-^ (»03) 

That  is,  the  power  and  the  resistance  are  to  each  other  inversely  aa 
the  lengths  of  their  respective  lever  arms. 

If  the  power  or  the  resistance,  or  both,  be  applied  in  a  plane 
oblique  to  the  axis  of  the  trunnion,  each  oblique  action  must  be 
replaced  by  its  components,  one  of  which  is  perpendicular,  and  the 
other  parallel  to  the  axis  of  the  trunnion.  The  perpendicular  com- 
ponents must  be  treated  as  above.    The  parallel  components  will,  if 
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the  fnotion  arisiiig  firom  t^  result&nt  of  the  normal  oomponents  be 
not  too  great,  give  motion  to  the  whole  body  of  the  lever  along  the 
trunnion;  and  if  this  be  prevented  by  a  shoulder,  the  friction  upon 
this  shoulder  becomes  an  additional  resistance,  whose  elementary 
quantity  of  work  may  be  computed  by  means  of  Eq,  (657)  and  made 
r  term  in  Equation  (701). 


WHEEL  AITP   A^LBt 

g  379. — ^IliiB  machine  condsts  of  a  wheel  mounted  upon  an  arbor, 
supported  at  either  end  by  a  trun- 
nion resting  in  a  box  or  trunnion 
bed.  The  plane  of  the  wheel  is  at 
right  angles  to  the  arbor;  the  pow- 
er J*  is  applied  to  a  rope  wound 
round  the  wheel,  the  resistance  to 
another  rope  wound  in  the  opposite 
direction  about  the  arbor,  and  both 
act  in  planes  at  ri^t  angles  to  the 
axia  of  motion.  Let  us  suppose  the 
arbor  to  be  horizontal  and  the  re- 
sistance Q  to  be  a  weight 

Make 
N  and  N'  =  pressures  upon  the  trunnion  boxes  at  A  and  B; 
Ji  =  radius  of  the  wheel ; 
r  =  radius  of  the  arbor ; 
p  and  f'  =  radii  of  the  trunnions  at  A  and  £;  ^ 


/'  =  ■ 


/ 


I,  =  arc  described   at   unit's  distance   from  axis  of  motion 
llien,  the  system  being  retained  by  a  fixed  axis,  we  IiaTe  ,'t*-^  ^^  ^- 

Tile  elementary  work  of  the  friction  will,  Eq.  (661),  be 

./(iirp  +  jF'p')d,,j 
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and   the  elementaiy  work    of  the    stifivess  of  cordage,  Equation 
(662), 

and  when  the  machine  is  moving  imiformly, 
PJtd»,-Qrdst-f{y^f+2f'p')dt,-d,'^^^^^'r-da,=0;  •  (704) 

The  pressures  If  and  N*  arise  froih  the  actipn  of  the  power  P,  the 
weight  of  the  machine,  and  the  reaction  of  the  resistance  Q^  in- 
creased by  the  stiffiiess  of  cordage.  To  find  their  values,,  resolve 
each  of  these  forces  into  two  parallel  components  acting  in  planes 
which  are  perpendicular  to  the  axis  of  the  arbor  at  the  trunnion 
beds;  then  resolve  each  of  these  components  which  are  oblique  to 
the  components  of  Q  into  two  others,  one  parallel  and  the  other 
perpendicular  to  the  direction  of  Q. 

Make 
to  =  weight  of  the  wheel  and  axle, 
g   =  the  distance  of  its  centre  of  gravity  from  A^ 
•  p  '=  die  distance  mA^  \  If 

q  =  the  distance  nA^ 
I    =  length  of  the  arbor  A  By 

9  =  the  angle  which  the  direction  of  P  makes  with  .the  vertical 
or  direction  of  the  resistance    Q, 

Then  the  force  applied  in  the  plane  perpendicular  to  the  tnmnion 
Ay  and  acting  parallel  to  the  resistance  Q,  will,  §  95,  be, 

and  the  force  applied  in  this  plane  and  acting  at  right  angles  to  the 
direction  of  Q,  will  be 

F '  — r-=-  •  sm  9. 
The  vertical  force  applied  in  the  plane  at  B  will  be 

«-f  +  C-^  +  i'-f -cos^, 
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■ad  the  horizontal  force  in  this  plane  will  he 

P  •  J  •  Sin  9; 
whence, 

jr=iV[«'-^  +  C.jr  +  P. i>  •  00s  9P  +  />»•;?«.  sin*  9;  .  .{106) 

If  ^  and  6*  be  the  angles  which  the  directions  o€  N  and  N*  make 
with  that  of  the  resistance  Q,  we  have  ^ 

stn  ^  =  — \y    .   ^  •  sin  9 :  •  sin  d'  =  -^  •  sui  ®, 

Equations  (V04),  (705),  and  (706)  are  sufficient  to  determine  the  rela- 
tion between  P  and  Q  to  preserve  the  motion  uniform,  or  an  equili- 
brium without  Ae  aid  of  inertia.  The  values  of  N  and  N^  being 
substituted  in  Equation  (704),  and  that  equation  solved  with  refer- 
ence to  P,  will  give  the  relation  in  question. 

§  380. — If  the  power  P  act  in  the  direction  of  the  resbtance  Q, 
then  will  cos  9  =  1,  sin  9  =  0,  and  Equation  (704)  would,  after 
substituting  the  corresponding  values  of  N  and  i^,  transposing, 
omitting  the  common  &ctor  d  «| ,  and  supposing  p  =  p^,  become 

PB=,  Qr+f^{w-\-  e  +  P)  +  ^,'^t^^'>'''  •  (^0^) 

At 

And  omitting  the  terms  involving  the  friction  and  stifihess  of 
cordage,  ff^^-^^  ^^  a^  *^  ^'jT 

that  is,  the  power  is  to  the  resistance  as  uie  raidfiusolrthe^afllKS^    jy^^^^tc^ 
is  tQ  that  of   the  wheel;    whidi    relation  is    exactly  the   same    as 
that  of  the  common  lever. 

FIXED  PUIXET.   . 

§381.-— The  pulley  is  a  small  wheel  having  a  groove  in  its  cir- 
cumference  for  the  reception  of  a  rope,   to  one  end  of  wfaicli  the 
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jpower  P  is  Applied,  aad  to  the  other  the  reustance  Q.    The  puUej 
maj  tuiTi  either  upon  tnumiona  or  *Dout  an  axle,  supported  in  >vhat 


is  called  a  hUtek.  His  Is  usually  a  solid  pieoe  of  wood,  throi^h 
which  is  cut  sn  opening  large  enough  to  receive  the  pulley,  and 
allow  it  to  turn  fteelj  between  ita  cheels.  Sometimes  the  block  is 
a  simple  framework  of  metal.  When  the  block  is  stationary,  the 
pulley  is  said  to  be  Jixed,  The  principle  of  this  machine  is  obvi- 
ously the  same  as  that   of  the  wheel  and  axle. 

The   friction    between   the  rope   and   pulley    will   be  sufficient    to 

give  the  latter  motion.  /V^.  ^ SJ,,.  QltM, -if'fXds  -r^JffM. 

Making,  in  Equations  (VOfi)  and  (7(*),  '  '  ^  '        '      '  Ut    ^ 


^=i  V(t<r+  e  +  i*oos9)»-|-i«Bm»»  =zN'  ■  •  (708) 

Making  A  =  r,  and  p  =  f',  in  Equation  (704),  and  anbatitntiug 
the  above  values  of  Jf  and  ^,  we  have,  after  omitting  the  common 
lactor  d$,, 
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Solving  this  equation  ¥rith  respect  to  P,  we  find  the  value  of 
the  latter  in  terms  of  the  different  sources  of  resistance.  But  this 
direct  process  would  be  tedious;  and  it  will  be  sufficient  in  all 
cases  of  practice  to  employ  an  approximate  value  for  P  under  the 
radical,  obtained  bj  first  neglecting  the  terms  involving  friction  and 
stiffiiess  of  cordage. 

Thus,  dividing  by  R  and  transposing,  we  find 


Now  /'  •  -5-  is  usually  a  small  fraction ;   an  erroneous  value  as- 

sumed  for  P  under  the  radical,  will   involve  but  a  triffing  error  in 
iie  result.     We  may  therefore  write  Q  for  P  in  the  second  mem- 
oer;  and   neglecting  the  weight  of  the  pulley,  which  is  always  in- 
significant in  comparison  to  Q,  we  have 

>P=g[l+/.-^V2(l-fcos9)]  +  (f,.^+^^^;.>(nO) 


but 


whence, 


P  = 


1  +  cos  IP  =  2  cos^  ^  9 ; 


C(l  +  2/' 4-- cos  J  9)  +  (f,. -*^+^^ 


E 


^R 


(ni) 


In  which  9  denotes  the  angle  A  M  By  which 
IS  the  supplement  of  the  angle  A  C  B^  and  de- 
noting this  latter  angle  by  ^,  we  have 


whence 


cos  I  9  =  sin  ^  4 , 


/'=e(l+2/'^8mi«)  +  rf,^?^^.     .    (712) 


If  the  arc  of    the   pulley,   enveloped    by   the  rope,   be    180^,  then 
will 


P=C(l  +  2/%J)  +  *.:^^i^.    . 


•    • 


(713) 
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If  the  friction  and  Btiffinees  of  »rdage  be  so  email  as  to  jiutify  tlieir 
omission,  then  will 

Hiat  is,  the  power  must  be  equal  to  the  resLBtance,  and  the  qdlIj 
olBoe  of  the  cord  or  rope  is  to  change  the  direction  of  the  power. 


XOTABLB    FUIXET. 

g  382. — ^In  the  fixed  pulley,  the  resultant  action  of  the  power  and 
resistance  is  thrown  upon  the  trunnion  boxes.  If  one  end  of  the 
tope  be  attached  to  a  fixed  book  A^ 
while  the  power  P  is  applied  to  the 
other^  and  the  pulley  is  left  free  to  roll 
along  the  rope,  the  resistance  IF  to  be 
overcome  may  be  connected  with  its 
trunnion,  after  the  manner  of  the  figure ; 
the  pulley  is  then  said  to  be  movable^ 
and  the  relation  between  the  power  and 
resistance  is  still  given  by  £q.  (?04,) 
in  which  the  principal  resistance  be- 
comes N  +  -^^  and  the  tension  of  the 
rope  between  the  fixed  point  A^  and  the 
tangential  point  H^  becomes  Q. 

Making  in  Equation  (704),  J?  =  r,  p  =  p',  and  IT  =  ir+  N'^ 2 Jf, 
we  have 


PR^QB^f^W-^d,*  ^tf  ^vJg  =  0 


2J2 


(714) 


dividing  by  R,  and  tnmaposing 


p—0  +  f'l..jf^j-S.^'^^^. 


(716) 


Eliminating  Q  by  means  of  Equation  (708),  and  solving  the  resulting 
equation  with  respect  to  P,  the  value  of  the  power  will  be  known 
in  terms  of  the  resistances.  The  process  may  be  much  abridged  by 
limiting  the  solution  to  an  approximation,  which  will  be  found  suffi- 
cient in  practice. 


. ^^ !<.  «^    J 


Neglecting  the  weight  of  the  pulley,  which  is  always  insignificant 
In  oomparison  with  P  or  Q^  and  making  Q  =  P,  which  would  be  the 
case  if  we  neglect  friction  and  stiffness  of  cordage,  Equation  (708), 
gives 


jv=  j^  ir=  J  c  -/a  (1  +  cos  9); 


and  becaase 


1  +  cos  9  =  2  cos'  ^9=2  sin'  \  4, 
ir=  2  C.shi  jd; 


or. 


C  = 


IT 


2sin^a' 


which,  in  Equation  (715),  gives 


^=*^(2-^p-*-^'i)+''' 


-£■  +  /.- 


IT 


2  sin  ^  a 


2^ 


.    (716) 


The  quantity  of  work   is  found  by  multiplying    both  members  by 
i2«i,  in  which  «|  is  the  arc  described  at  the  unit's  distance. 

If  the  a^c  enveloped  by  the  rope  be  180^,  then  will  i^  =  90^, 
sin  ^  4  =  1,  and 


P=  W(^+f^^)+dr 


2R 


(717) 


If  the  friction  and  stiffness  oi  cordage   be  neglected,  then  will. 
Equation  (716), 

IT  =  2  P  sin  i  *, 

and  multiplying  by  B^  * 

^ir=P.2^.sinid; 

but 

2i2sin^4  =  ^^; 
irhence, 

that  is,  Vie  power  i$  to  the  re9i9tance  as  th$ 
radius  of  the  pulley  is  to  the  chord  of  the  are 
enveloped  by  the  rope. 
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§  883. — ^The  Muffle  is    a    collection   of  pulleys    in   two    separate 
blocks  or  frames.     One  of  these  blocks  is  attached  to  a  fixed  point 
A^  by  which   all   of  its    pulleys  become  fixed^ 
while  the  other  block  is  attached  to  the  resist- 
ance    W^  and    its    pulleys    thereby  made  mov- 
able,    A  rope  is  attached  at  one  end  to  a  hook 
A  at  the  extremity  of  the  fixed  block,  and  is 
passed    around   one  of  the  .  movable    pulleys, 
then  about  one  of  the  fixed  pulleys,  and  so  on, 
in  order,  till  the  rope  is  made  to  act  upon  each 
pulley  of  the  combination.      The   power  P  is* 
applied  to  the  other  end  of  the  rope,  and  the 
pulleys  are  so  proportioned  that  the  parts  of 
the    rope    between    them,  when  stretched,  are 
parallel.     Now,  suppose  the  power  P  to  main- 
tain in  uniform    motion    the  point  of  applica- 
tion of  the  resistance   Wi    denote   the  tension 
of   the    rope    between    the    hook  of  the    fixed 
block  and  the  point  where   it  comes   in    con- 
tact with  the  first   movable    pulley  by  Z^;    the 
radius  of  this  pulley  by  Ri\    that  of  its  eye 
by  r,;    the  co-efficient  of  friction  on  the  axle 
by  /;  the  constant  and  co-efficient  of  the  stiff- 
ness of  cordage  by  K  and  J,  as  before ;  then,  denoting  the  tension  of 
the  rope    between  the  last  point  of  contact  with    the  first  movable^ 
and  first  point  of  contact  with  the  first  fixed  pulley,  by  /,,  the  quao* 
tity  of  work  of  the  fusion  /,  will,  Equation  (652),  be 


in  which 


f  = 


/ 


VTT7' 


dividing  hj  (t> 


'.  R.  +  rf.  •  ^^^:  ^  +  /'  C'  +  '•>  '»• 


•yis) 
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Again,  denoting  the  tension  of  that  part  of  the  rope  which  passes 
from  the  first  fixed  to  the  second  movable  pulley  by  t^,  the  radius 
of  the  first  fixed  pulley  by  B^ ,  and  that  of  its  eye  by  r, ,  we  shall, 
in  like  manner,  have 

t,B^  =  UR,  +  d,  ^^^  B,  +  f  {U  +  Q  T^     .    (m) 

And  denoting  the  tensions,  in  order,  by  d  and  /»,  this  last  being 
-equal  to  P,  we  shall  have 

UB,  =  t,R^  +  d,^-±^  .  B,  +  f  {t,  +  t,)  r,.    .    (720) 

PB,=  t,R,  +  d,^^-^B,+f(t,  +  P)r^    .    (721) 

so  that  we  finally  arrive  at  the  power  P,  through  the  tensions  which 
are  as  yet  unknown.  The  parts  of  the  rope  being  parallel,  and  the 
resistance  W  being  supported  by  their  tensions,  the  latter  may  ob* 
viously  be  regarded  as  equal  in  intensity  to  the  components  of  TF; 
hence, 

ti  +  h  +  h  +  U-W',     .    .    •    .    •     (722) 

which,  with  the  preceding,  gives  us  five  equations  for  the  determi- 
nation of  the  four  tensions  and.  power  P.  This  would  involve  a 
tedious  process  of  elimination,  which  may  be  avoided  by  contenting 
ourselves  with  an  approximation  which  is  fouod,  in  practice,  to  be 
sufficiently  accurate. 

If  the  friction  and  stiffness  be  supposed  zero,   for  the  moment| 
Equations  (718)  to  (721)  become 

Pi?4  =  ^i?4; 

from  which  it  is  apparent,  dividing  out  the  radii  22, ,  ^,  /^,  &u, 


1 
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that  ^  =  ^,  ^  =  ^9  <4  =  4»  ^  =  Ui  and  hence,  Equation  (722) 
becomes 

41,  =  IT; 
whence, 

the  denominator  4  being  the  whole  number  of  pulleys,  movable  and 
fixed.    Had  there  been  n  pulleys,  then  would 

*  ""     n 

With  this  approximate  value  of  ^,  we  resort  to  Equations  (718) 
to  (721),  and  find  the  values  of  /^,  4,  d,  &c.  Adding  all  these 
tensions  together,  •  we  shall  find  their  sum  to  be  greater  than  W, 
and  hence  we  infer  each  of  them  to  be  too  large.  If  we  now 
suppose  the  true  tensions  to  be  proportional  to  those  just  found, 
and  whose  sum  is  TFj  >  TF,  we  may  find  the  true  tension  corre- 
sponding to  any  erroneous  tension,  as  ^i,  by  the  following  propor- 
tion, viz. : 

W 
Wi  :   W  I ',  ti  \  -=  d; 

or,  which  is  the  same  thing,  multiply  each  of  the  tensions  found  by 

W 
the  constant  ratio  -s^^  the  product  will  be  the  true  tensions,  very 

nearly.  The  value  of  t^  thus  found,  substituted  in  Equation  (721), 
will  give  that  of  P. 

Example. — Let  the  radii  jSj,  22,,  B^  and  7^4,  be  respectively 
0,26,  0,39,  0,52,  0,65  feet ;  the  radii  n  =z  r^z=  r^z=:^  r*  of  the 
eyes  =  0,06  feet;  the  diameter  of  the  rope,  which  is  white  and 
dry,  0,79  inches,  of  which  the  constant  and  co-efficient  of  rigidity 
are,  respectively,  K  =  1,6097  and  /  ==  0,0319501 ;  and  suppose  the 
pulley  of  brass,  and  its  axle  of  wrought  iron,  of  which  .the  oo-effident 
/  ==  0,09,  and  the  resistance  W  a  weight  of  2400  pounds. 

Without  friction  and  stiffiiess  of  cordage. 
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Dmding  Equation  (718)  by  JSj,  it  becomes,  since  dj  =  1, 

Substituting  the  value  of  Ei ,  and  the  above  value  of  ti ,  and  regard. 
ing  in  the  last  term   t^  as  equal  to  ^i,  which  we  may  do,  because 

of  the  small  co-efficient  -^  f,  we  find 

600 


tt  = 


+ 


1,6097  +  0,0319501  x  600 
2  X  (0,26) 


+  ^  X  0,09  X  (600  +  600) 


,  =  628,39. 


Again,  dividing  Equation   (719)   by  i2,,  and   substituting  this  value 

of  ^t  ^^^  ^^^^  of  i2|,  we  find 

lit. 
t^  =  673,59. 

Dividing  Equation  (720)  by  i2^,  and  substituting  this  value  c*f  ^,  as 
well  as  t^t  of  i2| ,  there  will  result 


^4  =  709,82 ; 

whence, 

« 

'       600       ^ 

TFi  =  <i  +  /,  +  4  +  ^  =  ^ 

+  628,39 
+  673,69 
+  709,82 

V.     '            'J 

.  =  2611Si> 

and 

W           2400          ^^,^ 
W^  -  2611,80  -^'^^^^ 

which  wUl  give  for  the  true  values  of 

^1  =  0,919  X  600       =  551,400 

i^  =  0,919  X  628,39  =  577,490 

/,  =  0,919  X  673,59  =  619,029 

U  =  0,919  X  701 

>,82  =  652,324 

2400,243 
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The  above  value  for  /«  =  652,324,  in  Equation  ('^21),  will  give,  after 
dividing  by  B^,  and  substituting  its  numerical  value, 


P=       + 


652,324 

1,6097  +  0,03195  x  652,324 
2  X  0,65 


+  ^  X  0,09  X  (652,324  +  F) ; 
ind  mailing  in  the  last  factor  P  =  t^  =  652,324,  we  find 

Ik*  ibM  lb$  lh$ 

P  =  652,324  +  17,270  +  10,831  =  680,425. 

Thus,  without  friction  or  stiffness  of  cordage,  the  intensity  of  P  would 
be  600  lbs. ;  with  both  of  these  causes  of  resistance,  which  cannot  be 
avoided  in  practice,  it  becomes  680,425  lbs.,  making  a  difference  of 
80,425  lbs.,  or  nearly  one-seventh ;  and  as  the  quantity  of  work  of 
the  power  is  proportional'  to  its  intensity,  we  see  that  to  overcome 
friction  and  stiffness  of  rope,  in  the  example  before  us,  the  motor 
must  expend  nearly  a  seventh  more  work  Ihan  if  these  sources  of 
resistance  did  not  exist 


THB   WEDOB. 

§  384. — ^The  wedge  is  usually  employed  in  the  operation  of  cut* 
ting,  splitting,  or  separating.  It  consists 
of  an  acute  right  triangular  prism  ABC. 
The  acute  dihedral  angle  ACb  \^  called 
the  tdge\  the  opposite  plane  face  Ab 
the  hack\  and  the  planes  Ac  and  (76, 
which  terminate  in  the  edge,  the  faces. 
The  more  common  application  of  the 
wedge  consists  in  driving  it,  by  a  blow 
upon  its  back,  into  any  substance  which 
we  wish  to  split  or  divide  into  parts,  in 
such  manner  that  after  each  advance  it 
shall  be  supported  against  the  faces  of 
the   opening  till    the   work   is  accomplished. 
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g  385. — The  blow  by  which  the  wedge  b  driven  Toruard  will  be 
supposed  perpendicular  to  ita  back,  for  if  it  were  oblique,  it  would 
only  tend  to  impart  a  rotary  motion,  and  give  rise  to  complications 
which  it  would  be  unprofitable  to  consider :  and  to  make  the  case 
conform  still  further  to  practice,  we  will  suppoae  the  wedge  to  be 
isosceles. 

Hie  wedge  ACB  being  inserted  in  the  opening  <z  A  fi,  and  in  con- 
tact with  its  jaws  at  a  and  b,  we  know 
that  the  resistance  of  the  latter  will 
be  perpendicular  to  the  faces  of  the 
wedge.  Through  the  points  a  and  b 
draw  the  lines  aq  and  bp  normal  to 
the  faces  A  C  and  B  C ;  from  their 
point  of  intersection  0  lay  off  the 
distances  O  q  and  Op  equal,  respec- 
tively, to  the  reaiatonces  at  a  and  b 
X)enote  the  first  by  Q,  and  the  second 
by  P.  Completing  the  parallelogram 
O  q  mp,  0  m  will  represent  the  re- 
sultant of  the  resistances  Q  and  /" 
Denote  this  resultant  by  S',  hnd  the 
angle  A  C B  of  the  wedge  by  i,  which, 
in    the    quadrilateral   aObC,   will   be 

equal  to  the  supplement  of  the  angle  a  Ob  =zpOq,  the  angle  made 
by  the  directions  of  Q  and  P.  From  the  parallelogram  cf  forces, 
ire  have, 


B'=  VP^+i 


-2P  gcoai. 


The  resiatanco  Q  will  produce  a  friction  on  the  face  A  C  equal 
lo/Q,  and  the  resistance  P  will  produce  on  the  face  £  (7  the  fric- 
tion fP:  these  act  in  the  directions  of  the  &ces  of  the  wedge. 
Produce  thorn  till  they  meet  in  C,  and  lay  off  the  distances  Cq'  and 
■Cp'  to    represent    their    intensities,    and    complete    the  parallelogram 
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Cq*  0'  p' ;  O  0'  will  represent  the  resultant  of  the  frictions.  Denote 
this  by  Ii'\  and  we  have,  from  the  parallelogram  of  foroea, 

or, 

22"  =/ -v/i^  +  Qi  +  2P  Qco3  6. 

The.  wedge  being  isosceles,  the  resistances  P  and  Q  will  be  equal, 
their  directions  being  normal  to  the  faces  will  intersect  on  the  line 
CJD,  which  bisects  the  angle  (7=4,  and  their  resultant  will  coin- 
cide with  this  line.  In  like  manner  the  frictions  will  be  equal,  and 
their  resultant  will  coincide  with  the  same  line.  Making  Q  and  P 
equal,  we  have,  from  the  above  equations, 


B'  =    P  v^2(l  -  cos  4), 

J8"  =  fP  V'5i(l  +  cos  6). 

But, 

1  —  cos  4  =  2  sin^  I  4, 

1  +  cos  4  =  2  cos*  ^  6 ; 

whence  we  obtain,  by  substituting  and  reducing, 

R'  =  2P.  sin^tf, 
R"  =  2/.  P.  cos  i  d ; 


V 


and  further, 


^A  ^^ 


therefore, 


CD 

Tc' 


R'=2f'P 


Denote  by  F  the  intensity  of  the  Wow  on  the  back  of  the  wvdge. 
If  this  blow  be  just  sufficient  to  produce  an  equilibrium   bordering 
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on  motioQ  forward^  call  it  F* ;  the  friction  will  oppose  it,  and  we 
must  haY6) 

^'  =  i2'+J8"  =  P.44-+2/.P--^^.    •    •    .     (723) 

m 

If,  on  the  contrary,  the  blow  be  just  sufficient  to  prevent  the  wedge 
from  flying  back,  call  it  F'^ ;  the  friction  will  aid  it,  and  we  must 
have, 

AC  -^  AC  ^    ^ 

Hie  wedge  will  not  move  under  the  action  of  any  force  whose*  inten- 
sity is  between  F'  and  F",  Any  force  less  than  F",  will  allow  it 
to  fly  back ;  any  force  greater  than  F\  will  drive  it  forward.  Hie 
range  through  which  the  force  may  vary  without  producing  motion, 
is  obviously, 

JT'-ir"' =  4/^.-5^ (725) 

A  C 

which  becomes  greater  and  greater,  in  proportion  sls  C  D  and  A  0 
become  more  nearly  equal;  that  is  to  say,  in  proportion  as  the 
wedges  becomes  more  and  more  acute. 

The  ordinary  mode  of  employing  the  wedge  requires  that  it  shall 
retain  of  itself  whatever  position  it  may  be  driven  to.  *This  makes 
it  necessary  that  F"  should  be  zero  or  n^ative,  Eq.  (724),  whence 

or,  omitting  the  common  fiictors  and  dividing  both  members  of  the 
equation  and  inequality  by  2  C2>, 

\AB 

but        p  j^  is  the  tangent  of  the  angle  A  C  D ;  hence  we  conclude, 

that  the  wedge  will  retain  its  place  when  its  semi-angle  does  not 
exceed  that  whose  tangent  is  the  oo-efficient  of  fricticn  between  the 
surface  of  the  wedge  and  the  surface  of  the  opening  which  it  is 
intended  to  enlarge. 


464         ELEMENTS    OF    ANALYTICAL    MECHANICS. 

Resuming  Eq.  (724),  and  supposing  the  last  term  of  the  second 
member  greater  than  the  first  term,  F"  becomes  negative,  and  will 
represent  the  intensity  of  the  force  necessary  to  withdraw  the  wedge ; 
which  will  obviously  be  the  greatest  possible  when  ^  ^  is  the  least 
possible.  This  explains  why  it  is  that  nails  retain  with  such  perti 
nacity  their  places  when  driven  into  wood,  dsc. 


^ 


THE   SOBEW. 

§  886. — ^The  Screw^  regarded  as  a  mechanical  power,  is  a  device  by 
which  the  principles  of  the  inclined  plane  are  so  applied  as  to  pro- 
duce considerable  pressures  with  great  steadiness  and   regularity  of 

motion. 

« 

'  To  form  an  idea  of  the  figure  of  a  screw  and  its  mode  of  action, 
coticeive  a  right  cylinder,  a  k,  with  circular  base,  and  a  rectangle,  or 
other  plane  figure,  abcm,  having  one  of  its  sides 
ab  coincident  with  a  surface  element,  while  its 
plane  passes  through  the  axis  of  this  cylinder. 
Next,  suppose  the  plane  of  the  generatrix  to 
rotate  uniformly  about  the  axis,  and  the  gener- 
atrix itself  to  move  also  uniformly  in  the  direc- 
tion of  that  line ;  and  let  this  twofold  motion 
of  rotation  and  of  translation  be  so  regulated, 
that  in  one  entire  revolution  of  the  plane,  the 
generatrix    shall    progress    in    the   direction   of 

the  axis  over  a  distance  greater  than  the  side  a  by  which  is  in  the 
surface  of  the  cylinder.  The  generatrix  will  thus  generate  a  pro- 
jecting and  winding  solid  called  a  fillet^  leaving  between  its  turns 
a  groove  called  the  channel.  Each  point  as  m  in  the  perimeter 
of  the  generatrix,  will  generate  a  curve  called  a  heUXy  and  it  is 
obvious,  from  what  has  been  said,  that  every  helix  will  enjoy  this 
property,  viz. :  any  one  of  its  points  as  m,  being  taken  as  an  origin 
of  reference,  as  well  for  the  curve  itself  as  for  its  projection  on  a 
plane  through  this  point  and  at  right  angles  to  the  axis,  the  distancciS 
d'  m\  rf"  m'\  &c.,  of  the  several   points  of  the  helix  from   this  plane. 
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are  respecdTely  proportioned  to  the  circular  ucb  md',  md".  See., 
into  which,  the  portiona  mm',  mm",  &c.,  of  the  helix,  between  the 
origin  and  these  points,  are  projected. 

The  solid  cylinder  about  which  the  fillet  is  wound,  is  called 
the  newel  of  the  screw;  the  distance  mm"',  between  tbe  consecu- 
tive turns  of  the  same  helix,  estimated  in  the  direction  of  the  axis, 
is  called  the  htlieal  interval. 

The  fillet  ia  often  generated  by  the  motion  of  a  triangle  with 
one  of  its  «des  coincident  with  a  b ;  and  as  the  discussion  will  be 
more  general  by  couKidering  this  mode  of  generation,  we  shall  adopt 
it.  The  surfaces  of  the  fillet,  which  are  generated  by  the  inclined 
faces  of  the  triangle,  are  each  made  up  of  an  infinite  number  of 
helices,  all  of  which  have  the  same  interval,  though  the  helices 
tiiemselves  are  at  different  distances  fixim  the  axis,  and  have  difierent 
inclinations  to  that  line. 

The  inclination  of  the  different  helices  to  the  axis  of  the  screw, 
increases  from  the  newel  to  the  exterior  surface  of  the  fillet^ 
the  same  helix  preserving  its 
inclination  unchanged  throughout. 
He  screw  is  received  into  a  hole 
in  a  solid  piece  B  of  metal  or 
wood,  called  a  nut  or  burr.  Ilie 
eurfiice  of  the  hole  through  the 
nut  is  furnished  witii  a  winding 
fillet  of  the  same  aliape  and  size 
as  the  channel  of  the  screw,  so 
that  the'-Burfttces  of  the  screw  and 
nut  are  brought  into  accurate  con- 
tact. 

From  this  arrangement  it  is 
obvious  that  when  the  nut  is  sta* 
tionary,  and  a  rotary  motion  is 
communicated  to  the  screw,  the 
latter  will  move  in  the  direction 

of  its  axis;  also,  when  the  screw  is  stationary  and  the  nut  Is 
turned,  the  nut   must  also  move  in  tbe  direction  of  the  axis.     In 
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the  first  case,  one  entire  revolution  of  the  screw  will  carry  it  Ion* 
gitudinally  through  a  distance  equal  to  the  helical  interval,  and  any 
fractional  portion  of  an  entire  revolution  will  carry  it  through  a  pro- 
portional distance ;  the  same  of  the  nut,  when  the  latter  is  moya- 
ble  and  the  screw  stationary.  The  resistance  Q  is  applied  either  to 
the  head  of  the  screw,  or  to  the  nut,  depending  upon  which  is  the 
movable  element ;  in  either  case  it  acts  in  the  direction  D  (7  of 
the  axis.  The  power  P  is  applied  at  the  extremity  of  a  bar  GH 
connected  with  the  screw  or  nut,  and  acts  in  a  plane  at  right 
angles  to  the  axis  of  the  screw. 

From   the  description  of  the   screw  and   its  mode  of  generattoD, 
we   may  find  the   equation   of  its  fillet  or  helicoidal  surface.     For 
this  purpose,  take  the  axis  z  to  coindde  with  the  axis  of  the  newel, 
and  the  initial  position  of  the  generatrix  in  the  plane  yz.    Make 
«  =  any    definite   portion    CC  \ 

of  an  assumed  helix ; 
p  =  the   angle    YAt^    through 

which    the    rotating    plane 

has  turned  during  the  gene-  . 

ration  of  «; 
r  =  the  distance    CD'  of   this 

helix  from   the  axis  z^ 
$L  =  the  angle  which  this  helix 

makes  with  the  plane  xy; 
6  =  the  angle  CBD  which  the 

generatrix  of  the  helicoidal 

surface    makes    with    the 

axis  z'y 
y  =s  the  coordinate  AB  of  the 

point  in  which  the  genera- 
trix, in  its  initial  position,  intersects  the  axis  z. 
Then,  for  any  point  as  (7  of  the  generatrix  in  its  initial  positi<m, 
we  have 

z  =:  AD  z=AB  +  BD  =  y  +  r.cotan^, 

and  for  any  subsequent  position,  ts  C  B'^ 

z  =  y  +  r .  cotan  €  -{-  r .  9 .  tan  a,  •    -    •     .     (726) 
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which  is  the  equation  sought,  and  in  which  tt  and  r  are  instant 
for  the  same  helix,  and  variable  from  one  helix  to  another 

The  power  P  acts  in  a  direction    perpendicular    to  the  axis  of  j 

the  neweL     Denote  by  J  its  lever  arm ;  its  virtual  moment  will  be 

■ 

The  resistance  Q  acts  in  the  direction  of  the  axis  of  the  newel; 
its   virtual   moment  will   be 

Hie  frictkm  ad»  in  the  direction  of  the  heliooidal  surface  and  paral- 
lel to  the  helices.  Conceive  it  to  be  concentrated  upon  a  mean 
helix,  of  which  the  distance  from  the  newel  axis  is  r,  and  length  sz 
denote  the  normal  pressure  by  iT,  and  co-efficient  of  friction  by  f» 
The  virtual  moment  of  friction  will  be 

and  Equation  (645), 

P/(l(j>--^rfz -/.  jr.(f«  =0,  .    •    .    ,     (727) 

But  die  displacement  must  sadsfy  Equation  (726),  or,  as  m  §213, 
the  condition, 

Z  =  «  —  r.^.  tana  —  r.ootan§  —  /  =  0;      .     {12S)    ftl  ju^ 

and  also,  /  -^  j 

r  =  oonstaat. (7^9)^^>^^<<^ 

Differentiating,  w«  have,  ,      ^  ^^^_^  j^^j^ 


dz  —  ootan  € .  c^r  —  r  tan  «  i^  =  0, 


Multiplying   the  first  by  X,  the    second   by  X',  adding  to   Equation     f^,^^^^ 

(727),  and  eliminating  <2t  by  the  relation  ^(Tt-^J^ 

<[?«=:  r«^(p  .  cos  «  + «?s  .  sin  oc,    .     .  •     »     (^^0) -iT^    l^L 

we  find,  ^  ^**<y& 
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.  \     ^  and,  from  the  principle  of  indeterminate  oo-efficientSy 

.^.J-^                             P/ — /.  iV.  oosa.r  —  X,  tana.r  =  0;     .     .  (731; 

^    .-^                                             C +/i\r.  sin  a -X  =  0; (732) 

'^^                                               X'  —  X  cotan  €  =  0, (732)' 

^      Hie  variables  d Zj  dr,  axid rd(pj  are   rectangular;    whence.  Equation 
,(831), 

OJ\r=Xy/(i|y+(l^y+(^y=XVH-Un««  +  ootan.e. 
Substituting  this  in  Equations  (731)  and  (732),  and  eliminating  X, 


^ 

1 

c 


x^  there  will  result 


•   "^ 

'^  n        ^    *•     tan  a  +  /.  cos  a  .  -t/l  +  tan^  a  +  cotan* €      ,^   _, 

P  =  ©  •  J  •  '^  =.     (733> 

^^  '  1  — /.  sin  a  .  yl  +  tan*  a  +  cotan* ^ 

?         Substituting   the   value  of  X  from   Equation   (732),  in   Equation 
•;    (782)',  we  find, 

V  1  —  /.  sin  a  y  1  +  tan*  a  +  cotan*  € 

m  whidi  X'  is,  §217,  the  value   of  the   force  acting   in   the  direction 

f 

g  887.— If  the  fillet  be  rectangular,  €  =  90^,  cotan  €  =  0,  and 


>  p^  Q^    tan  tt  +/.  cos  «  yi  +  tan*"T 

^"  ^  '         1  -/.  sin  « .  -v/r+  tan*  a  '      *     ^       ' 


«nd 

X'  =  0. 

§  388. — If  we  neglect  the  friction,  /  =  0 ;  and 

PI  =z  Q  .r  .UaioL^ 

multiplying  both  members  by  2  ir, 
^  P.2«'/ =  C.2«'r  .  tana.    .....     (736) 

That  is,  the  power  is  to  the  resistance  as   the  helical  interval  ts   to 
the  drenm/erence  described  by  the  end  of  the  kver  arm  of  the  power,  '^ 
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PUMPS. 


§  389. — Any  maclune  used  for  raising  liquids  from  one  level 
to  a  higher,  in  which  the  agency  of  atmospheric  pressure  is  employed, 
is  called  a  Pump,  There  are  various  kinds  of  pumps ;  the  more 
common  are  the  tueking,  forcing,  and  lifting  pumps. 

§  390. — ^The  Sucking-Pump  consists  of  a  cylindrical  body  or  barrel 
£,  from  the  lower  end  of  which-  a  tube  2>,  called  the  sucking-pipe, 
descends  into  the  water  contained  ia  &  reservoir  or  well.  In  the 
interior  of  the  barrel  is  a  movable  piston  C,  surrounded  with  leather 
to  make  it  water-tight,  yet  ca- 
pable of  moving  up  and  down 
freely.  The  piston  is  perforated 
in  the  direction  of  the  bore  of 
the  barrel,  and  the  orifice  is 
covered  by  a  valve  P  called 
the  piston-valve^  which  opens  up- 
ward ;  a  similar  valv^  E^  called 
the  sleeping-valve^  at  the  bottom 
of  the  barrel,  covers  the  upper 
end  of  the  sucking-pipe.  Above 
the  highest  point  ever  occupied 
by  the  piston,  a  discharge-pipe 
,  P  is  inserted  into  the  barrel ; 
the  piston  is  worked  by  means 
of  a  lever  H^  or  other  contriv- 
ance, attached  to  the  piston-rod 

G.  The  distance  A  A\  between  the  highest  and  lowest  points  of  the 
piston,  is  called  the  play.  To  explain  the  action  of  this  pump,  left 
the  piston  be  at  its  lowest  point  A^  the  valves  E  and  F  closed  by 
their  own  weight,  add  the  air  within  the  pump  of  the  same  density 
and  elastio  force  as  that  on  the  exterior.  The  water  of  the  reservoir 
will  stand  at  the  same  level  L  L  both  within  and  without  the 
sucking-pipe.  Now  suppose  the  piston  raised  to  its  highest  point  A^, 
the  air  contained  in   the  barrel    and    sucking-pipe   wi]1    tend   by  itii 
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elastic  force  to  occupy  the  space  which  the  piston  leaves  Toid,  the 
Talve  E  will,  therefore,  be  forced  open,  and  air  will  pass  from  the 
pipe  to  the  barrel,  its  elasticity  diminishing  in  proportion  as  it  fills 
a  larger  space.  It  will,  therefore,  exert  a  less  pressure  on  the 
water  below^  it  in  the  sucking-pipe  than  the  exterior  air  does  on  that 
in  the  reservoir,  and  the  excess  of  pressure  on  the  part  of  the 
exterior  air,  will  force  the  water  up  the  pipe  till  the  weight  of  the 
suspended  column,  increased  by  the  elastic  force  of  the  internal  air, 
becomes  equal  to  the  pressure  of  the  exterior  air.  When  this  takes 
place,  the  valve  E  will  close  of  its  own  weight;  and  if  the  pistOD 
be  depressed,  the  air  contained  between  it  and  this  valve,  having 
its  density  augmented  as  the  piston  is  lowered,  will  at  length  have 
its  elasticity  greater  than  that  of  the  exterior  air;  this  excess  of 
elasticity  will  force  open  the  valve  F^  and  air  enough  will  escape 
to  reduce  what  is  left  to  the  same  density  as  that  of  the  exterior 
air.  The  valve  F  will  then  fall  of  its  own  weight;  and  if  the 
piston  be  again  elevated,  the  water  will  rise  still  higher,  for  the 
same  reason  as  before.  This  operation  of  raising  and  depressing 
the  piston  being  repeated  a  few  times,  the  water  will  at  length  entei 
the  barrel,  through  the  valve  F^  and  be  delivered  from  the  dis- 
charge-pipe P.  The  valves  E  and  jP,  closing  after  the  water  has 
passed  them,  the  latter  is  prevented  from  returning,  and  a  cylinder 
of  water  equal  to  that  through  which  the  piston  is  raised,  will,  at 
each  upward  motion,  be  forced  out,  provided  the  discharge-pipe  is 
large  enough.  As  the  ascent  of  the  water  to  the  piston  is  pro- 
duced by  the  difierence  of  pressure  of  the  internal  and  external  air, 
it  is  plain  that  the  lowest  point  to  which  the  piston  may  reac^ 
should  never  have  a  greater  altitude  above  the  water  in  the  resel^ 
yoir  than,  that  of  the  column  of  this  fluid  which  the  atmospheric 
pressure  may  support,  in  vacuo,  at  the  place.   Ky^^j  ft') 

§301. — It  will  readily  appear  that  the  rise  of  water,  during 
each  ascent  of  the  pistim  after  the  first,  depends  upon  the  expulsion 
of  air  through  the  piston-valve  in  its  previous  descent.  But  air  can 
only  issue  through  this  valve  when  the  air  below  it  has  a  greater 
density   and   therefore  greater   elasticity   than  the  external  air;  and 
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if  the  piston  may  not  descend  low  enough,  for  want  of  suffideni 
plaj,  to  produce  this  d^ree  of  compression,  the  water  must  cease 
to  rise,  and^  the  working  of  the  piston  can  haye  no  other  effect  than 
alternately  to  compress  and  dilate  the  same 
air  between  it  and  the  su^ace  of  the  water.' 
To  ascertain,  therefore,  the  relation  which  the 
play  of  the  piston  should  bear  to  the  other 
dimensions,  in  order  to  make  the  pump  effec- 
tive, suppose  the  water  to  have  reached  a  sta- 
tionary level  X,  at  some  one  ascent  of  the 
piston  to  its  highest  point  A\  and  that,  in  its 
subsequent  descent,  the  piston-valve  will  not 
open,  but  the  air  below  it  will  be  compressed 
only  to  the  same  density  with  the  external  air 
when  the  piston  reaches  its  lowest  point  A, 
The  piston  may  be  worked  up  and  down  in- 
definitely, within  these  limits  for  the  play, 
without  moving  the  water.     Denote  the  play 

of  the  piston  by  a;  the  greatest  height  to  which  the  piston  may  be 
raised  above  the  level  of  the  water  in  the  reservoir,  by  b,  which  may 
also  be  regarded  as  the  altitude  of  the  discharge  pipe ;  the  elevation 
of  the  point  JT,  at  which  the  water  stops,  above  the  water  in  the 
reservoir,  by  x ;  the  cross-section  of  the  interior  of  the  barrel  by  B. 
The  volume  of  the  air  between  the  level  X  and  A  will  be 


-5  X  (6  —  «  —  a) ; 

the  volume  of  this  same  air,  when  the  piston  is  raised  to  A\  pro- 
vided  the  water  does  not  move,  will   be 

Represent  by  h  the  greatest  height  to  which  water  may  be  supported 
in  vacuo  at  the  place.  The  weight  of  the  column  of  water  which 
the  elastic  force  of  the  air,  when  occupying  the  space  between  the 
limits  X  and  A,  will  support  in  a  tube,  with  a  bore  equal  to  that 
of  the  barrel    is  measure  1   by 

Bh.ff.D; 


t 
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« 

in  which  D  is  the  density  of  the  water,  and  g  the  fcrce  of  gravity. 
The  weight  of  the  column  which  the  elastic  force  of  tL's  8ame  air 
will   support,'  when  expanded  between  the  limits  X  and  A%  will  be 

Bh\g.D\ 

In  which  h'  denotes  the  height  of  this  new  column.  But,  frv.m  Mik> 
riotte's  law,  we  have     T"*"^  =  A    '•  i  • 

B{b  —  a?  —  a)  :  B{h  —  ar)  :  :  Bh! gD  :  BkgD; 

whence, 

b  —  X  —  a 


h'  =  Jl- 


6  —  z 


But  there  is  an  equilibrium  between  the  pressure  of  the  external 
air  and  that  of  the  rarefied  air  between  the  limits  X  and  A\  when 
the  latter  is  increased  by  the  weight  of  the  column  of  water  whoaa 
altitude  is  x.    Whence,  omitting  the  common  factors  B^  D  and  y, 

a?  +  /*'  =  «  +  A ■; =  h ; 

or,  clearing  the  fraction  and  solving  the  equation  in  reference  to  x^ 
we  find 


a?  =  ^6  zfc  i-v^ft*  -4aA. (737) 

When  X  has  a  real  value,  the  water  will  cease  to  rise,  but  x 
will  be  real  as  long  as  h^  is  greater  than  4  a  A.  If,  on  the  ccm- 
trary,  4a A  is  greater  than  h\  the  value  of  z  will  be  imaginary,  and 
the  water  cannot  cease  to  rise,  and  the  pump  will  always  be  effective 
when  its  dimensions  satisfy  this  condition,  viz. : — 

4a A  >h\ 
or,  • 


that  is  to  say,  the  play  of  the  piston  must  be  greater  than  ihe  square 
of  the  altitude  of  the  upper  limit  of  the  play  of  the  jnston  above 
the  surface  of  the  water  in  the  reservoir,  divided  by  four  times  the 
height  to  which  the  atmospheric  prensure .  at  the  place^  where  the  pump 
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is  usedy  mil  wpport  water  in  vacuo.  This  last  height  is  easily  found 
by  means  of  the  barometer.  We  have  but  to  notice  the  altitude 
of  the  barometer  at  the  place,  and  multiply  it3  column,  reduced  to 
feet,  by  13^,  this  being  the  specific  gravity  of  mercury  referred  to 
water  as  a  standard,  and  the  product  will  give  the  value  of  i^  in 
feet. 

« 

Example. — Required  the  least  play  of  the  piston  in  a  sucking- 
pump  intended  to  raise  water  through  a  height  of  13  feet,  at  a 
place  where  the  barometer  stands  at  28  inches. 


Here 


Barometer, 


6  =  13,    and    b^  =  169. 


IX. 


28 

^  =  2,333  feet. 

1« 

h  =  2,333  X  13,5  =  31,5  feet. 


Play 


=  «  >TT  = 


169 


=  1,341  +  ; 


4  A        4  X  31,5 

that  is,  the  play  of  the  piston  must  be  greater  than  one  and  one 
third  of  a  foot. 

§  392. — The  quantity  of  work  performed  by 
the  motor  during  the  delivery  of  water  through 
the  discharge-pipe,  is  easily  computed.  Sup- 
pose the  piston  to  have  any  position,  as  M^ 
and  to  be  moving  upward,  the  water  being 
at  the  level  XX  in  the  reservoir,  and  at  P 
in  the  pump.  The  pressure  upon  the  upper 
surface  of  the  piston  will  be  equal  to  the 
entire  atmospheric  pressure  denoted  by  A^ 
increased  by  the  weight  of  the  column  of 
water  MP\  whose  height  is  c',  and  whose 
base  is  the  area  B  of  the  piston ;  that  is,  the 
pressure  upon   the  top  of  the  piston  will  be 

A  +  Bc'gD, 

in  which  g  and  D  ai*e  the  force  of  gravity  and  density  of  the  water, 
respectively.     Again,   the  pressure  upon    the    under   surface   of   the 
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piston  is  equal  to  the  atmospheric  pressure  A^  transmitted  through 
the  water  in  the  reservoir  and  up  the  suspended  column,  diminished 
bj  the  weight  of  the  column  of  water  JVM  below  the  piston,  and 
of  which  the  base  is  B  and  altitude  e\  that  is,  the  pressure  from 
below  will  be 

A  —  BcgD, 
an4  the  difference  of  these  pressures  will   be 

A  +  Bc'gD  —  (^  —  BegD)  z=z  BgD(e  +  c') ; 
but,  employing  the  notation  of  the  sucking-pump  just  described, 

whence,  the  foregoing  expression   becomes 

Bh.g,D\ 

which  is  obviously  the  weight  of  a  column  of  the  fluid  whose  base 
is  the  area  of  the  piston  and  altitude  the  height  of  the  discharge-pipe 
above  the  level  of  the  water  in  the  reservoir.  And  adding  to  this 
the  effort  necessary  to  overcome  the  friction  of  the  parts  of  the  pump 
when  in  motion,  denoted  by  9,  we  shall  have  the  resistance  which  the 
force  Fy  applied  to  the  piston-rod,  must  overcome  to  produce  anj 
useful  effect;  that  is, 

F  =z  BbgD  +  (p. 

Denote  the  play  of  the  piston  by  jt;,  and  the  number  of  its  double 
strokes,  from  the  beginning  of  the  flow  through  the  discharge-pipe 
till  any  quantity  Q  is  delivered,  by  n ;  the  quantity  of  work  will,  by 
omitting  the  effort  necessary  to  depress  the  piston,  be 

Fnp  =  np^[Bb  .^j9  -f  (p]; 

or  estimating  the  volume  in  cubic  feet,  in  which  case  p  and  b  must 
be  expressed  in  linear  feet  and  B  in  square  feet,  and  substituting  for 
^  j9  its  value  62^5  pounds,  we  finally  have  for  the  quantity  of  work 
necessary  to  deliver  a  number  of  cubic  feet  of  water  Q  =  Bnp^ 

Fnp  ^  np  [62,5  .  ^ *  +  9]  ;     .     .     .     .     (788) 

in   which  (p   must  be  expressed   in   pounds,  and   may  be  determined 
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•itliier  by  experiment  in  each  particular  pump,  cv  computed  bj  the 
rules  already  given. 

It  is  apparent  that  the  action  of  the  sucking-pump  must  be  very 
irregular,  and  Xh&t  it  is  only  during  the  ascent  of  the  piston  that  it 
producea  any  useful  effect;  during  the  descent  of  the  piston,  the  foroe 
is  scarcely  exerted  at  all,  not  more  than  is  necessary  to  overcome 
the  friction.  , 


§  893. — ^The  JA/ting-Pump  does  not  differ  much  from  the  sucking- 
pump  just  described,  except  that  the  barrel  and  sleeping-valve  E  are 
placed  at  the  bottom  of  the  pipe,  and  some  distance  below  the  sur- 
Ape  of  the  water  Z  Z  in  the  reservoir ;  the 
piston  may  or  may  not  be  below  this 
same  surface  when  at  the  lowest  point  of 
its  play.  Ihe  piston  and  sleeping-valves 
open  upward.  Supposing  the  piston  at  its 
lowest  point,  it  will,  when  raised,  lift  the 
column  of  water  above  it,  and  the  pres- 
sure of  the  external  air,  together  with  the 
head  of  fluid  in  the  reservoir  above  the 
level  of  the  sleeping- valve,  will  force  the 
latter  open ;  the  water  will  flow  into  the 
barrel  and  follow  the  piston.  When  the 
piston  reaches  the  upper  limit  of  its  play, 
the  sleeping-valve  will   close  and  prevent 

the  return   of   the   water    above   it.      The  ' 

piston  being  depressed,  its  valveit  F  will  open  and  the  water  will 
flow  through  them  till  the  piston  reaches  its  lowest  point.  The 
same  operation  being  repeated  a  few  times,  a  column  of  water  will 
be  liflcd  to  the  mouth  of  the  dischai^e-pipe  P,  alter  which  every 
elevation  of  the  piston  will  deliver  a  volume  of  the  fluid  equal  to 
that  of  a  cylinder  whose  Ktse  is  the  area  of  the  piston  and  whose 
altitude  is  equal  to  its  play. 

As  the  water  on  the  same  level  within  and  without  the  pnnip 
will  be  in  equilibrio,  it  is  plain  that  the  resistance  to  be  orercoms 
by  the  power  will  b<  the  friction  of  the  malting  sur&cea  of  the  pump, 
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augmented  by  the  weight  of  a  coJumn  of  fluid  whose  base  is  \he  srea 
of  the  piston,  and  altitude  the  difference  of  level  between  the  sur&oe 
of  the  water  in  the  reservoir  and  the  discharge-pipe.  Hence  the 
quantity  of  work  is  estimated  by  the  same  rule,  Equation  (738).  If 
we  omit  for  a  moment  the  consideration  of  friction,  and  talce  but  a 
single  elevation  of  the  piston  afler  the  water  has  reached  the  dis- 
charge-pipe, n  will  equal  one,  ip  will  bo  zero,  and  that  equation  re- 
duces to 

Fp  =  62,5  Sp  X  b; 

but  62,5  X  Bp  is  the  quantity  of  fluid  discharged  at  each  double 
stroke  of  the  piston,  and  b  being  the  elevation  of  the  discharge-pipe 
above  the  water  in  the  reservoir,  we  see  that  the  work  will  be  the 
same  as  though  that  amount  of  fluid  had  actually  been  lifted  through 
this  vertical  height,  which,  indeed,  is  'the  useful*  eflect  of  the  pump 
for  every  double  stroke. 

§394.— The  Foreing-Pump 
is  a  further  modification  of 
the  simple  sucking-pump.  The 
barrel  B  and  sleeping- valve 
E  are  placed  upon  the  top 
of  the  sucking-pipe  M.  The 
piston  F  is  without  per- 
foration and  valve,  and  the 
water,  after  being  forced  into 
the  barrel  by  the  atmospheric 
pressure  without,  as  in  the  suck-  . 
ing-pump,  IB  driven  by  the  de- 
pression of  the  piston  through 
a  lateral  pipe  H  into  an  air- 
vessel  N,  at  the  bottom  of 
which  is  a  second  sleeping- valve 
E',  opening,  like  the  first,  up- 
ward.  Through  the  top  of  the 
air-vessel  a  discharge-pipe  K 
passpx,  air-tight,  nearly  to   the 
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bottom.  The  water,  when  forced  into  the  air-veasel  by  the  de- 
scent of  the  piston,  rises  above  the  lower  end  of  this  pipe, 
confines  and  compresses  the  air,  ^hich,  reacting  by  its  elas- 
ticity, forces  the  water  up  the  pipe,  while  the  valve  E'  is  closed  by 
its  own  weight  and  the  pressure  from  above,  as  soon  as  the  piston 
reaches  the  lower  limit  of  its  play.  A  few  strokes  of  the  piston  will, 
in  general,  be  sufficient  to  raise  water  in  the  pipe  K  to  any  desired 
height,  the  only  limit  being  that  determined  by  the  power  at  com- 
mand and  the  strength  of  the  pump. 

§395. — During  the  ascent  of  the  piston,  the  valve  E^  is  closed 
and  E  is  open ;  the  pressure  upon  the  upper  surface  of  the  piston 
is '  that  exerted  by  the  entire  atmosphere ;  the  pressure  upon  the 
lower  surface  is  that  of  the  entire  atmosphere  transmitted  from  the 
surface  of  the  reservoir  through  the  fluid  up  the  pump,  diminished 
by  the  weight  of  the  column  of  water  whose  base  is  the  area  of 
the  piston  and  altitude  the  height  of  the  piston  above  the  surface 
of  the  water  in  the  reservoir ;  hence,  the  resistance  to  be  overcome 
by  the  power  will  be  the  difference  of  these  pressures,  which  is 
obviously  the  weight  of  this  column  of  water.  Denote  the  area 
of  the  piston  by  B^  its  height  above  the  water  of  the  reservoir  at 
one  instant  by  y,  and  the  weight  of  a  unit  of  volume  of  the  fluid 
by  ur,  then  will  the  resistance  to  be  overcome  at  this  point  of  the 
ascent  be 

and  the  elementary  quantity  of  work  will  be 

w,B.ydy\ 
and  the  whole  work  during   the  ascent  will  be 

in  which  y'  and  y^  are  the  distances  of  the  upper  and  lower  limits 
of  the  play  of  the  piston  from   the  water  in  the  reservoir. 

But  B  .{y'  —  y^)  is  the  volume  of  the  barrel  within  the  limits 
of  the  play  of  the  piston,  and  ^  (y'  +  y,)  is  the  height  of  its  centre 
of  gravity  above  the  level  of  the  fluid  in   the  reservoir. 
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y'  "I"  Vi 

Denoting  the  play  by  /?,  and  making  - — -~^  =  «',  we  have  for 
the  quantity  of  work   during  the  ascent, 

vf.B.p.z'. 

During  the  descent  of  the  piston,  tiie  valve  E  is  closed,  and  ^ 
open,  and  as  the  columns  of  the  fluid  in  the  barrel  and  discharge- 
pipe,  below  the  horizontal  plane  of  the  lower  surface  of  the  piston, 
will  maintain  ^ch  other  in  equilibrio,  the  resistance  to  be  over- 
come  by  the  power  will  be  the  weight  of  a  column  of  fluid  whose 
base  is  the  area  of  the  piston  and  altitude'  the  difference  of  level 
between  the  piston  and  point  of  delivery  P ;  and  denoting  by  m. 
the  distance  of  the  central  point  of  the  play  below  the  point  jP, 
we  shall   find,  by  exactly,  the   same  process, 

ioBpz,, 

for  the  quantity  of  work  of  the  motor  during  the  descent  of  the 
piston;  and  hence  the  quantity  of  work  during  an  entire  double 
stroke  will  be  the  sum  of  these,  or 

W  Bp  {z*  +  2fJ. 

But  z*  +  Zf  is  the  height  of  the  point  of  delivery  P  above  tbe 
surface  of  the  water  in  the  reservoir ;  denoting  this,  as  before,  by 
i,  we  have 

w  Bph\ 

and  calling  the  number  of  double  strokes  it,  and  the  whole  quantity 
of  work  Q,  we  finally   have 

Q  =  nwBpb. (789) 

If  we  make  z^  =  «',  or  ^  =  2z^,  which  will  give  z^  =  ~>   the 

quantity  of  work  during  the  ascent  will  be  equal  to  that  during 
the  descent,  and  thus,  in  the  forcing-pump,  the  work  may  be  equalized 
and  the  motion  made  in  some  degree  regular.  In  the  lifting  and 
sucking-pumps  the  motor  has,  during  the  ascent  of  the  piston,  to 
overcome  the  weight  of  the  entire  column  whose  base  is  equal  to 
the  area  of  the  piston  and  altitude  the  difference  of  level  between 
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tbe  water  in  the  reservoir  and  point  of  delivery,  and  being  wbolljr 
relieved  during  the  desc«iit,  when  tbe  Iwd  ia  thrown  upon  the 
sleeping- valve  and  its  box,  tbe  work  becomca  variable,  and  tha 
motion   irregular. 


I  596.— The  Siphon  is  a  bent  tube  of  unequal  branches,  open  ai  . 
both  ends,  and  is  used  tu  convey  a  liquid 
from  a  higher  to  a  lower  level,  over  an  in- 
termediate point  higher  than  either.  Its 
parallel  branches  being  in  a  vertical  plane 
and  plunged  into  two  liquids  whoso  upper 
Burfuces  are  at  L  M  and  L'  31',  the  fluid 
will  stand  at  the  same  level  both  within 
and  without  each  branch  of  the  tube  vben 
a  vent  or  small  opening  is  made  at  0. 
If  the  air  be  withdrawn  from  the  siphon 
through  this  vent,  the  water  will  rise  in  the 

bi-anches  by  the  atmospheric  pressure  without,  and  when  the  two 
columns  unite  and  the  vent  is  closed,  the  liquid  will  flow  from  the 
reservoir  A  to  A',  as  long  as  the  level  L'  Jf  is  below  L  it,  and  the 
end  of  the  shorter  branch  of  the  siphon  is  below  the  surface  of  the 
liquid  in   the  reservoir   A, 

The  atmofpherio  pressures  upon  the  surfaces  L  1£  and  L'  M', 
tend  to  force  the  liquid  up  the  two  branches  of  the  tube.  When 
the  siphon  is  filled  with  the  liquid,  each  of  these  pressures  is  coun- 
teracted in  part  by  the  pressure  of  the  fluid  column  in  the  branch 
of  the  siphon  that  dips  into  the  fluid  upon  which  the  pressure  is 
exerted.  The  atmospheric  pressures  are  very  nearly  the  same  for  a 
diflcreoce  of  level  of  several  feet,  by  reason  of  the  slight  density 
of  air.  The  pressures  of  the  suspended  columns  of  water  will,  for  the 
same  difference  of  level,  differ  considerably,  in  consequence  of  the 
greater  density  of  the  liquid.  The  atmospheric  pressure  opposed 
to  the  weight  of  the  longer  column  will  therefore  be  more  counter- 
acted than    that  opposed    to  the  weight  of  the  shorter,  thus  leaving 


A^ah'Dg^,  ,, :  V.  V      ^-  ^ 
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an  excess  of  pressure  at  the  end  of  the  shorter  branch,  which  will 
produce  the  motion.  Thus,  denote  by  A  the  intensity  of  the  at- 
mospheric pressure  upon  a  surface  a  equal  to  that  of  a  cross-section 
of  the  tube ;  by  h  the  difference  of  level  between  the  surface  JL  M 
and  the  bend  0\  hy  V  the  difference  of  level  between  the  s^me 
point  0  and  the  level  L*  Jif  \  by  2>  the  density  of  the  liquid; 
and  by  g  the  force  of  gravity:  then  will  the  pressure,  which  tends, 
to   force  the  fluid  up   the   branch  which  dips  below   L  M,  be 

A  —  ah  Dg\ 

and  that  whiph  tends  to  force  the  fluid  up  the  branch  immersed 
in   the  other  reservoir,  be  L'  >  ^ 

and  subtracting  the  first  from  the  second,  we  find 

aDg(h'---h\ 

for  the  intensity  of  the  force  which  urges  the  fluid  within  the 
siphon,  from  the  upper  to  the  lower  reservoir. 

Denote  by  /  the  length  of  the  siphon  from  one  ievel  to  the 
other.  This  will  be  the  distance  over  which  the  above  force  will 
be  instantly  transmitted,  and  the  quantity  of  its  work  will  be 
measured  by 

aDg{h'  '^h)l. 

The  mass  moved  will  be  the  fluid  in  the  siphon  which  is  measured 
by  alD\  and  if  we  denote  the  velocity  by  F",  we  shall  have,  for  the 
living  force  of  the  moving  mass, 

a/2>.F2; 

whence, 

r^    /w       TV,      aDlV^ 
aDg{h'  -h)l^ ^— ; 

I 

and, 

from  which  it  appears,  that  the  velocity  with  which  the  liquid  wiU 
flow  throvgh  the  siphon,  is  equal  to  the  square  root  of  twice  the  force 
of  gravity^  into   the  difference  of  level  of   the  fluid  in   the   two   rtser- 
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tairs.  When  the  fluid  in  the  reservoirs  comes  to  the  same  level, 
the  flow  will  cease,  since,  in  that  case,  A'  ^  A  =  0. 

§89?. — ^The    siphon    may    be   employed    to  great    advantage    to 
drain  canals,  ponds,  marshes,  and  the  like.    For  this  purpose,  it  may 
be  made  flexible  by  constructing  it 
of    leather,    well     saturated    with 
grease,  like  the  common  hose^  and 
furnished    with    internal    hoops    to      • 
prevent  its  collapsing  by  the  pres- 
sure   of  the    external    air.      It    is 
thrown  into  the  water  to  be  drained, 
and  filled;    when,   the  ends   being 
plugged  up,  it  is  placed  across  the 

ridge  or  bank  over  which  the  water  is  to  be  conveyed ;  the  plugs 
are  then  removed,  the  flow  will  take  place,  and  thus  the  atmos- 
phere will  be  made  literally  to  press  the  water  from  one  basin  to 
another,  over  an  intermediate  ridge. 

It  is  obvious  that  the  diflerence  of  level  between  the  bottom  of 
the  basin  to  be  drained  and  the  highest  point  0,  over  which  the 
water  is  to  be  conveyed,  should  never  exceed  the  height  to  which 
water  may  be  supported  in  vacuo  by  the  atmospheric  pressure  at 
the  place. 

THB   AIR-PUMP. 

g  398. — Air  expands  and  tends  to  difluse  itself  in  all  direction^ 
when  the  surrounding  pressure  is  lessened.  By  means  of  this  pro- 
perty, it  may  be  rarefied  and  brought  to  almost  any  degree  of  tenu- 
ity. This  is  accomplished  by  an  instrument  called  the  Air-Pump  or 
JSxhatuting  Syringe,  It  will  be  best  understood  by  describing  one 
of  the  simplest  kind.      It  consists,  essentially,  of 

1st.  A  Receiver  B^  or  chamber  from  which  the  exterior  air  is  ex* 
duded,  that  the  air  within  may  be  rarefied.  This  is  commonly  a» 
bell-shaped  glass  vessel,  with  ground  edge,  over  which  a  small  quan 

tity  of  grease  is  smeared,  that  no  air  may  pass  through  any  remain- 

81  .    I 
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^  ip^qiMlitii^  om  ife^  iw^itf9>  mi  a  gBOuod  glMa  plale  mm  knbeAM 
in  a  metallic  tal^p^  oi»t  vbich  i|  ttandiik 

2d.  K  Barrel  B, 
Of  chamber  into 
which  t)ie  aii^  i» 
the  reserroir  is  to 
expand  itself.  It 
is  a  hollow  cylin- 
der of  metal  or 
glass,  connected 
with  the  receiver 
i2  by  the  commu- 
nication ofg.     An 

air-tight  piston  P  is  made  to  move  bade  and  Ibrth  ih  die  barrel  by- 
means  of  the  handle  a. 

dd.  A  Stcp-eoek  A,  by  means  of  which  the  communication  between 
the  barrel  and  receiver  is  established  or  cut  off  at  pleasure.  This 
cock  is  a  conical  piece  of  metal  fitting  air-tight  into  an  aperture 
just  at  the  lower  end  of  the  barrel,  and  is  pi^t^ed  in  two  directions ; 
one.  of  the  perforations  xruns  transversely  through,  as  shown  in  the 
first  figure,  and  when  in  this  position  the  communication  between 
the  barrel  and  re- 
ceiver is  estab- 
lished J  the  second 
perforation  passes 
in  the  direction  of 
th^  axis  from  the 
smaller  end^  and 
as    it    approaches 

the  first,  inclines  sideways,  and  runs  out  at  right  angles  to-  it,  aa 
indicated  in  the  second  figure.  In  this  position  of  the  oock,  tlie 
communication  between  the  reottver  and  barrel  is  cut  ofl^  wlulst 
that  with  the  external  ^r  is  <^ened. 

Now,  suppose  the  piston  at  the  bottom  of  the  burel,  and  the 
communication  between  the  barrel  and  the  receiver  established; 
draw  the  piston  bacjk,  the  air  in  the  receiver  will  rush  out  in  the 
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direction  indicated  by  the  arrow-head,  thrgugh  tbe  communication 
o/^,  into  the  vacant  space  within  th«  barrel.  The  air  which  now 
occupies  both  the  barrel  and  receiver  is  less  dense  than  when  it  occu- 
pied the  receiver  alone.  Turn  the  cock  a  quarter  round,  the  com- 
munication between  the  receiver  and  barrel  is  cut  off,  and  that  be- 
tween the  latter  and  the  open  air  is  established;  push  the  piston  to 
the  bottoift  of  the  barrel  again,  the  air  within  the  barrel  will  be 
delivered  ihto  the  external  air.  Turn  the  cock  a  quarter  back,  the 
communication  between  the  barrel  and  receiver  is  restored;  and 
the  same  operation  as  before  being  repeated,  a  certain  quantity  of 
air  will  be  transferred  from  the  receiver  to  th^  exterior  space  at 
each  double  stroke  of  the  piston. 

To  find  the  d^ree  of  exhaustion  after  any  number  of  double 
strokes  of  the  piston,  denote  by  D  the  density  of  the  air  in  the  re- 
ceiver before  the  operation  begins,  being  the  same  as  that  of  the 
external  air ;  by  r  the  capadty  of  the  receiver,  by  h  that  of  the  bar- 
rel,  and  by  p  that  of  the  pipe.  At  the  beginning  of  the  operation, 
the  piston  is  at  the  bottom  of  the  barrel,  and  the  internal  air  occu 
pies  the  refiiBlver  and  pipe;  when  the  piston  is  withdrawn  to  the 
opposite  end  of  the  barrel,  this  same  air  expands  and  occupies  the 
,  receiver,  pipe,'  and  barrel ;  and  as  the  density  of  the  same  body  is 
inversely  proportional  to  the  space  it  occupies,  we  shall  have 

r  + 1> -t- 6  »•  +  p     ::     2>    :     «; 

in  which  x  denotes  the  density  of  the  air  afler  the  piston  is  drawn 
back  the  first  time.      From  this  proportion,  we  firjd 

T^p  +  V 

The  cock  being  turned  a  quarter  round,  the  piston  pushed  back  to 
the  bottom  of  the  barrel,  and  the  cock  again  turned  to  open  the 
communication  with  the  receiver,  the  operation  is  repeated  upon  the 
air  whose  density  is  «,  and  we  have 

in  which  x*  is  the  density  after  the  second  backward  motion  -of  the 
piston,  or  after  the  second  double  stroke;   and  we  find 
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and  if  n  denote  the  number  of  double  dtrokes  of  the  pistOD,  and 
»^  the  corresponding  density  of  the  remaining  air,  then  will 


«• 


^  •  C-rri-X 


'  From  which  it  is  obvious,  that  although  the  density  of  the  air  will 
become  less  and  less  at  every  double  stroke^,  yet  it  can  never  be 
reduced  to  nothing,  however  great  n  may  be ;  in  other  words,  the 
air  cannot  be  wholly  removed  from  the  receiver  by  the  air-pump. 
The  exhaustion  will  go  on  rapidly  in  proportion  as  the  barrel  is 
iai^e  as  compared  with  the  receiver  and  pipe,  and  after  a  few  double 
strokes,  the  rarefaction  will  be  sufficient  for  all  practical  purposes. 
Suppose,  for  example,  the  receiver  to  contain  19  units  of  volume,  the 
pipe  1,  and  the  barrel  10;  then  will 

r+p       _  20 
r-hj:>  +  6""30""** 

and  suppose  4  double  strokes  of  the  piston;   then  will  n  =  4,  and 

that  is,  after  4  double  strokes,  the  density  of  the  remaining  air  will 
be  but  about  two  tenths  of  the  original  density.  With  the  besi 
machines,  the  air  may   be  rarefied  from   four  to   six  hundred  times. 

The  degree  of  rarefaction  is  indicated  in  a  very 
simple  manner  by  what  are  called  gauges.  These 
not  only  indicate  the  condition  of  the  air  in  the 
receiver,  but  also  warn  the  operator  of  any  leakage 
that  may  take  place  either  at  the  edge  pf  the  receiver 
or  in  the  joints  of  the  instrument.  The  mode  in 
which  the  gauge  actsj  will  be  readily  understood  from 
the  discussion  of  the  barometer;  it  will  be  suffi- 
cient here  simply  to  indicate  its  construction.  In  its 
more  perfect  form,  it  consists  of  a  glass  tube,  about  60  inches  long, 
bent  in  the  middle  till  the  straight  portions  are  parallel  to  eacb 
other;  one  end  is  closed,  and  the  branch  terminating  in  this  end  is 
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filled  witli , mercury.  A  Bcale  of  equal  pafls  ia  placed  >betweea  dw 
branches,  hsving  its  zero  at  a  point  midway  from  the  top  to  tlie 
bottom,  ttie  numbers  of  the  scale  i^icreosing  in  both  directions.  It 
is  placed  so  that  the  branches  of  the  tube  shall  be  vertical,  irith 
its  ends  upward,  and  inclosed  in  an  inverted  glass  vessel,  irhicb 
comniunicat«s  vith  the  recover  of  the  air-pump. 

Repeated  attempts  have  been  made  to  bring  the  air  pump  to 
still  higher  d^re^s  of  perfection  since  its  first  invention.  Self-acting 
valves,  opening  and  shutting  by  the  elastic  force  of  the  air,  have 
been  used  instead  of  cocks.  Two  barrels  have  been  employed  in- 
stead of  one,  so  that  an  uninterrupted  and  more  rapid  rarefaction 
«f  the  air  is  brought  about,  the  piston  in  one  barrel  being  made 
to  ascend  while  that  of  the  other  descends.    The  most  aerious  defect 


iJ=S3 


was  that  by  which  a  portion  of  the  air  was  retained  between  th« 
piston  and  the  bottom  of  the  barrel.  This  intervening  space  is  filled 
with  air    of    the  ordinary    density    at    each   descent  of    the   piston } 
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when  the  cook  is  turned,  and  the  oommunieation  re-established  Vfitb 
the  reoeiTer,  this  air  forces  its  waj  in  and  diminishes  the  rarefiu>- 
tion  already  attained.  If  the  air  in  the  reoeirer  is  so  &r  rarefied, 
that  one  stroke  of  the  piston  will  onlj  raise  such  a  quantitj  as 
equals  the  air  contained  in  this  space,  it  is  plain  that  no  further 
exhaustion  can  be  effected  by  continuing  to  pump.  Hiis  limit  to 
rarefaction  will  be  arrived  at  the  sooner,  in  proportion  as  the 
apace  below  the  piston  is  larger;  and  one  chief  point  in  the  im* 
provements  has  been  to  diminish  this  space  as  much  as  possible. 
^^  is  a  highly  polished  cylinder  of  glass,  which  serves  as  the  bar- 
rel  of  the  pump;  within  it  the  piston  works  perfectly  air-tight.  The 
piston  consists  of  washers  of  leather  soaked  in  oil,  or  of  cork 
covered  with  a  leather  cap,  and  tied  together  about  the  lower  end 
C  of  the  piston-rod  by  means  of  two  parallel  metal  plates.  The 
piston-rod  C76,  which  is  toothed,  is  elevated  and  depressed  by  means 
of  a  cog-wheel  turned  by  the  handle  M^  If  a  thin  film  of  oil  be 
poured  upon  the  upper  sur&ce  of  the /piston  the  friction  will  be 
lessened,  and  the  whole  will  be  rendered  more  air-tight.  To  diminish 
to  the  utmost  the  space  between  the  bottom  of  the  barrel  and  the 
piston-rod,  the  form  of  a  truncated  cone  is  given  to  the  latter,  so 
that  its  extremity  may  be  brought  as  nearly  as  possiUe  into  abso- 
lute contact  with  the  cock  i?;  this  space  is  therefore  rendered  indefi- 
nitely smaU,  the  oozing  of  the  oil  down  the  barrel  contributing  still 
further  to  lessen  it.  The  exchange-cock  £  has  the  double  bore 
already  described,  and  is  turned  by  a  short  lever,  to  whidi  motion 
is  communicated  by  a  rod  cd.  The  communication  O II  is  carried 
to  the  two  plates  /  and  K^  on  one  or  both  of  which  receivers  may 
be  placed ;  the  two  cocks  If  and  0  below  these  plates,  serve  to  cut 
off  the  rarefied  air  within  the  receivers  when  it  is  desired  to  leave 
them  for  any  length  of  time.  The  cock  0  is  also  an  exchange-cock, 
so  as  to  admit  the  external  air  into  the  receivers. 

Pumps  thus  constructed  have  advantages  over  such  as  work 
with  valves,  in  that  they  last  longer,  exhaust  better,  and  may  be 
employed  as  condensers  when  suitable  receivers  are  provided,  by 
merely  reversing  the  operations  of  the  exchange  valve  during  the 
motion  of  the  piston. 
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TABLE   1. 


THE  TENACITIES  OF  DIFFEBENT  SUBSTANCES,  AND  THE  BESXBTANCBS 
WHICH  THET  OPPOSE  TO  DIHECT  COMPBESSION.— See  I S69. 


■raiTAHCBi  BxntiMBirrss  ox. 


Wroaght-lron.  in  wire  tcom  l-20th 
to  l-^tn  of  an  inch,  in  diame- 
ter   

in  wire,  1-lOth  of  an  inch  •     •     • 
in  baxB,  Buaeian  (mean)  •     •     • 
English  (mean)   •     •     • 
hammered  •    •     •     •     • 
rolled  in  sheets,  and  cat  length- 
wise      

ditto,  cat  crosswise    •     •    • 

in  chains,  oval  links  6  in.  clear, 

iron  li  in.  diameter  •    •     •     • 

ditto,  Branton*s,  with  stay  across 

Unk 

Cast  Iron,  quality  No.  1     •     •    •     • 

S     •     •     •     • 

8*  .     •     •     • 
Steel,  cast 

oast  and  tilted 

blistered  and  hammered  •     •     • 

shear 

raw 

Damascos 

ditto,  once  refined  •  •  •  • 
ditto,  twice  refined  .  •  •  • 
Copper,  cast 

nammered 

sheet 

wire   .     •     • 

Platinum  wire  ...•••• 
Silver,  cast 

wire 

Gold,  cast  •    • 

wire 

Brass,  yellow  (fine) 

Oun  metal  (htfd) 

Hn,  cast 

wire 

Lead,  cast 

milled  sheet 

wire 


[ 


a  4 

9  8  9 


6o  to  91 
36  to  43 

'^ 

3o 

U 
18 


6 
6 
6 


35 

to  71 
to  9 
to  9I 
44 
60 

3i 
36 

44 
8^ 
i5 
21 

27* 

\l 

17 

9 
14 

8 
16 

2 

3 

4-5ths 
I* 
ifi 


o  a 

i| 

'2  8. 


Lam6 

Telford 
Lam4 

Brunei 
Hitis 

Brown 

Barlow 
Hodgkinson 


Mitis 
Bennie 


Mitis 

Bennie 
Kingston 
Oayton 


Bennie 


Tredgold 
Ga^n 


Qk  Si 


i 
It 


38 
5i 


to  41 
to  48 
to  65 


52 

46 


73 

7 
3^ 


Hodgkiiison 


Bennie 


*Th6  stroDgest  quality  o<  cost  Iron,  is  a  Beoteh  iron  known  as  the  DeTon  Hot  Blast,  No.  3:  its  tenaci- 
ty is  9}  tons  per  sqoars  inch,  and  iu  nsittanee  to  comprBssion  65  tons.  Ths  experiments  of  Major 
Wade  on  the  gnn  Iron  at  West  Point  Foundry,  and  at  Boston,  give  resniu  as  high  as  10  to  It  tons,  •m4 
OB  small  cast  ban,  as  high  as  17  tons.— See  Ordnance  Hanttiil,  1850,  p.  4pi 
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•UBITAXCBI    BXPXftlMBXTBO   OH. 


Stone,  slate  (Welsh)  •  •  • 
Marble  (white)  .... 

Givrv      

Portland 

Craigleith  freestone  *  . 
Bramley  Fall  sandstone  * 
Cornish  granite  *  .  * 
Peterhead  ditto  •  .  . 
Limestone  (compact  blk)  * 

Pnrbeck 

Aberdeen  granite  *     •    • 

Brick,  pale  red    •    .     •     .     . 

fOQ  ■•••••• 

Hammersmith  (pavior^s)  * 
ditto  (burnt).  *  • 
Ohalic  ••....•• 

Plastef  of  Paris 

Glass,  plate    •••••• 

Bone  (ox) 

Hemp  fibres  glued  together  * 
Strips  of  paper  glued  together 
Wood,  Box,  spec  gravity  .     > 

Ash" 

Teak 

Beech 

Oak 

Ditto 

Fir 

Pear 

Mahogany 

Elm 

Pine,  American      •     *     * 

DeaU  white 


,862 

>9 

,7 
192 

:^1 


C   ■»  4B 

B  e  S 


5,7 

4 

I 


,i3 


,o3 

4 
2,a 

41 
i3 

t 
I 

5 
4 
5 

4k 
di 
6 
'  6 
6 


Hi 
IS 

Is. 


Barlow 


S  • 


1,4 

1,6 

3,7 
4 

4 
5 

f 

I 

1,4, 
.23 


l»7 


,06 


o  a 


9 

gr 


Bonnie 
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TABLE  n. 


OF  THE  DENSITIES  AND  VOLUMES  OF  WATEB  AT  DIFFERENT  DBOBEES 
OF  HEAT,  (ACCORDING  TO  8TAMPFER),  IX)&  EVERT  Si  DEGREES  OF 
FAHRENHEirS  8CALE.-6ee  f  276. 

(Jdbrtae    ^m  PtlfUeknuAtm  InttituUt  m  tTtin,  Bd,lB,  8,TV^ 


t 

Dentlly. 

nir. 

r 

Volnme. 

DUE 

0 
,32,00 

0,999887 

i,oooii3 

34,25 

0,999950 

63 

i,oooo5o 

63 

36,5o 

0,999988 

38 

1,000012 

38 

38,75 

1,000000 

12 

1,000000 

12 

41,00 

0,999988 

12 

1,000012 

Id 

43,25 
45,50 

0,99995a 
0,999894 

35 
58 

1,000047 
1,000106 

35 

47,75 

0,999813 

81 

1,000187 

8t 

56,00 

0,9997" 
0,999587 

102 

1,000286 
i,ooo4iJ 

101 

5a,25 

124 

124 

54,5o 

o,99944» 

145 

i,ooo558 

145 

56,75 

0,999278 

164 

1,000723 

i65 

59,00 
6i,a5 

s;»' 

i83 
202 

1,000906 
1,001108 

i83 
sot 

63.50 

0,998673 

o,9984i5 

220 

1,001329 

221 

65175 

238 

i,ooi567 

238 

68,00 

0,998180 

255 

1,001822 

255 

70,25 
72,5o 

0,997009 
0,997622 

J2; 

I,0020o5 

1,002384 

223 

3i9 
333 

74,75 
77,00 
79,25 

o,9973ao 
0,997003 
0,996673 

302 

3i7 
33o 

1,002687 
i,oo3oo5 
1, 003338 

di,5o 

0,996329 

344 

i)Oo3685 

347 

83,75 

0,995971 
0,995601 

358 

1^004045 

36o 

86,00 

370 
382 

1,004418 

373 
386 

88,25 

0,995210 
0,994825 

i>oo48o4 

90,50 

394 

1>005202 

398 

92,75 

0,994420 

4o5 

i)Oo56i2 

410 

95,00 

0,994004 

416 

i,oo6o38 

420 

97,25 

0,993570 
0,993145 

425 

1,006462 

43o 

99,5o 

434 

1,006902 

440 

With  thli  table  it  ia  easy  to  find  the  tpectfle  gravity  by  meani  of  water  at  any  teaip«ratiir«. 
Sappoee,  ffar  ezample,  the  speelfie  graYity  8*  in  EqnatioD  (456),  had  been  found  at  the  tempem- 
tore  of  SQO,  then  would  Du  in  that  equation  be  0,900005,  and  the  specific  gn^tltf  of  the  body 
referred  to  water  at  iu  greatest  density,  would  be  given  by 
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TABLE  m. 

•F  THS  SPSCIFIC  QBAVITIE3  OF  SOME  OF  THE  MOST  IMPORTANT  BODIES. 
priM  denitty  of  distilled  water  is  reckoned  In  this  Table  at  ito  maximum  38}0  F.  =  1,000]. 


J 


Name  of  the  Body. 


I.    BOLIB  BODIES. 

(1)  Mrau. 

Antimony  <of  the  laboratory) 

Brass      •        •        •  •      ^ 

Bronse  for  oaonon,  aooording  to  Lieut.  M&tzka 

Ditto,  mesa 

Copper,  melted 

Ditto,  hammered 

Ditto,  wire-drawii 

Gold,  melted 

Ditto,  hammered 

Iron,  wronglit 

Ditto,  cast,  a  mean 

Ditto,  gr^v 

Ditto,  white 

Ditto  for  cannon,  a  mean 

Lead,  pure  melted 

Ditto,  flattened 

Platinum,  native     ........ 

Ditto,  melted 

Ditto,  hammered  and  wire-drawn 

Quicksilver,  at  88°  Fahr. 

Silver,  pure  melted 

Ditto,  hammered    •        •  < 

Steel,  cast 

Ditto,  wrought * 

Ditto,  much  hardened 

Ditto,  slightly 

Tin,  obemioally  pure 

Ditto,  hammered • 

Ditto,  Bohemian  and  Saxon 

Ditto,  English 

Zinc,  melted 

Ditto,  rolled 

(2)  BunAOfo  Stohxs. 

Alabaster 

Basalt 

Dolerite  •        • 

Oneiss 

Granite 

Hornblende     • 

Limestone,  various  kinds 

Phonolite        .....••       i^        • 

rPorphyry 

Quartz 

Sandstone,  various  kinds,  a  mean    .        •        •        •        • 

Stones  for  building .•        •        • 

Svenite •• 

Tnicliyte 

Brick 


Specifie  Gravity. 


7i6 

^ 

n 

8,414 

'— 

«,974 

8,758 

— 

8,716 
8,9 

I9,t38 

— 

19,253 

19,36 1 

— 

^^\u 

7,to7 

— . 

7.7«8 

7,a5i 

7,; 

7.5 

7,21 

— 

7,3o 

ti,33o3 

11,388 

16,0 

— 

18,94 

20,855 

21,25 

13,568 

— 

13,598 

10,474 

1 0,5 1 

— 

io,6bs 

7,9«9 

7|d4o 

7,818 

7;833 

7.291 

7iJ99 

— 

7,475 

7,3it 

kSUl 

•» 

T.SiS 

7»«9« 

*»I 

_ 

3,0 

2,8 

•  •• 

3,1 

2.72 

— 

2,93 

2,5 

__ 

1% 

2.9 

— 

3.1 

1,&4 
»,5i 

^_ 

2,69 

*'f. 

— 

2,6^ 

2,56 

— 

J;?^- 

2,2 

— 

1,66 

— 

2,6a 

2.5 

— 

3, 

2,4 

— 

^'t 

1,41 

— 

1,86 
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Name  of  tlitf  Body. 


SpecUic  Gffavlt7. 


I.    BOLID  BODIES. 
(8)  Woods. 


Alder      • 

Ash        .        .        . 

Afipen     • 

Birch      . 

Box 

Elm 

Fir 

Hornbeam 

Uorae-chestont  ^    • 

Larch 

Lime      •        • 

Maple     • 

Oak         .        .        . 

Ditto,  another  apecimen 

Pine,  Pinus  Abut  Pioea 

Ditto,  Pinus  Sylvettrit 

Poplar  (Italian) 

Wfliow   . 

Ditto,  white    • 


(4)  Vabious  Solid  Bodxxs. 


Charcoal,  of  cork 
Ditto,  soft  wood 
Ditto,  oak       • 
Coal        -       . 
Coke 


Earth,  common 

roagh  sand 

Toviffh  earth,  with  gravet 

moist  sand        •        • 

gravelly  aoil 

clay  .... 

day  or  loam,  with  gravel 
Flint,  dark      • 
Ditto,  white    • 
Gunpowder,  loosely  filled  in 

coarse  powder  • 

musket  ditto    • 
Ditto,  slightly  shaken  down 

mnskot-powder 
DiUo,  solid      .^       . 

Ice 

Lime,  unslacked 
Resii),  common 
Kock-salt        .        • 
Saltpetre,  melted 
Ditto,  crystallized    • 
Slate-pencil     •        •        • 
Sulphur  •        • 
Tallow    .... 
Turpentine      •        • 
Wax,  white     • 
Ditto,  yellow  • 
Ditto,  shoemaker's  • 


.        . 


Ftanh-felled. 

Dry. 

0,8571 

o,5ooi 

o,9o36 

0,6440 

0,7654 

o,43o3 

0,9012 

0,6274 

0,9822 

0,5907 

0.0476 
0,8941 

0,5474 
o,555o 

0,9452 

0,1695 
0,5749 
0,4735 

0,8614 

0,0206 

0,0170 
o,9o36 

0,4390 
.  0,6592 

i,o4o4 
1,0734 
0,8699 
0,9121 

0,6777 
0,7075 

0,4716 
o,55oa 

0,7634 

0,3931 

0,7 1 55 
0,9859 

0,5289 
0,4873 

0,1 

0,28      - 

-    0,44 

1,573 

1,232     - 

-    i,5io 

1,865 

1,48 

1,92 

2,02 

2,o5 

3,07 
2,l5 

2,48 

2,542 

2,741 

0,886 

0,992 

1,060 
2,246    - 

-    2,563 

0,016    - 

-    0,9268 

1,642 

1,089 

2,23] 
2,745 

ir- 

-    2,24 

h9\    - 

-    >,99    ' 

o,94i 

0.991 

o!o65 
0,697 
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TABLE  la—Conimued. 


Name  of  the  Body. 


II.  LIQUIDS. 

Acid,  acotie • 

Ditto,  muriatic 

Ditto,  nitric,  concentrated 

Ditto,  Kulphurlc,  En^rlish 

Ditto,  coticentruted  (Nordh.) 

Alcoliol,  fVee  from  water 

Ditto,  common 

Ammoniac,  liquid 

Ac^uafortii*.  double 

Ditto,  eiugio 

Beer 

Eilier,  acetic 

Ditto,  muriatic 

Ditto,  nitric 

DitU)^  Hulpliuric 

Oil,  imsoed 

Ditto,  olive 

Ditto,  turpentine 

Ditto,  whale 

Quicksilver 

Water,  distilled 

Ditto,  rain 

Ditto,  aea • 

Wine 

III.  GASES. 

Atmospheric  air  =  yj-g-  .-=••.... 

Carbonic  acid  gas •        • 

Carbonic  oxide  gas 

Carbureted  hydrogen,  a  maximum 

Ditto,  from  CoaU     • ,       • i 

Chlorine 

Hydriodic  gas ,     • 

Hydrogen '     • 

Hydrosulphuric  acid  gas 

Muriatic  acid  gas 

Nitrogen 

Oxygen  

Phosphuretod  hydrogen  gas 

Steam  at  212®  Fahr. 

Sulphurous  acid  gai^ 


Sfieciflc  Gravity. 


i,o63 
I, an 

1,521 

1,845 
1,860 
0,192 

0,824 
0,875 
i,3oo 

1,300 

1,023 
0,866 
0,845 
0,886 
0,7 1 5 
0.928 
0,915 
0,792 
q»923 

i3,568 
1,000 

^  i,ooi3 
1,0265 
0,992 


—  1,522 

—  0,79 

—  i,o34 

—  0,874 

—  0,953 

—  0,891 

—  13,598 


1,028 
i,o38 


Bnmnietet 

Water  =  1. 

30  In. 

Temp.  38|0  P. 

lVni.=390 

0,00 1 3o 

1,0000 

0,00198 

1,5340 

0,00126 

0,9569 

0,00127 

09784 

O,ooo3o 
0,00083 

o,Jooo 

0.5596 

o,oo32i 

2,4700 

o,oo57T 
0,0000895 

4,443o 
o,o68d 

0.00155 

1,1913 

000162 

1,2474 

0,00127 

0,9760 

0,00143 

1. 1036 

0,001 13 

0,8700 

0,00082 

0.6333 

0,00392 

3,2470 

TABLE  IT. 
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TABLE  FOB  FINDING  ALTITCDES.- 


',-H' 

A 

(,  +  (' 

A- 

<.+r 

A 

',  +  ■' 

"    ! 

«>       i. 

768,067 

75 

';»? 

no 

4,8011,36 

14S 

4,81807  u 

769401c 

76 

1*017335 

146 

,8185140 

a 

76^897. 
7703911 

5 

,786S7i3 

m3 

8031109 
B036687 

13 

U 

TIo8»5. 

!S 

!<D4i36l 

149 

i^ 

77131B5 

,7885979 

ilS 

8oiMJo 

i5o 

'S3a■J^>,i 

46 

T7IBTI 

,78877,9 

il6 

8u5D3n5 

i3i 

,8107196   [ 

S 

7713633 
77J8JJS 

83 

,789'45i 
,7897180 

'M 

8959Si, 

|53 

i53 

>i!o?77 
,831471!. 

49 

7733457 
7738363 

84 

,7901903 

<"> 

8o6w5a 

i54 

56 

B5 

79<*6i, 

8O6B604 

1 55 

5i 

7743K.I 

,79' '335 

SofiUi 

,81333.7 

5i 

7748153 

!3 

,79i6o« 

Ho776a<. 

.57 

51 

775304J 

,79307^1 

133 

80BJ31I 

i98 

,&3378(itt 

S4 

T7579»S 

89 

,793544, 

80967  J7 

159 

,8341156 

M 

7761801 

,7i^Jo,35 

1J5 

8091 IM 

,81466,8 

56 

7767694 

9> 

,7934811 

136 

8^5776 

,8i5o97«b 

't 

777»S40 

93 

,7939504 

137 

8100187 

,Mi5SJ3i 

^-i 

77774DO 

9^ 

I3tj 

8ia*79i 

163 

,8159680 

S9 

77^1156 

94 

',79S'*'l34 

139 

l^]tl 

164 

,8164014 

778710* 

9* 

,7953511 

.30 

i(>5 

,8368365 

6[ 

77919^ 

96 

,795HiHj 

■  31 

i\',ri 

166 

,8371701 

6) 
63 

i 

,7961841 
,79')7493 

r33 
l3J 

1137363 

a 

,817703* 

64 

7B<.6i" 

,797"  4, 

i34 

169 

!bi85685 

65 
66 

7811173 
78,60,0 
78^0901 
7855709 

i 

,797(1784 
,7')e.«. 
,7986034 
,79906s 1 

.35 
i36 

<i363i6 
aj4o6(MJ 
8145.51 
BW)blA 

170 

>7' 

.8390005 
,BJ94319 
,Hj9S6i9 
,8301937 
,8.)o7338 

69 

783o^iI 

;799SJo3 

■39 

Si  54070 

174 

70 

7835306 

io5 

SiSMSil 

173 

,831.536 

7840098 

106 

'^mVi 

Si  63970 

176 

,8ii583o 

I 

isum 
7849664 

;s 

&Z 

is 

81 6741 1 
917.85, 

\]l 

:SS;2 

U        A- 

7S5«38 

'■' 

4,801 8343 

4;Bi76385 

'79 

4,8318686. 

T4BLS  IV. 


496 


TABLE  IV—oarUimied. 

"WITH  THE  BAK0METER.-45e6  S  284. 


Ltttitad«. 

Attached  Thennoineter. 

* 

B 

T^Tf 

C 

c 

oo 

0,0011689 

., 

+ 

3 

,001 1624 

o®     0 

,0000000 

0,0000000 

6 

,0011433 

I 

,0000434 

9,9999566 

9 
i5 

,0011117 

,0010679 

',0010124 

2  , 

3  , 

4  , 

,0000869 
,oooi3o3 
0001738 

,99991 3 1 

i8 

31 
34 

27 

'|^^8o 
,ooo]8a5 
,0006874 

5      , 

I      ; 

0002172 

0003607 
oob3o4i 
0003476 

,9097820 
,9997395 

1990527 

J9995650 
,9995225 

3o 
33 

,0005848 
,0004758 
,00036 1 5 

9     1 
10     , 

ooo3oio 
0004345 

36 

II     1 

0004780 

39 

,0002433 

12     1 

00053 1 5 

,9994792 
,9994358 

42 

,0001233 

i3       , 

ooo565o 

45 

,0000000 

14      , 

0006084 

,9993924 

48 
5o 

9,9998775 
,9998372 
,9997067 
,9997666 

,9997167 
,9996772 

i5      , 
16      , 

\i      ; 

19  J 

20  1 

00065 19 
ooo6o54 
0007J89 

,9993490 
,9993057 
,9992623 

5i 
5a 
53 

0001824 
OQ08259 
ooo86o5 
ooo9i3o 

,9992190 

.,9991756 

,9991333 

54 

,9996381 

21     1 

,9990880 
,9990456 

55 

,9995095 
,9995613 
,9995237 

22     , 

0009565 

56 

23       , 

24     1 

OOIOOOO 

,0010436 

,9994866 

35         , 

0010871 

59 

,9994502 

26     , 

ooii3o6 

66 

,9994144 

11      ; 

,0011742 

;» 

>  63 

,99931 i5 

,0012177 
,001 261 3 
,001 3048 
,0013484 

66 

,9992161 
,999^93 

§2 

3i      0 

,998^424 
9;9^86??8 

,9988854 

90 

9,9988300 

1 

i 
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TABIiS  T. 


TABLE  V. 

COEFFICIENT  VALUES-,  FOR  THE  DISCHASGE  OF  FLUIDS  THBOUGH  THIN 
PLATES,  THE  ORIFICES  BEING  REMOTE  FROM  THE  LATERAL  FACES 
OF  THE  VESSEL.— See  $  SUOO. 


Headofflaid 

abuve  the 

centre  of  the 

orifice,  in  feet. 

Values  of  the  coefficients  for  orifices  whose  smallest  dimensions  or 

diameters  are~ 

ft. 
0,66 

ft- 
0,33 

0,16 

0,08 

ft- 
0,07 

o,o3 

0,o5 
0,07 
0^1 3 
0,20 
0,26 
0,33 
0,66 
1,00 
1,64 
3,a8 
5,00 
6,65 
32,75 

0,596 
0,601 
0,602 
o,6o5 
o,6o3 
0,60a 
0,600 

0,592 
0,602 
0,608 
0,61 3 
0,617 
0,617 
0,61 5 
0,612 
.o,6io 
0,600 

0,618 
0,620 
0,625 
o,63o 
0,63 1 
o,63o 
0,628 
0,636 
0,620 
0,61 5 
0,600 

0,627 
0,632 
0,640 
0,638 
0,637 
0,634 
0,632 
o,63o 
o,6a8 
0,630 
0,6 1 5 
0,600 

• 

0.660 

0*657 

0,656 

0,655 

0,655 

0,654 

0,644 

0,640 

o,633 

0,621 

0,610 

0,600 

0,096 
0,685 
0,677 
0,672 
0,667 
0,655 
o,65o 

0,644 
0,633 
0:618 
0,610 
0,600 

In  the  Instance  of  gHs,  the  genepiUng  head  Is  always  greater  than  6,65  ft,  and  the  coefficient  0,6. 
or  0,61,  b  taken  In  all  cases. 

For  orifices  larger  than  0,66  ft.,  the  coefficients  are  taken  as  for  this  dimension ;  for  orifices  smaller 
than  0,08  ft.,  the  coefficients  are  the  same  as  for  this  gutter ;  finally,  for  orifices  between  those  of  the 
lable,  we  tiko  eoefllcleatt  whoso  ralaes  are  a  mean  between  the  latter,  coirespondiBR  to  the  given  hn4. 
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TABLE  VI. 

EXPER31ENT8  ON  FBICTION,  WITHOUT  UNGUENTS.    BY  M.  MOKIN. 

The  surfitoeB  of  friction  were  varied  from  o,o3336  to  2,7987  square  feet,  the  pressures  firom 
88  Ibe.  to  2So5  Ibe.,  and  the  velooities  firom  a  soaroely  perceptible  motion  to  9,84  feet  per 
second.  The  sarfaoes  of  wood  were  planed,  and  those  of  metal  filed  and  polished  with  the 
greatest  care,  and  carefully  wiped  after  every  experiment.  The  presence  of  nngaents  was 
•speoiaUy  guarded  against.— See  %  855. 


SURFACES  OF  CONTACT. 


Oak  upon  oak,  the  direction  of  the  fibres  ) 
being  parallel  to  the  liiotion     <     •     •  f 

Oak  uuon  oak^  the  directions  of  the  fibres  ^ 
of  toe  movmg  surfiwe  being  perpen-  i 
dionlar  to  those  of  the  quiescent  sur-  f 
face  and  to  the  direction  of  the  motion^  J 

Oak  upon  oak,  the  fibres  of  the  both  sur-  1 
faces  being  perpendicular  to  the  dirco-  v 
tion  of  the  motion ) 

Oak  upon  oak,  the  fibres  of  the  moving  ^ 
surface  being  perpendicular  to  the  snr- 
fiioe  of  contact,  and  those  of  the  surface  I 
at  rest  parallel  to  the  direction  of  the  [ 
motion J 

Oak  upon  oak,  the  fibres  of  both  surfaces  \ 
being  perpendicular  to  the  surface  of  > 
contact,  or  the  pieces  end  to  end  •     •  ) 

Elm  upon  oak,  the  direction  of  the  fibres  ) 
being  parallel  to  the  motion     *     *     *  { 

Oak  upon  elm,  dittoS 

Elm  upon  oak,  the  fibres  of  the  moving  ^ 
surface  ([the  elm )  being  perpendicular  to  I 
those  of  the  quiescent  suriace  (the  oak)  [ 
and  to  the  direction  of  the  motion  •     •  j 

Ash  upon  oak,  the  fibres  of  both  surfaces  i 
being  parallel  to  the  direction  of  the  > 
motion ) 

ilr  upon  oak.  the  fibres  of  both  surfaces  j 
being  parallel  to  the  direction  of  the  > 
motion ) 

Beach  upon  oak,  ditto 

Wild  pear-tree  upon  oak,  ditto    •     •     • 

Bervioe-tree  upon  oak,  ditto    .... 

Wrought  iron  upon  oak,  ditto|  •      •     • 


FKicnoN  or 
Motion.* 


•■  a 

9 


E 


0,478 

0,324 
0,336 

0,19a 


0,43a 
o,a46 

o,45o 


0,400 


0,355 

o,36o 
0,370 
0,400 
0,619 


M^ 


6  !<' » 


a5<'  33' 

17  58 

18  35 
10    5a 


a3  as 

i3  5s 

a4  16 

31  49 

19  33 

19  48 

30  19 

ai  49 

3i  47 


FaicnoN  or 
QuiaacBMCB.t 


II 

u 


o,6a5 
0,540 


0,371 


0,43 

0,694 
0,376 

0,570 


0,570 


o,5ao 

0,53 
0,440 
0,570 
0,619 


J?8 


3a< 


28    33 


i5    10 


a3  17 

34  46 

20  37 

29  41 


29    41 


37  39 

27  56 

aj  45 

39  41 

3i  47 


*  The  frielloB  In  this  case  varies  bat  very  altghtly  from  the  memi. 

LThe  IHctioD  In  this  case  ?ailes  considerably  from  the  mean.    In  all  the  experimenta  the  anrlkce  1 
wn  15  minutes  la  eontnct. 
t  The  dimensions  of  the  anrihees  of  contact  were  In  this  ezpertiiient  ,947  sqnare  feet,  and  the  resolts 
were  nearly  nniform.    When  the  dimensions  were  diminished  to  ,043,  a  tearing  of  the  fibre  beceine  appa- 
reat  in  the  caee  of  motion,  and  there  were  lymptomii  of  the  cmnhnttlon  of  the  wood ;   fh>m  these  cir- 
Constances  (here  resulted  an  Irregularity  In  the  friction  Indicative  of  eicesslve  praesure. 

}It  Is  worthy  of  remark  that  the  friction  of  oak  upon  elm  Is  but  fl  ve-nlnths  of  that  of  elm  upon  oak. 
In  the  experiments  In  which  one  of  the  enrfaces  was  nfmotal,  small  particles  of  the  metni  begnii, 
after  a  time,  to  be  apparent  upon  the  wood,  giving  It  a  polished  metallic  appeannce ;  these  were  atevery 
•zperimen^  wiped  on;  they  Ind  Icaled  a  wearing  of  the  nieial.  The  friction  of  molloB  aad  that  of  qakie- 
ctaee.  la  these  expsrimeais,  eolaclded.    The  resul to  were  remarkably 

32 
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8UEPACEB  OP  COKTACT. 


FftionoK  ov 
MonoM. 


Wrcoght  Inrn  upon  oak,  the  sorlaoes ) 
being  greased  and  well  wetted-     •     •  ) 

Wroagnt  iron  n^n  elm 

Wrought  iron  upon  cast  iron,  the  fibres  ) 
of  the  iron  being  parallel  to  the  motion  f 

Wrought  iron  npon  wrought  iron,  the  i 
fibres  of  both  surfaoes  Ming  parallel  > 
to  the  motion ) 

Cast  iron  upon  oak,  ditto 

Ditto,  the  sorfiMses  being  greased  and  ) 
wetted f 

Cast  iron  npon  elm 

Cast  iron  upon  cast  iron 

]>itto,  water  being  interposed  between  ) 
the  sarfiuses ) 

Cast  iron  npon  brass 

Oak  npon  oast  iron,  the  fibres  of  the  wood  i 
being  perpendicular  18  the  direction  > 
of  the  motion ) 

Hornbeam  ujpon  cast  iron— fibres  paral-  i 
lei  to  motion ) 

Wild  pear-tree  upon  oast  iron— fibres  I 
parallel  to  the  motion ) 

Steel  npon  cast  iron 

Steel  upon  brass 

Yellow  copper  upon  cast  iron  •     •    •     • 
Ditto  oak     .... 

Brass  upon  cast  iron 

Brass  upon  wrought  iron,  the  fibres  of ) 
the  iron  being  parallel  to  the  motion  •  ) 

Wrought  iron  upon  brass 

Brass  npon  brass 

Black  leather  (curried)  upon  oak*    •     • 

Ox  hide  (such  as  that  used  for  soles  and  ) 
for  the  stuffing  of  pistons)  upon  oak,  > 

rou^h J 

Ditto       ditto       ditto    smooth    • 

Leather  as  above,  polished  and  hardaned 
by  hammering 

Hempen  girth,  or  pulley-band,  (sangle' 
de  chanvre,)  upon  oak,  the  fibres  of 
the  wood  and  the  Erection  of  the  cord  ( 
being  paralld  to  the  motion    •     *     -  J 

Hempen  matUng,  woven  with  small  I 
coras,  ditto. f 

Old  oordage,  1|  inch  in  diameter,  dittof 


H 


0,256 

0,252 

0,194 

o,i38 

0,490 

.      • 

o,io5 

0,l52 

0,3 1 4 
0,147 

0,372 

0,394 

0,436 

0,202 
0,1 52 
0,189 
0,617 
0,217 

0,161 

0,172 

0,201 
0,265 


0,52 

0,335 
0,296 

0,52 

0,32 
0,52 


QOUSCBMCS. 


.S  B 


14°  22' 

14  9 

10  59 

7  52 

26  7 

•  • 

It  3 

8  39 

17  26 
8  32 

20  25 

21  3l 

23  34 

11  26 

8  39 
to  49 
Zi  41 

12  i5 

9t  9 

9  46 

II  22 

14  5t 

27  '29 

18  3t 
t6  3o 

27  29 

17  45 

27  99 


i 


0,649 

•      . 

0,194 
0,1 37 

0,646 
0,162 


0,617 


%74 
o,6o5 


0,64 

o,5o 
Oi79 


S>5 


'4J 


i^a 


33»    o' 

•  • 

10    59 
7    49 

3s    5i 

9    i3 


3t    41 


36  3i 

3i  II 

23  17 

•  • 

33  38 

36  34 

38  19 


*  The  frIelloB  of  oaolioa  was  rwf  nearly  the  same  whether  the  •mftee  of 
ur  the  outalde  of  the  skiii.— The  cMMCaacy  of  the  eoeflkieot  ef  the  fiklioa  of  okMIini 
parent  In  the  rough  aad  the  saiooth  tklas. 

t  M\  the  above  experisMBts,  except  that  with  coirled  black  leather«  ptemmed 
a  ehaais  la  Am  pollth  of  the  sarfhces  ef  ftlctloa— a  stats  ef  tiwir  sorfbres 
opoa,  their  motfon  upoa 


thehwida 
eqpaUyap' 


the 

•0, 


tA9hS  TI. 


4M 


Iron,  ^"  ^•"??Jf»«)  "Pon  ditto  .    • 

^  ditto  ditto      .    . 

I 


32«  38^ 


0,38    ao  49    0,70 


0,65 

0,67 
0,65 

0,38 

0,69 
0,60 
0,38 
0,14 


33  a 

33  5o 

33  3 

20  49 

34  37 
3o  56 
20  49 
13  3o 


0,75 

0,75 
0,65 

0,63 

0,49 
0,67 

0,64 

0,4a 


35 


36 

53 

36 

53 

33 

2 

3a 

|3 

16 

ai 

3» 

M 

38 
47 
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SXPEBDiXNTS  ON  THE  FBIGTION  OF  UNCTUOUB  SURFACES. 

BY  M.  MOBIN.— See  S  866. 


In  theee  ezperimenta  the  enrikoes,  after  hAving  been  smeared  with  an  ungaent, 
iriped,  so  that  no  interposing  layer  of  the  nngnent  prevented  their  intimate  contact. 


SURFACES  OP  CONTACT. 


FaicnoR  or 
Monon. 


Oak  npon  oak,  the  fibres  being  parallel  to  ) 

the  motion ) 

Ditto,  the  fibres  of  the  moving  body  be-  i 

ing  perpendionlar  to  the  motion*        •  ) 
Oak  upon  elm,  fibres  parallel* 
Elm  upon  oak,  ditto     • 
Boech  npon  oak,  ditto  • 
Elm  upon  elm,  ditto     •        •        • 
Wrought  iron  npon  elm,  ditto 
Ditto  upon  wrought  iron,  ditto 
Ditto  npon  cost  iron,  ditto    • 
Cast  iron  npon  wrought  iron,  ditto 
Wrought  iron  upon  brass,  ditto    • 
Brass  upon  wrought  iron 
Cast  iron  upon  oak,  ditto 
Ditto  npon  elm,  ditto,  the  unguent  bdng  ) 

tallow J 

Ditto,  ditto,  the  unguent  being  hog^s ) 

lara  and  black  lead    •  •        •  ) 

Elm  upon  cast  iron,  fibres  parallel  • 
Cost  iron  upon  cast  iron 
Ditto  upon  brass  .... 
Brass  upon  cast  iron    • 
Ditto  upon  bnuis  •        •  ^      • 
Copper  upon  oak  .... 
Yellow  copper  upon  cast  iron 
Leather  (ox  hide)  well  tanned  npon  cast 


iron,  wetted 


Ditto  upon  brass,  wetted 


o,io8 

0,143 

o,i36 
0,119 
o,33o 
0,140 
o,i38 
0|>77 


0,143 
0,160 
0,166 
0,107 

0,1 95 

0,137 

0,1 35 

0,144 
0,1 3a 
0,107 

0,1 34 
0,100 
0,1 15 

0,339 
0,344 


60  10' 


8 


9 

45 
48 
18  16 


I 


7 

7 
10 


I 
I 
I 


5a 
3 


9  A 
I  1 

7   8 

7  49 

42 
12 

33 

3^ 
43 
6  34 

19  54 
i3  43 


FfticTioir  or 

C^IBSCBHCB. 


5^ 


0,390 
0,3 1 4 

0,430 


0,118 


0,100 


0,098 


0,164 


0,967 


r- 

21°  19' 

17    96 
22     47 


6    44 


5    43 


5    36 

9    19 
14    57 
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TABLE  Vm. 

EXPERIMENTS  ON  FBIGTION  WITH  ITNOUENTS  INTEBPOSED.   BT  M.  MOBIN. 

The  extent  of  the  snrfaoes  in  these  experiments  bore  such  a  relation  to  the  pressnre,  M 
to  eaose  them  to  be  separated  firom  one  another  throughout  by  an  interposed  stratum  of 
the  unguent.— See  $  850. 


BCJKFACEB  OF  CONTACT. 


Uak  upon  oak,  fibres  parallel 

IHtto       ditto 

Ditto       ditto 

Ditto,  fibres  perpendicular 

Ditto       ditto 

Ditto       ditto 

Ditto  upon  elm,  fibres  parallel 

Ditto       ditto 

Ditto       ditto       •        •        • 

Ditto  upon  cast  iron^  ditto  ^    • 

Ditto  upon  wrought  iron,  ditto 
Beech  upon  oak.  ditto 
Elm  upon  oak,  aitto  • 

Ditto       ditto 

Ditto       ditto 

Ditto  upon  elm,  ditto    • 
i      Ditto  upon  cast  iron,  ditto 

Wrought  iron  upon  oak,  ditto 

Ditto  ditto  ditto  • 
Ditto  ditto  ditto  • 
Ditto  upon  elm,  ditto  • 
Ditto  ditto  ditto  • 
Ditto  ditto  ditto  • 
Ditto  upon  cast  iron,  ditto 
Ditto  ditto  ditto  • 
Ditto  ditto  ditto  • 
Ditto  upon  wrought  iron,  ditto 
Ditto  ditto  ditto* 
Ditto  ditto  ditto  • 
Wrought  iron  upon  brass, 

Einulel .        •        •        • 
itto       ditto       ditto  • 
Ditto        ditto       ditto  • 
Cast  iron  upon  oak,  ditto  • 

Ditto       ditto       ditto  • 

Ditto       ditto  ditto  • 

Ditto       ditto  ditto  • 

Ditto       ditto  ditto  • 

Ditto  upon  elm,  ditto  • 

DitV>       ditto  ditto  • 

Ditto       ditto       ditto  • 

Ditto,  ditto  upon  wrought  iron 
Cant  iron  upon  cast  iron 
Ditto       ditto 


fibros 


Faicnoii 
or 

BIOTIOM. 


0 


0,164 
0,075 

o|o83 
0,072 

0,230 

o,i36 

0,073 

0,066 
0,080 

0,008 

o,o55 
o,i37 
0,070 
0,060 

v:^ 

0,256 

0,214 
o,o85 
0,078 
0,076 
o,o55 
o,io3 
0,076 
0,066 
0,083 
0,081 
0,070 

0,10:^ 

0,075 

0,078 

0,189 

0,218 

0,078 
0,075 

0,075 
0,077 

0,061 

0,091 

•  • 

o,3i4 
0,197 


FaicTxox 
or 

QCIUCBNCS. 


s? 


I  S 


0,440 
0,164 

.        * 

0,254 


0,178 

■      • 

•      . 

a  • 

0,411 
0,14a 

•  . 

0,217 

•  . 

0,649 

•  * 
0,108 


•  * 

0,100 

«  • 

o,ii5 


0,646 


0,100 


0,100 


0,100 


UNGUENTa 


Dnrsoap. 
Tallow. 
Hog*8  lard. 
TalW 
Hog^s  lard. 
Water. 
Dry  soap. 
Tallow. 
Hog's  laid. 
TaUow. 
Tallow. 
Tallow. 
Dry  soap. 
Tallow. 
Hog's  krd. 
Dry  soap. 
Tallow. 

I  Greased,  and 
<  satnratea  with 

( water. 
Dry  soap. 
Tallow. 
Tallow. 
Hog's  lard. 
Olive  oil. 
Tallow. 
Hog's  lard. 
Olive  oil. 
Tallow. 
Hog's  lard. 
Olive  oU. 

Tallow. 

Hog'a  lard. 
Olive  oil. 
Dry  soap. 

I  Greased,  and 
\  saturated  with 

( water. 
Tallow. 
Hog'a  lard. 
Olive  oil. 
Tnllow. 
Olive  oil. 

j  Hog'a  lard  and 

1  plumbago. 
Tallow. 
Water. 
Soap. 
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4WA0BB  or  CONTACT. 


irallel 
on 


Cast  iron  npon  OMt  iron 
Ditto       ditto 
Ditto       ditto 

Ditto       ditto 

Ditto  upon  braes 

Ditto       ditto 

Ditto    .   ditto 
Copper  oppn  oak^  fibrw 
Yellow  oopper  upon  oaat 

Ditto  .     ditto 

Ditto       ditto 
Brass  upon  oast  kon 

Ditto       ditto 

Ditto  upon  wrongiit  iron 

Ditto       ditto 

Ditto       ditto 
Ditto  upon  brans 
Steel  upon  cast  iron 
-     Ditto       ditto 
Ditto       ditto 
Ditto  upon  wrongbt  iron 
Ditto       ditto 
Ditto  upon  brass 
Ditto       ditto 

Ditto       ditto 


Turned  ox  bide  upon  oast  iron 

Ditto       ditto 
Ditto       ditto 
Ditto  upon  brass 
Ditto       ditto 
Ditto  npon  oak, 

Hempen  iibres  not  twisted,  mov-'l 
iug  upon  oak,  the  fibres  of  the  '*' 
hemp  being  placed  in  a  direc- 
tion perpcMicalar  to  the  direo- 
tioQ  of  the  motion,  and  those 
of  the  oak  parallel  to  it  •        •  ^ 

The  aame  as  aboTe,  movinf  upon  ^ 
cast  iron  •  •  •  •  i 
Ditto 

Soft  oaloareons  stone  of  Jaumonti 
npon  the  same,  with  a  layer  of 
mortar,  of  sand,  and  lime  inter-  V 
posed,  after  from  10  to  IS  min- 
ntes*  OQctaet.  J 


FtuonoH 

or 
Bfonni. 


*>         mi 

H 


0,100 
0,070 
0,064 

o,o55 

o,io3« 

0,075 
o,oj8 
0,069 

5SS 

0,066 
0,086 
o,o27 
o,oSi 

0,089 

0,07a 
o,op8 
o,io5 
0,081 
0,070 
0,093 
0,076 
o,o56 
o,o53 

0,067 

0,365 

o,i5o 
o,i33 
0,941 
0,191 
0,29 


0,332 


0,194 
0,1 53 


nacmos 
or 

dvUBOSVCB^ 


a 

£ 


B 


0,100 
0,100 


0,100 

o,io3 
0,106 


0,108 


0,122 

0,869 


»i74 


UNQUBNTa 


Tallow. 

HogaMard. 

Olive  oil. 
j  Lard  and 
1  plumbago. 

Tallow. 

Hogs'lsnL 

<HiveoiL 

TUlow. 

Tallow. 

Hogs'lai^ 

Oiive  oiL 

lUlow. 

Olive  oil. 

Tsllow. 
{ Lord  and 
iplaroboffo. 

OUve  oil. 

Olive  oU. 

Tbllow. 

Hogs'  lard. 

Olive  oU. 

Tallow. 

Hogs*  lard. 

Tallow. 

(MiveoiL 

ind 
with 

l^ow. 
Olive  oil. 
T^low. 
Ulive  oil. 
Water. 


( Greased,  snd 
^  sataratsd  with 
( water. 


Tallow. 
Olive  oiL 
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FBIOnON  OF  TRUNNIONS  IN  THSIB  B0XSSU-8ee  S  S61. 


KINDS  OF  MATEKIAIA 


Tmnmoiis  of  OMt  iron  and 
bozas  of  oMt  iron. 


TnuikiioiDii  of  owt  iron  and 
boxes  of  btM». 


TmnnionB  of  oast  iron  and 
boxes  of  lignam-vite.    ' 


f 


Trnnnione  of  wrought  iron 
and-boxes  of  cast  iron.  ' 


Tmcnions  of  wrought  iron 
and  boxes  of  brasa. 


Tmniiions  of  wrought  iron  ( 
and  boxes  of  lignum-vi-  < 
Xm,  { 

Trunnions  of  brass  and  ( 
boxes  of  brass.     .  } 

Trunnions  of  brass  and ) 
boxes  of  oast  iron.  ) 


Trunnions  of  lignnm-vita  j 
and  boxes  of  cast  iron.    \ 

Tninnions  of  lignnm-vitie " 
and  boxes  of  lignum 
vitas. 


1 


STATE  OF  SUSFAOBS. 


Unguents  of  olive  oil,  bogs'  lard, 
and  .tallow    •        •        •        • 

The  same  unguents  moistened  with 
water 

Unguent  of  asphaitom 

Unotuous 

Unctuous  and  moistened  witli  wa- 
ter       .        •        •        •        • 

Unguents  of  olive  oil,  hogs*  lard, 
and  tallow     .... 

UnotuouB 

Unotuous  and  moistened  with  wa- 
ter         

Very  slightly  unctuous 

Without  unguents    . 

Unguents  of  olive  oil  and  hogs* 
lard 

Unctuous  with  oil  and  hogs*  lard 

Unotuous  with  a  mixture  of  hogs* 
lard  and  plumbago 

Unguents  of  olive  oil,  tallow,  and 
hogs*  lard      .... 

Unguents  of  olive  oil,  hogs*  lard, 
and  tallow     .... 

Old  unguents  hardened    . 
Unctuona  and  moistened  with  wa- 
ter         

Very  slightly  unctuoua 

Unguents  of  oil  or  hogs*  lard     ■ 
Unotuous 

Unguent  of  oil* 
Unguent  of  hogs*  lard 

Unguents  of  tallow  or  of  olive  oil. 

Unguents  of  hogs*  lard     • 
Unctuous 


Unguent  of  hogs'  lard 


Ratio  of  Mctk»  to 
presnm  whea  the 
•ogiMBt  Is  renewed. 


By  the 

oraiaary 
method. 


IS( 


0,08 

o,o54 

0,14 


0,14 
j  0.07 

0,16 


>.07  I 
to  >• 
9,o8  ) 


0,16 
0,10 
0,18 


0,10 
0,14 

frj 
1 0,08  J 

(0,08 ) 
0,09 


,10 

,25 


0,1 

o 


0,11 

0,19 

0,10 

0,09 


0,13 

0,1 5 


Or,  eon- 
thmoiulj. 


o,o54 


o,o54 
o,o54 


o,o54 
0,090 

T 

•  • 

o,o54 
o,o54 


0,045 
!o,o5a 


o,C7 
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TABLE     X 

OF  WEIGHTS  NECESSAKY  TO  BEND  DIFFERENT  K0FE8  ABOUND  A  WHEEL 

ONE  FOOT  IN  DIAMETEB.— Sm  %  857. 


No.  1.  Writb  Boph — ^mkw  and  dbt. 
Stijfnsn  proportional  to  tk»  ojuare  qf  the  diameter. 


Dtameler  of  lope 
in  inches. 

Nntaml  stlflMM, 
or  value  of  K. 

SilffoAu  for  lend  of 
1  lb.,  or  value  of  /. 

0,39 

0,79 

1,5] 
3,i5 

lbs, 
0,4024 

25,7553 

lbs. 

0,0079877 
o,o3io5oi 
0,1278019 
0,5112019 

No.  8.    Whitb  Bom — txkw  and  moxstbnkd  with 

WA1XB. 

StifnuM proportional  to  oquare  <^  diameter. 


Diameter  of  rope 
In  inches. 

Natoml  ■tlffheas, 
or  value  of  JT. 

Stiffness  for  load  of 
1  ll».,or  value  of  /. 

0,39 
0,79 

lbs. 
0,8048 

3,2194 
12,8772 
5i,5iii 

lbs. 

0,0079877 
o,o3io5oi 
0,1278019 
0,5112019 

No.  8.   Whitb  Boph — ^half  worn  and  drt. 


Stifneei  proportional  to  the  square  root  of  ike  eubeqf 

the  diameter. 


Diameter  of  rope 
in  inches. 

Natural  Stiffoew, 
or  value  of  K. 

Stiffness  for  load  of 
i  lb.,  or  value  of  /. 

0,39 
0,79 

3,i5 

lbs. 
0,40243 
i,i38oi 
3,21844 
9,ioi5o 

lbs. 

0,0638794 
0,1806573 

No.  4.  Whitk  B0PX8 — half  worn  and  mowtzned 

WITH   WATER. 

Stiffness  proportional  to  the  square  root  of  the  cule  of 

the  diameter. 


Diameter  of  rope 
in  Inches. 

Natural  Stiffness, 
or  value  of  JT. 

Stiffness  for  load  of 
1  lb.,or  value  of  i. 

0,39 
0,79 

3,i5 

lbs, 

0,8048 

2.2761 

6,4324 

18,2037 

lbs. 

o',o52d889 
0,0638794 
0,1806573 

Squates  of  the  ntios 

of  diameler,  or  val- 

nmofcP, 

Ratlox/. 

Squares 

1,00 

1,00 

1,10 

1,91 

1,20 

1,44 

i,3o 

1,60 
1,96 

i>4o 

i,5o 

2,25 

1,60 

2,56 

1,70 

2,89 

1,80 

3,24 

1,90 

3,61 

2,00 

..«. 

Square  roots  of  the 
cubes  of  the  ratim 
of  diameter,  or  val- 
ues of  di' 

Ratios  or 

Power  1, 
or  rfj. 

1,00 
1,10 
1,20 

i,3o 
1,40 
i,5o 
1,60 
1,70 
i,do 
1,90 
,00 

1,000 

I,i54 
i,3i5 
1,482 

1,837 

2,024 
2,217 

2,413 
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TABLE    X—eorUim4ed. 

No.  6.  Tarbkd  B0PE8. 

Si\fhe8t  proportional  to  the  number  qf  yams, 

(Th«M  lopM  u«  ntnallj  made  of  three  stnuids  twUted  aroand  e«oh  other,  eaoh  ttxsBd  beiaf 
of  a  oectain  namber  of  yarna,  alao  twisted  abont  each  other  in  the  lune  maaner.] 


No.  of  yams. 

Weight  of  1  foot  ia 
ieagth  of  lopa. 

Nataml  itUnieae,  or 
valoe  of  K. 

Bdffneas  for  load  of 
1  lb.,  or  valae  of  /. 

■ 

6 
l5 
3o 

/if. 
0,021 1 

0,0407 
i,oi37 

Us. 
0,1 534 

0,7664 
2,5297 

lbs. 

0,0085198 
0,0198796 

0,0411799 

APPENDIX. 

No.  I. 

Take  the  usual  fonnulas  for  the  transformation  of  co-ordinates  from 
one   system  to   another,  both  being  rectangular,  viz: 

0?  =  o  a:'  -f  ^y'  -fez',      ] 

y  =  a'ar'+^'y'  +  c'«',     I (1) 

z  =  a'V+ry'  +  c"«';  J 

in  which  a,  6,  &c.,  denote  the  cosines  of  the  angles  which  the  axes  of 
the  same  name  as  the  co-ordinates  into  which  they  are  respectively 
multiplied   make  with   the   axis  of  the  variable   in  the  first  member. 


U&     M>uj:6i/pfw^  • 


And  hence,     *^  oZ'»-fr*^*-»^Kxf   ilM.M^(X2,rtuA\^^^Mj 

0        ^x'  zzzax  +  a^y-^-a'^z,   ' 

y'=zbz  +  b'yhb''z (2) 

z'  =.  c  X  -{-  c^  y  +  c"  z  ; 

Multiply  the  first  of  (2)  by  b,  the  second  by  a,  and  take  the  dii^ 
icrence  of  the  products;  we  get 

bx' -ay' =iy{a'b''ab')  +  z{a''b-ab'');    .     .     .  (3) 

again,  multiply  the   first  by  c,  the  third  by  a,  and  take  the  difierence 
of  products;   we  have 

cz' -- az' =  y{a' c —  ac')  + z{a"c  —  ao'^)        •     •     (4) 
Find  the   value   of  y  in  (4),  substitute   in  (3),  and  reduce,  we  find 
Az  =  {bc'  --b'  c)x'  -f  {a'c''ac')y'  +  {ab'--^  a' b)  z\ 
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ia  which 

dividing  by  A,  and  subtracting  the  result  from  the  third  of  Eqs.  (1) 
we  have 

/  ,,       hc^  —  Vc\  ,  ,    A,,      a'c  —  ac^K    ,,    /.,      ab'—a'b\  ,.     ^ 
(a" 2— r  +  y A-'r^  (^ 3->  -^' 

and  since   z\  y*  and  z*  are  wholly  arbitrary,  we  have 

a" ^ =  0;  b" ^j —  =  0;  c" ^j =  0;  •  (5) 

transposing,   clearing  the  fraction,  squaring,   adding,   collecting  the   oo* 
efficients  of  c'^,  V^,  a'^,  and  reducing  by  the  felations 

oi  +  ^  +  c2  =  1 ;  a'2  +  ^'a  -f  C^  =  1 ; 

a2-f^2=  1  -  c2.  c»+  62  =  1  — aa;a»  +  c»=l-b», 

there  will  result 

iia=  I'-'iaa'  +  bb'  +  cdf. 
But 

whence  ^  =  1,  and,  Eqs.  (5), 

a"  =^c'  -5'c;  5"  =  a'c-ac';  d'  z=i  ab'  -  a' b. 

No.  II. 

To  find  the  radius  of  curvature  of  any  curve,  and  its  inclination 
to  the  co-ordinate  axes. 

Take  the   centre  of  curvature   as  the  centre  of  a  sphere  of  which 
the   radius  is  unity.      Through  the    same 
point  draw  the   line  O  X^  parallel  to  the 
axis  ^,  and   another  O  T,   parallel  to   the 
tangent  to   the    arc   M  iV,  of   osculation. 
The   planes   of  these  lines  and  of  the  ra- 
dius of  curvature  will  cut  from  the  sphere 
the  spherical  triangle  il  2?  C,  of  which  the       ^^ 
side    B  C  \&  90^,  A  C  the  angle  which  the  radius  of  curvatqre  makes  #  j 
with  the  axis  ^,  and  A  B  the  angle  which  the  tangent  to  &e  curve      \ 
makes  with  the  same   axis.     Make 

p  =  O  JR  =  radius  of  curvature, 
^'=ilC;  cz=z  AB:  C  =  A  0 B. 
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Then-wiU 

COi  C  =  -5-  =r  sin  d'.  COB  C  / 

a  s 
difieientiatiiig,  and  regarding  C  as  constant, 

d-r-zzcoBB^d 6\  cos  G: 
ds 

but  dB',  cobC   is   the  projection  of  the    arc   d  B*    on   the   osculatorj 
j^ane,  whence 

<i«'.oosC=— . 

P 

Substituting  this  above,  we  find 

A/  d  8 

cos*   =  p  • — --^  ; 

ds 

and  denoting    by   6"  and    *'",  the    angles  which  the    radius   makes 
with  the  axes  y  and  2,  respectively,  we  may  write 

d^  d^  d^ 

Squaring,  adding  and  reducing  by  the  relation, 

cos3  6'  +  cos^  6''  +  cos*  d'"  =  1, 
we  have 

performing  the  operations  indicated  under  the  radical  sign,  and  redii> 
cing  by  the  relations 

d^z=:dx^  +  dy»  +  dz\ 

d^sds^d^xdz  +  d^ydy  +  d^zdzt 
we  find 

;  d^ . 

^  "  ^{d^  xy-h  \d*  yf  +  {(P  zf  -  {dP  sf '  '     •     '     •  (2) 

If  1  be  taken  as  the  independent  variable,  then  will  cP  «  =  0,  and 
£qs.   (1)  and  (2)  become 

At  d^^  An  d?y  ,„,  d^z  ,^. 

P  =  — ,  ;    .  .     .     .     •    (ti\ 

V{(t'  xf  +  {d^  yf  +  (d*  zf '  '  ^  ' 
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No.  1 1 1 
To  integrate  the  partial  differential  equation 

transpose  and  divide  bj  2>,  and  we  have 

dD  ^   D  dp' 

and  because  ^  is  a  function   of  p  and   D,   we  haw 

and  substituting  the  value  of  -7-^9 

dq  D'dp  ^Y'P'dD 

multiplying  and  dividing  hy  y'D^p^        , 

,  1-1        1 

J)>-.p7        •dp — pY'dJ} 


but 


dp     l_.  D* 


and  making 


D.^.p7        . dp  —  »y«  dD  ^  V 

' ^,d{f 

2>« 


7 


(«). 


1 


^  dp   I     .        Vd/ ' 


^^   --1 


we  maj  write 


'^=^(i)'4)-' 


and  by  integrating 


1 


b  which  /*,  denotes    any  arbitrary  function. 


APPENDIX.  609 


No.  IV. 


To  integrate  Equation  (414)'  of  the  text,  add  to  both  members 

d*rq> 


a  . 


dt.dr' 
and  we  have 

dt        Idt    ^      drl       dr        Idt    ^      drl' 

and  making 

drq>  ,         drip       __ 

"77"  +  ^  •  "7""  =  ^' 
d  t  dr 


the  above  may  be  written. 


dV  dV 


-  =  a. 


di  "     ' dr' 

and  V  being  a  function  of  r  and  /,  we  have  . 

^^^      dV   ^        dV    ^ 
dV=-^^dr'\'-r-.dt: 

^  dr  dt 

dV  . 
or,  by  subetitution  for  -;—  its  value  above, 
"^  d  t 

dV  dV 

dV=^.(dr-hadt)^y^.d(r  +  at\ 
dr  '       dr        ^  ' 

9 

and  by  integration, 

__      drm    ,        drm        _, 

in  which  F*  is  any  arbitrary  function.     In  like  manner,  by  subtracting, 

d*r(p 


dr.dr 

from  both  members  of  Equation  (414)',  we  find 

--,,       dr(p  drm       ^, , 

V  ==  ---  -  «  .  — I  =/'  (r-at) ; 
dt  dr        -^    ^  ^' 

ID  which  /'  denotes  any  arbitrary  function.    Whence,  by  addition. 
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and  bj  subtraction, 


Bat 


^-^'='i7  =  ra-'"^^+'"^-h^'^'-'"^ 


dr(D=i  ^  •dt  +  ^  .dr. 
at  ar 


Whence, 

rfr(p  =  —  .F'(r+at).d{r  +  at)'-^.f.'{r-at)d{r'^at); 

and,  by  integration, 

in  which  f  and  /denote  the  primitive  functions  of  which  F'  and  /'  are 
the  derivML 


^^^. 


-^'  ^^ ,  ^,  /f-.^ .-  ^^.^ .  ^^^ .  ^^ ., , 


^/^-^^  .-^^-,.  2^._^.,^ 

c 


/{^P-n--1.:'^~-A/l 


^^-y¥^^ 


I    ^  ^^^ 


,..£,,.'       ^"-""^ 


lA€^ri^u<^  ^f  2. 


w 


4p{cZc /^ it^^ti^cc^      T^^    ^^^  T^^c^  .iJ:^^5./^ue^^;-      ^ 


^ 


^/;   /: 


">«^.- 


^j^  = 


-f.6~ 


C  e>M^ 


i-  C^^^ACfU. 


A 


ZJS^. 


I 
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and  by  subtraction, 


_1^ 
2  a' 


But 


.  dr(p  dr(p     , 

ar9  =  "^-^  •at-] — ^  ,dr. 


dt 


dr 


Whence, 

dr^  =  ~.F'{r+at).d{r-\-at)-^.f.'{r'-at)d{r^at)\ 
J,  a  La 

and,  by  integration, 

r(^-^F{r-iro.i)  +f{r  -  a  t), 

in  which  JF  and  y  denote  the  primitive  functions  of  which  F'  and  /'  are 
the  derivcKL 


/^ 


^> 


A 


4^   - 


^    .J 


(w 


J...^Cz.rfr^ 


C 


I 


(T^;  JTzr  ^Ci  -4^  =7^^-^j 


^ 


/ 


<?  €>M.>tie. 


^^^^^/Cj'V^^'. ^ 


^4/» 


r  ^  e.^U.-'l  -f-i/^^^. 


/y^ 


>?o?i=^. 


\ 


.   »   "      V        •'      xAX 


M, 


i 


^  rv 


V   >\  '  u  \ 


<•    9 


•  « 


f.     i 


fir''  :/ 


,.  /•  {  ^^      1^"%^^  4^4^    i- t\Je^    L  clZit  t 


C 


i-^r    i  » 


.^;-*- 


>'  •:!  ^-^ 


>r^.      ^4!- 


IV'^V-W 


/ 


•» 

J 


^ 
% 


•  V 


\ 


*'^. 


1i 


^ 


o> 


f^ 


.'\ 
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